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Exercise 1 1. The dingdong matriz is well conditioned (cond=2.42). The behavior under pertur-
bations of the matriz or of the matriz and the right-hand-side together, are identical, either norm-
wise or componentwise. For a perturbation of the right-hand-side only, the behavior changes: the
value of K (conditioning) is larger and closer to the true value. The reliability interval [s,r] is
equal to the whole investigated domain, except in the case of componentwise perturbation of the
right-hand-side, where s is slightly larger. The value of s close to 10716 corresponds to the exact
backward error (~ 2- 10716). The estimated forward error is very close to the exvact value, except
again for the componentwise perturbation of the right-hand-side. In conclusion, this problem is
well conditioned and the solution method s reliable.

2. The IPJ! matriz is very ill conditioned (cond=2.210%°). Normwise, for perturbations of A or
of A and b, there is no reliability interval. For a perturbation of b only, the value of K is a good
estimate of the condition number and the forward error estimate is much larger than its exact
value. For componentwise perturbations of A or of A and b together, the reliability interval is
between 10712 and 1078, which shows that the alorithm is not reliable for this problem . In this
interval, the estimate of the forward error is good and the estimate of the condition number given
by K is too low. Furthermore, the value 0.01 for the backward error is mot correctly estimated
by s. In conclusion, the problem is ill conditioned and the algorithm is not reliable in this case.
Notice that the componentwise perturbations are better suited to this matriz, which has entries
of order 1 to 10'8.

Exercise 2

1. By identifying U DU with A, one obtains:

Dy = 5 Dy = S1
D;Uiq = Tiy1 = Upr = D' Ty
Diy1 + UL DUy = Siqa Diyn = Sip1— UL Ty

Hence, we can write the algorithm, assuming that x = b and that S; are stored in D;:
e Initialization:
X1 = Dl_lxl;
e Decomposition, forward elimination (values of U; are stored in T; and original T; is in V' ):
Loop 1=2 until n
V=T, Ti:= D "T,,
Di = Dl - TZ-tV,

o t R o St S
X; =X — 1% X;i—1, X; = Dz X5

End loop

e Backward elimination (values of U; computed in previous step are stored in T;):
Loop i=n-1 until 1
X; =X — TiXiq1.

End loop



2. Let us define a vector of dimension n?:

Then, we can write the problem as
AU (1) — Wi 14 (=) — Uit1+(—1)n — Uit(—2)n — Yitjn = L2 fit(G—1)n

that is a linear system Au = h2f.

The matriz A has the structure of the preceeding point with:

4 -1 0 0
-1 4 -1
S; = 0 0 ,1<i<n
.4 —1
0 0o -1 4
and
-1 0 0 0
0 -1 0
Ti-‘rl: 0 . T. T. 0 ’1S7/§n_1
.o —-1 0
0 0 0o -1
For the nonzero vector
a;
(65]
W =
2
we compute w - Aw. One has:
n?-1 n?—n
w- AW*4Za fzalozl 1— Z Q1 — Z 00—y — Z QQitp
1=n+1 =1
n?—1 n?—1 n?-1 n?_n
:204%+2a7212+22af+22a 72204,041_,_1—220[204“_"
i=1 i=1
n?-1 n?-1 n?—n

= 2@%"‘20{32 + Z — Qit1) —|— Z a + Z O‘z+1 2 Z Qg

i=1
The three last terms of the above equation become:

n2—1 n?—1 n%—n

Zoz?JrZa 722017041_,_”

—1 i—1

Z n?-1 n?—n n?—n n?-n

Z a+Za +Zaz+1+2a —QZaaHn

i=n2—n-+1

n?-1 n—1

'!L
Z «; +Zaz+1—|—z al+n2>0.

i=n?2—n+1

Then w - Aw > 0 and A is (symmetric) positive definite.

Uiy (j—1)n = Uij, and another one fi+(j_1)n = f(x“y])



