
Question 1

(i) Check if the parametrization α(t) =
(

3at
1+t3

, 3at2
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)
satisfies the equation of the curve:

x3 + y3 =
(

3at

1 + t3

)3

+
(

3at2

1 + t3

)3

= 3a
9a2t3 + 9a2t6

(1 + t3)3

= 3a
9a2t3(1 + t3)

(1 + t3)3

= 3a
9a2t3

(1 + t3)2

= 3a
3at

(1 + t3)
3at2

(1 + t3)
= 3axy

Note that α is continuous and positive for all t ∈ J = (0,+∞). It is also differen-
tiable on J , with:
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wgich is continuous on the whole J . Note also that for t ∈ J :
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so α′(t) is non-zero and both αx(t) and αy(t) are concave on the whole Jx < y ⇔
t < 1. Aditionally note that for t > 0:

x = y ⇔ 3at

1 + t3
=

3at2

1 + t3

⇔ 3at = 3at2

⇔ t = 1

In a similar way x < y ⇔ t ∈ (0, 1) and x > y ⇔ t ∈ (1,+∞).

Because y = tx, is the relation between the coordinates of the curve and the the
parateter t, then knowing that x, y > 0 we have that alpha−1(x, y) = y

x . For any
x, y > 0 the function y

x is continuous. The above analysis shows as well that α(t) is
bijective on J .

All the above shows that α(t) for t ∈ J is a regular parametrization of ∂Ω.

(ii) Consider functions f(x, y) = x and g(x, y) = −y. Note that both are C1(Ω) and
our Ω is a regular domain, so by the Green’s theorem:

AreaΩ =
∫

Ω
dxdx

=
1
2

∫
Ω

1− (−1)dxdx

=
1
2

∫
Ω

{
∂f

∂x
− ∂g

∂y

}
dxdx

=
1
2

∫
−→
∂Ω

fdy + gdx

=
1
2

∫
−→
∂Ω

xdy − ydx

=
1
2

∫
−→
∂Ω

xd(tx)− txdx

=
1
2

∫
−→
∂Ω

x(xdt + tdx)− txdx

=
1
2

∫
−→
∂Ω

x2dt

Using the found parametrization and the relation above, we have:
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Question 2

(i) Let f = (0, 0, g(x, y)). First verify that the necessary condition is satisfied:

∇ · f =
∂

∂x
0 +

∂

∂y
0 +

∂

∂z
g(x, y) = 0

Now let us find a vector potential ϕ(x, y, z) of f s.t. ϕ3 ≡ 0:
− ∂

∂zϕ2(x, y, z) = 0 (1)
∂
∂zϕ1(x, y, z) = 0 (2)

( ∂
∂xϕ2 − ∂

∂yϕ1)(x, y, z) = g(x, y) (3)

(1) ⇒ ϕ2(x, y, z) = k(x, y)
(2) ⇒ ϕ1(x, y, z) = h(x, y)

(3) ⇒ (
∂

∂x
k(x, y)− ∂

∂y
h(x, y))(x, y, z) = g(x, y)

So if h(x, y) ≡ 0 and k(x, y) =
∫ x

0
g(τ, y)dτ , we get a vector potential:

ϕ = (0,

∫ x

0
g(τ, y)dτ, 0)

(ii) We first close the surface with a disk D := {(x, y, 0) : x2 + y2 ≤ 1} and set unit
normals to N(x, y, 0) := (0, 0,−1). By the previous exercise, there exists a vector
potential ϕ : R3 −→ R3 with f = ∇∧ ϕ. We deduce from Stokes theorem, that the
flux through the closed surface (S ∪D) vanishes and therefore

0 =
∫

S∪D
〈f,N〉dσ =

∫
S
〈f,N〉dσ +
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D
〈f,N〉dσ.

So we caluclate:∫
S
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∫
D
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= −
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=
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0
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=
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Question 3

(i) Posons x = (r cos θ, r sin θ, z).

