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1 Introduction

In this note, we want to recall some features of the Asymptotic Numerical Method (ANM), report
some numerical experiments we made and present some points which, in our opinion, need to be
investigated.

The ANM method was designed for solving PDE problems with one parameter in structure or in
fluid mechanics [8], [7]. After discretization of these problems, usually with finite elements, one has
to deal with a nonlinear algebraic system

F(x) =0, (1)
where F : x = (u,\) € R""'—F(z) € R" is defined by
F(x) = Fy + Lx + Q(x.5). )

The operator L is linear, Q is quadratic and A is a scalar parameter. In fact, any problem which can
be brought in this form can be solved with the ANM. A solution of such a system is a curve or path
or branch u(\) in R"™.

The principle of the method is based on analytic perturbation. Starting from a known point
ug(Ag), one looks for a solution (still denoted u(\) for simplicity) of the form

u(\) = Z w;\ (3)

and, by comparison of the powers of A in (1), we obtain a sequence of N linear systems for the
coefficients u; € R".

However, if the path u(\) has singularities (folds of bifurcations), one has to introduce another
parametrization:

x(s) = insi, (4)

where s is some sort of arclength-like parameter; for example, for the well-known pseudo-arclength

[3], we have:
t

s =xg (X —Xp), (5)

where (xq, Xo) is a unit tangent vector to the curve (x(s), A(s)) at (x0,Ao). In place of (1), we will
have to solve the augmented system

(e )
G(x,5) = ( %o (x — x0) — > =0, (6)

and now, the linear systems to solve read

J(x0)xXi = < (01, — 1) ZZ_:;Q(Xk,Xi—k) ) : (7)

511

T(x0) = ( Fix((x0) ) . (8)

X0

with

Of course the Jacobian of F is given by Fx(x¢) = L + Q(Xo0, ) + Q(-,X0)-
The interesting feature of the method is that the expansion of x is valid in a whole interval which
does not need to be small [5], contrarly to the standard pseudo-arclength method [3]. Thus, proceeding



by successive intervals, we get a (continuous) piecewise polynomial approximation of a solution of the
problem. The usual criterion for determining the interval length requires that the first nonzero term
of the residual is smaller than a given (small) number; one observes that, while using this criterion,
very small steps could be needed, especially close to a bifurcation. But, this does not allow to locate
precisely the bifurcation point.

2 Steplength and convergence radius

The expansion (4) is a truncation of the full Taylor serie

y(s) = yis', 9)
which, in general has a finite radius of convergence, say s;. Hence, the interval of validity of this
expansion, i.e. the steplength sp,.x > 0, should be determined by:

1. The truncation error, which requires an estimate of the quantity Zzoi Ni1 y;s®,
2. The domain of validity of (9), that is the value of s;.

In the standard ANM method, one uses basically two criteria. The first and mostly used one is
based on the residual F(x(s)). More precisely, one assumes that the term of order N + 1 is dominant
and requiring its abolute value to be smaller than a positive number ¢ :

N
s Qi xn1-i)| <6
i=1
we get
Smax = N+l ¢ (10)

Zf—vzl Q(Xi7XN+17i).

Intuitively, we believe that this criterion has more to do with troncature than with the convergence
radius; however, in several cases, using it allows to locate a bifurcation by observing an accumulation
of steps of short length [1].

The other criterion simply says that the ratio of the last to the first term of the sum (4) should

not be greater than e and yields
N-1 |X1|
ax = {[ . 11

Recall that the convergence radius p of a power serie

oo
E a;s’
i=0

is either infinite or can be determined by the square root criterion

1
° lim sup {/]an|’
n—oo
one can then intuitively understand why the roots in both criteria above are important. In fact, very
often the coefficient themselves grow to very large values when N increases.

Of course, the serie (9) is not a standard one; but one can expect the same kind of behavior: either
convergence for any s or existence of a finite convergence radius. In the latter case, divergence is due
to a singularity on the curve y(s) which can also be present on x(s). Here, we will restrict ourselves
to one kind of singularity, the simple bifurcation point and neglect folds or other bifurcations.

Definition 1 [3/A point x; on a branch x(s) is called simple bifurcation point of (1) if rank(Fx(x1)) =
n—1.



Assuming a technical assumption which can be found in [3], the following theorem holds.

Theorem 1 If x; is a simple bifurcation point and if 0 is an algebraically simple eigenvalue of J(x1)
(8), then the determinant of J(x1) changes its sign at X;.

This theorem can be used to detect a simple bifurcation point. In each ANM step, we look to the
sign of the determinant in the specific subinterval; then using for example the bissection method or
another more efficient method, we can locate more precisely the bifurcation point.

