NUMERICAL SIMULATIONS OF ELASTIC RODS by Jeremy A. Warner

Thesis submitted to the Faculty of the Graduate School of The University of Maryland in partial fulfillment of the requirements for the degree of Master of Arts 1997

Advisory Committee:

Professor John Maddocks, Chairman/Advisor Professor R. Bruce Kellogg Associate Professor Andrew Baden

NUMERICAL SIMULATIONS OF ELASTIC RODS by Jeremy A. Warner

Thesis submitted to the Faculty of the Graduate School of The University of Maryland in partial fulfillment of the requirements for the degree of Master of Arts 1997

Advisory Committee:

Professor John Maddocks, Chairman/Advisor Professor R. Bruce Kellogg Associate Professor Andrew Baden

NUMERICAL SIMULATIONS OF ELASTIC RODS by Jeremy A. Warner

Thesis submitted to the Faculty of the Graduate School of The University of Maryland in partial fulfillment of the requirements for the degree of Master of Arts 1997

Advisory Committee:

Professor John Maddocks, Chairman/Advisor Professor R. Bruce Kellogg Associate Professor Andrew Baden

cfl Copyright by

Jeremy A. Warner 1997

Abstract

Title of Thesis: NUMERICAL SIMULATIONS OF ELASTIC RODS

Name of degree candidate: Jeremy A. Warner

Degree and year: Master of Arts, 1997

Thesis directed by: Professor John Maddocks Department of Mathematics and

Motivated by a phenomenon called ratcheting that is observed in experiments, a numerical study was made of elastic rods with various physical properties (i.e., various bending stiffnesses and unstressed curvatures) when they were bent into certain deformed semi-circular configurations and then twisted at one end. The rods were modeled by a two-point boundary value problem for a 15^{th} order system of ODEs. Numerical continuation and branch switching methods were used in all computations, using the package AUTO. Qualitatively interesting behaviors were observed both in deforming the rods into the various configurations as well as when twisting the ends. A study was also made of ways to reformulate the rod equilibrium equations in an effort to make the numerical calculations more efficient. Effective speed-ups of a factor of 2.5 were achieved.

Dedication

To Stephanie, for all her patience and support in making this work a reality.

v

Acknowledgements

I would like to thank Dr. Maddocks for allowing me to work with and learn from him. It was a most enlightening experience. In addition I would like to thank Randy Paffenroth, Kathleen Rogers, Dr. Rob Manning, Dr. Tom Stone, and the rest of the members of the LCVM for their help with various technical problems, and also Dr. Brian Hunt for his assistance as an interlocutor with the Alpha Farm computer system managers. Dr. Brian Berg was also of great assistance in understanding the problem to be modelled. I would also like to thank the Keck Foundation, whose grant of computers was of invaluable assistance, as well as the AFOSR for their financial support and provision of computer equipment.

vii

Table of Contents

Section Page

List of Tables xi

List of Figures xii

1 Introduction 1

2 Rod Model and Numerical Procedures 5 2.1 The Director Theory of Rods . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Directors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.2 Coordinate-Free Equilibrium Equations . . . . . . . . . . . 6 2.1.3 Constitutive Relations . . . . . . . . . . . . . . . . . . . . 7 2.2 The Governing Equations . . . . . . . . . . . . . . . . . . . . . . 8 2.2.1 Representation of Directors by Euler Parameters . . . . . . 8 2.2.2 Variational Formulations . . . . . . . . . . . . . . . . . . . 9 2.2.3 Analysis of Integrals and Symmetries . . . . . . . . . . . . 12 2.3 Numerical Discretization Implemented in the AUTO Package . . . 13

3 Numerical Results 16 3.1 The Boundary Value Problem . . . . . . . . . . . . . . . . . . . . 16 3.1.1 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . 16 3.1.2 Continuation Parameters . . . . . . . . . . . . . . . . . . . 17 3.1.3 Continuation Strategy . . . . . . . . . . . . . . . . . . . . 18 3.2 The Idealized Problem . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2.1 Sliding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2.2 Twisting . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.3 Imperfect Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3.1 Sliding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3.2 Twisting . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.4 Helical Rod . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 3.5 Free End Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4 Numerical Accuracy and Alternative Numerical Formulations 56 4.1 Numerical Accuracy . . . . . . . . . . . . . . . . . . . . . . . . . 56 4.2 Alternative Formulations . . . . . . . . . . . . . . . . . . . . . . . 56 4.2.1 Reduction of Order . . . . . . . . . . . . . . . . . . . . . . 57 4.2.2 Rewriting Integrals as Boundary Conditions . . . . . . . . 58