Alors hr =
∣∣∣∣∂x
∂r

∣∣∣∣ = 1, hθ =
∣∣∣∣∂x
∂θ

∣∣∣∣ = r, hz =
∣∣∣∣∂x
∂z

∣∣∣∣ = 1 et

er =
1
hr

∂x
∂r

= cos θ e1 + sin θe2,

eθ =
1
hθ

∂x
∂θ

= − sin θ e1 + cos θ e2,

ez = e3.



∆u(x, y) = ∇ · ∇u(x, y). (1)

(ii) Le domaine Ω n’est pas le produit de deux intervalles, donc on peut pas utiliser la
méthode de séparation des variables directement. Mais on peut essayer de chercher
u sous la forme

u(x, y) = v(r, θ)

où x = r cos θ, y = r sin θ, avec 1 ≤ r ≤ 2 et 0 ≤ θ ≤ π
2 .

Comme
∆u(x, y) = ∂2

rv(r, θ) +
1
r
∂rv(r, θ) +

1
r2

∂2
θv(r, θ),

l’équation 

∆u(x, y) = 0 pour (x, y) ∈ Ω,

u(x, 0) = 0,

ux(0, y) = 0,

u(x, y) = 0 pour x2 + y2 = 1,

u(x, y) = 4y pour x2 + y2 = 4.

devient

r2∂2
rv(r, θ) + r∂rv(r, θ) + ∂2

θv(r, θ) = 0 pour 1 ≤ r ≤ 2, 0 ≤ θ ≤ π

2
, (2)

v(r, 0) = 0 et vθ

(
r,

π

2

)
= 0, (3)

v(1, θ) = 0, (4)
v(2, θ) = 8 sin θ. (5)

Cherchons des solutions de la forme

v(r, θ) = f(r)g(θ).

Alors
r2f ′′(r)g(θ) + rf ′(r)g(θ) + f(r)g′′(θ) = 0,

et donc
r2f ′′(r) + rf ′(r)

f(r)
= −g′′(θ)

g(θ)
= λ, (6)

où λ est une constante.

La fonction g doit être une solution du problème aux limites

g′′(θ) = −λg(θ) pour 0 ≤ θ ≤ π

2
, (7)

g(0) = 0 et g′
(π

2

)
= 0. (8)

Si λ < 0, la solution de (7) est g(θ) = Ae−
√
−λ θ + Be

√
−λ θ. Mais de (8) on obtient,

que A = B = 0.

Si λ = 0, g(θ) = A + Bθ. Aussi (8) implique que A = B = 0.



Si λ > 0, g(θ) = A sin
√

λ θ + B cos
√

λ θ. Cette fois (8) implique que B = 0, A ∈ IR
et λ = n2, n = 2k + 1, k ∈ IN.

Alors une fonction propre du problème (6) est

gn = An sinn θ, n = 2k + 1, k ∈ IN

et {σ = λn : n = 2k + 1, k ∈ IN} est le spectre avec λn = n2.

Pour λ = λn la fonction f doit satisfaire l’équation differentielle

r2f ′′(r) + rf ′(r) = n2f(r) pour 1 ≤ r ≤ 2. (9)

Comme n > 0, la solution est

fn(r) = Prn + Qr−n, P, Q ∈ IR.

Pour que v = f(r)g(θ) vérifie (4), on doit avoir fn(1) = 0, alors Q = −P .

Donc on obtient
v(r, θ) = (Prn − Pr−n) sinn θ, P ∈ IR.

La solution générale de (2) et (3) est

v(r, θ) =
m∑

n=1

Pn(rn − r−n) sinn θ.

Pour satisfaire aussi (5), on a que

m∑
n=1

Pn(2n − 2−n) sinn θ = 8 sin θ.

Alors, m = 1, P1 = 16
3 , et la solution du problème posé est

v(r, θ) = 8(r − r−1) sin θ =
16
3

(1− r−2)r sin θ

et

u(x, y) =
16
3

(
1− 1

x2 + y2

)
y.