Another way to find bifurcation points is based on the asymptotic behaviour of the serie (9), thanks
to the next theorem, quoted in Ref. [5].

Theorem 2 Assume that xy is the simple bifurcation point closest to s = 0. Then, we have, in a
neighborood of s1:

y(s) = a(s)(s —s1)” (12)

where 0<v < 1 is a rational number and « is analytic at 0 and s;.
Remark 1 We have often v = 1/2 and in general in most cases v =1/k, k a positive integer > 2.

In fact, we do not compute y(s), but an approximation of it, namely x(s) given by (4). The problem
is to compute the asymptotic behavior of a function, knowing only a finite expansion approximation
of it; this topic has been adressed in Ref.[6] and results in the following theorem, adapted to our
particular case.

Theorem 3 Assume that the function p is analytic at s = 0 and has the asymptotic behaviour

p(s) = q(s)(s = s1)"

near s = s1, with v a noninteger real number. Then, if pi are the coefficients of the Taylor serie of p

at s =0, one has:
k—v—-1 e
——pr—1 = O(k 3). (13)

S1Pk — A

The following trick[6] allows to get an approximation of s; in a closed form. We write (13) twice
with k = N, N — 1, neglect the right-hand-sides for obtaining a linear system with unknowns s; and
v; solving this system yield the approximate value:

-1
% = <N PN —(N—l)le) . (14)
PN-1 PN-—2

Now, thanks to Teorem 2, each component of x given by (4) satisfies the hypotheses of Theorem
3. One can choose for example the last one (\) for applying formula (14). In an ANM computation,
we can obtain in this way an approximation of the closest bifurcation in each subinterval; of course,
we will have problems when two bifurcation are quite close to the beginning of the subinterval. In
this case, the steplength has to be adapted to the location of the bifurcations; this is a topic that we
have not yet studied.

2.1 Trivial branches
Let us define a trivial branch of (1) as a path for which
u(A) = uy, (15)

that is the sum (4) contains only the first term. Of course, in this particular case, both criteria (10)
and (11) will give the correct answer sy.x = 00; but, this is numerically untractable and furthermore
the standard ANM does not allow the detection of bifurcation on this trivial branch.

Due to the definition (2) of F, the Jacobian of G on a trivial branch takes the special form:

J(\) = < A(UO%_ AlB(UO) ) (16)



where the n X n 4+ 1 matrices A and B are defined by
A(UO) = Fx(llo,O), B(UO) = A(UO) — FX(UO, 1) (17)

Thus, a simple bifurcation point corresponds, thanks to Theorem 1, to an eigenvalue of the gener-
alized problem in IR""!:
Av = A\Bv, (18)

(3 e=(59).

We assume that the eigenvalues are ordered in the following way:

with

0 < |Xo] < [A1] < oo < Aot <Ak < oo (19)

If we are looking for the smallest eigenvalue (in modulus) Ao, it is given by the largest eigenvalue
o = 1/Xg of the problem

A™'Bv = pv. (20)
Therefore, we can use the power iteration method to compute pg, which consists, given v, € IR"*!
(for example randomly chosen) such that ||Vg|| = 1, in solving the sequence of linear systems
Vi

.AVk = ka,h Vk = y k= 1,2, e

vl

then + ||vg| — po when k — oo and vy, is converging to a corresponding eigenvector. In our practical
computations, we used a number of iterations equal to the order N of the approximation (3), although
we always noticed a good convergence already for 10 iterations.

This method allows us to compute only the first bifurcation; for A; we need a shift A, such that

‘)\k — Xk| < ’)\k—l —Xk|

and then solve the problem B
(A= B)v = ABv

with the previous power method to get the shifted eigenvalue A, — \i. Of course, we need some
preliminary knowledge about the spectrum (19).

2.2 Numerical experiments
2.2.1 An enzime model

This example describes the stationary behavior of a chemical reaction with a two-compartment appa-
ratus [3]. The equations for the concentrations u; in the compartments read

Uy

Quy — 00— x=0

Ul Ug + 1+U1—|—’UJ% 5

2 +100—22 A=0

Uy — U —— —A=0;
2 ! 1+u2—|—u§

the parameter A\ represents the concentration in the reservoir external to the compartments.