4.3 Analytic Jacobian . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 4.4 Comparisons of Different Methods . . . . . . . . . . . . . . . . . . 59

5 Summary 62 5.1 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 5.1.1 Sliding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 5.1.2 Twisting . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 5.1.3 Helical Rods . . . . . . . . . . . . . . . . . . . . . . . . . . 63 5.1.4 Free-end Problem . . . . . . . . . . . . . . . . . . . . . . . 63 5.2 Computational Efficiency . . . . . . . . . . . . . . . . . . . . . . . 63

A AUTO Files 65 A.1 15^{th} Order System . . . . . . . . . . . . . . . . . . . . . . . . . . 65 A.1.1 Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 A.1.2 AUTO Input File . . . . . . . . . . . . . . . . . . . . . . . 89 A.2 9^{th} Order System with 3 Integral Constraints . . . . . . . . . . . . 90 A.2.1 Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 A.2.2 AUTO Input File . . . . . . . . . . . . . . . . . . . . . . . 105

B Full Sized Twisting Diagrams 106

List of Tables

Number Page

4.1 Comparison of CPU Usage in Various Formulations and Problem Sizes, Part I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.2 Comparison of CPU Usage in Various Formulations and Problem Sizes, Part II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

List of Figures

Number Page

1.1 A Representative Ribbon Describing the Configuration of an Elastica 3

3.1 Comparison of Rod Shapes . . . . . . . . . . . . . . . . . . . . . . 19 3.2 Idealized Problem Bifurcation Diagram . . . . . . . . . . . . . . . 21 3.3 Physical Configuration on the Top Branch . . . . . . . . . . . . . 22 3.4 Physical Configuration on the Middle Branch . . . . . . . . . . . 23 3.5 Physical Configuration on the Bottom Branch . . . . . . . . . . . 24 3.6 Physical Configuration of a Rotation from the Top Branch . . . . 25 3.7 Twist Angle vs m_3 for û_2 = 0 . . . . . . . . . . . . . . . . . . . . 26 3.8 Bifurcation Diagram with Non-zero û_2 . . . . . . . . . . . . . . . 27 3.9 Physical Configuration on Middle Branch . . . . . . . . . . . . . . 28 3.10 Physical Configuration on Top Branch . . . . . . . . . . . . . . . 29 3.11 Physical Configuration on Bottom Branch . . . . . . . . . . . . . 30 3.12 Physical Configuration on Trailing Branch . . . . . . . . . . . . . 31 3.13 Bifurcation Diagram with Elongated Middle Branch . . . . . . . . 32 3.14 Bifurcation Diagram with Disconnected Middle Branch . . . . . . 33 3.15 Bifurcation Diagram with Varying û_2 . . . . . . . . . . . . . . . . 34 3.16 Physical Configuration on Bottom Branch . . . . . . . . . . . . . 35 3.17 Physical Configuration on Disconnected Branch . . . . . . . . . . 36 3.18 Physical Configuration on Fourth Branch . . . . . . . . . . . . . . 37 3.19 Bifurcation Diagram with Varying K_3/K_1 . . . . . . . . . . . . . 38 3.20 Closeup of the Fourth Branch . . . . . . . . . . . . . . . . . . . . 39 3.21 Comparison of Physical Configurations of Different Fourth Branch Bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 3.22 Demonstration of Ratcheting Effect . . . . . . . . . . . . . . . . . 41 3.23 Twist Angle vs m_3 for ρ = 0.4, K_3/K_1 = 0.4 . . . . . . . . . . . . 42 3.24 Experimental Data . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.25 Twist Angle vs m_3 for ρ = 0.4, K_3/K_1 = 1.4 . . . . . . . . . . . . 44 3.26 Twist Angle vs m_3 for û_2 = 0.4, K_3/K_1 = 0.4 . . . . . . . . . . . 45 3.27 Survey of Torque Diagrams . . . . . . . . . . . . . . . . . . . . . 46 3.28 Helical û Physical Configuration . . . . . . . . . . . . . . . . . . . 48 3.29 Helical û Twisting Diagram with Ratcheting . . . . . . . . . . . . 49 3.30 Helical û Twisting Diagram without Ratcheting . . . . . . . . . . 50 3.31 Twist Angle vs n_3 for û_2 = 0.1, K_3/K_1 = 0.4, ρ = 2/π . . . . . . . 51 3.32 Twist Angle vs n_3 for Varying ρ . . . . . . . . . . . . . . . . . . . 52 3.33 Twist Angle vs n_3 for Varying û_2 . . . . . . . . . . . . . . . . . . 53