First of all, the problem has to be brought in the form (2), which of course is not a unique
procedure; although all formulation will be equivalent for the ”continuous” problem, they can affect
the numerics. Following [2], we introduce the new variables

2
uz = up +uj,

2
Ug = U2 + U,

1
u5_1+u31

J— 1 .
4o = 1+U4’



we then get the algebraic system defined by setting

0 2U1 — U — A 1OOU1U5
0 2U2 — Uy — A 100u2U6
. 0 u \ Uz — Uy . —u?
FO - 0 ) L < A > - Uy — Us ,Q(uv u)* _u%
—1 Us uzus
-1 Ug U4UG

Starting from the point (u, A) = (0,0,0,0,1,1,0) we have computed, using the matlab code of [2]
the first branch of this problem. The steplength criterion was given by (10) and we made 22 steps.
The result (i.e. u2(A)) is presented in Figure 1, where it is compared to a computation with the code

AUTO [3].
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Figure 1: Branch switching

The blue circles indicate the end of the subintervals; notice that the ANM switches to the second
branch at the second bifurcation point. For staying onto the first branch, we made a correction after
the first bifurcation (after 10 steps) and obtain the right curve, as shown on Figure 2.

Figure 2: Continuation with correction

— ANM
2 o amax
8 | aUmo M
7l k 4
&
B | II =3
&
s o ]
%
4l : il
Y
o
s e -
e
8 s -
Y
0
5

s o = - - - (N I I

i 5 10 15 20 a5 30 35

In order to compute both branches, we use the strategy of detecting bifurcation with the sign of the
determinant of the augmented Jacobian on the first branch. Then, we restart from the first bifurcation
point with the tangent orthogonal to the one of the first branch; as explained in [3] the vector tangent



to the orthogonal branch is in the kernel of the Jacobian. The first bifurcation is detected at A = 34.29
(34.22 with AUTO), the second one at A = 22.49 (22.18 in AUTO). The resulting diagram is shown
on Figure 3.
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Figure 3: Complete diagram

2.2.2 A planar clamped elastic rod

This problem and its solution are presented in [4]. An elastic rod of length 1 lying on the z-axis, is
clamped at the origin; one applies a horizontal force A\ and a vertical force —pu at the end z = 1 and
also a moment in the y-direction equal to v. This problem has a trivial branch and has the interesting
feature that there is a path connecting the first bifurcation on the first nontrivial branch to the second
nontrivial branch.

Using the centerline vector r and the director dgs:

— z _ d3ac
= () e (i)
one can write the problem as an ODE system for the unkowns (r,d3) € C'([0,1])? x C*([0,1])*:

I‘/ = (_‘137

d. — (v — e — pz)ds,
3TN\ (= Dz —p2)ds, )’

with the boundary conditions

r(0) = 0, ds(0) = ( ; ) 2(1) =0, ds,(1) = 0. (21)

The first step consists in introducing the unknown functions
p:dSma q:d3za w:V*)‘xfﬂza

and writing the equations as

x' =p,
7 =g,

P = quw, (22)
q = —pw,
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Next, we have to discretize this system; we are using the Keller-box finite difference scheme. Given

the regular partition
h=1/(m—2), t; = (i —3/2)h, i=1,2,....m,

we denote by ¢; the approximation of a function ¢ € C’l((f%,l + g)) at t;; its derivative will be

approximated by

di+1 — qi
h )

if needed, like for example for a boundary condition, we use

q (ti+h/2) ~ i=1,2,..m-1;

qti +h/2) ~ 5

,1=1m—1.
Using this scheme and the vector of unknowns

t __
(ll, )‘) - (1‘1,372, ey Tmy 15 22y wevy By P15, P2y o5 Pms 415,425 -5 Gy, W1, W2,y ooy Wiy, Vy WUy >\)a

the system (22) with boundary conditions (21) can be written in the form (1)-(2) with n = 5m + 2.

We have computed parts of the trivial branch, of the first and second bifurcated branches and the
path linking the first branch to the second one. For the trivial branch, we applied the power method
and for the other branches, we used the sign of the determinant of the Jacobian to detect bifurcations
and, at occurence of a change of sign, we used the value predicted by (14) in the current interval for
the bifurcation location. The values of A at the bifurcation points are given below, the ones obtained
with AUTO are in parentheses:

e Trivial branch: 39.6 (39.5), 81.3 (80.8)
e First branch: 84.7 (86.2)
e Second branch: —56.8 (—56.2).

The bifurcation diagram is shown in Figure 4 together with the symmetric part computed with
AUTO; the agreement is excellent.
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Figure 4: 2D elastic rod diagram

2.3 Conclusion

Our numerical experiments, especially the second one, show that bifurcation detection and switching,
in quite complicated diagrams, can be handled with the ANM. The algorithms we used have to be
improved; in particular, the step length has to be adpated to the truncation error and to the location
of the bifurcation points.
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