3.34 Twist Angle vs n_3 for Varying K_3/K_1 . . . . . . . . . . . . . . . . 54 3.35 Twisted Bifurcation Diagram Mapping n_3 . . . . . . . . . . . . . 55

B.1 Twist Angle vs m_3 for K_3/K_1 = 0.4, ρ = 0.80 (1,1) . . . . . . . . 107 B.2 Twist Angle vs m_3 for K_3/K_1 = 0.4, ρ = 2/π (1,2) . . . . . . . . . 107 B.3 Twist Angle vs m_3 for K_3/K_1 = 0.4, ρ = 0.60 (1,3) . . . . . . . . 108 B.4 Twist Angle vs m_3 for K_3/K_1 = 0.4, ρ = 0.40 (1,4) . . . . . . . . 108 B.5 Twist Angle vs m_3 for K_3/K_1 = 0.4, ρ = 0.20 (1,5) . . . . . . . . 109 B.6 Twist Angle vs m_3 for K_3/K_1 = 0.6, ρ = 0.80 (2,1) . . . . . . . . 109 B.7 Twist Angle vs m_3 for K_3/K_1 = 0.6, ρ = 2/π (2,2) . . . . . . . . . 110 B.8 Twist Angle vs m_3 for K_3/K_1 = 0.6, ρ = 0.60 (2,3) . . . . . . . . 110 B.9 Twist Angle vs m_3 for K_3/K_1 = 0.6, ρ = 0.40 (2,4) . . . . . . . . 111 B.10 Twist Angle vs m_3 for K_3/K_1 = 0.6, ρ = 0.20 (2,5) . . . . . . . . 111 B.11 Twist Angle vs m_3 for K_3/K_1 = 0.8, ρ = 0.80 (3,1) . . . . . . . . 112 B.12 Twist Angle vs m_3 for K_3/K_1 = 0.8, ρ = 2/π (3,2) . . . . . . . . . 112 B.13 Twist Angle vs m_3 for K_3/K_1 = 0.8, ρ = 0.60 (3,3) . . . . . . . . 113 B.14 Twist Angle vs m_3 for K_3/K_1 = 0.8, ρ = 0.40 (3,4) . . . . . . . . 113 B.15 Twist Angle vs m_3 for K_3/K_1 = 0.8, ρ = 0.20 (3,5) . . . . . . . . 114 B.16 Twist Angle vs m_3 for K_3/K_1 = 1.0, ρ = 0.80 (4,1) . . . . . . . . 114 B.17 Twist Angle vs m_3 for K_3/K_1 = 1.0, ρ = 2/π (4,2) . . . . . . . . . 115 B.18 Twist Angle vs m_3 for K_3/K_1 = 1.0, ρ = 0.60 (4,3) . . . . . . . . 115 B.19 Twist Angle vs m_3 for K_3/K_1 = 1.0, ρ = 0.40 (4,4) . . . . . . . . 116 B.20 Twist Angle vs m_3 for K_3/K_1 = 1.0, ρ = 0.20 (4,5) . . . . . . . . 116 B.21 Twist Angle vs m_3 for K_3/K_1 = 1.2, ρ = 0.80 (5,1) . . . . . . . . 117 B.22 Twist Angle vs m_3 for K_3/K_1 = 1.2, ρ = 2/π (5,2) . . . . . . . . . 117 B.23 Twist Angle vs m_3 for K_3/K_1 = 1.2, ρ = 0.60 (5,3) . . . . . . . . 118 B.24 Twist Angle vs m_3 for K_3/K_1 = 1.2, ρ = 0.40 (5,4) . . . . . . . . 118 B.25 Twist Angle vs m_3 for K_3/K_1 = 1.2, ρ = 0.20 (5,5) . . . . . . . . 119 B.26 Twist Angle vs m_3 for K_3/K_1 = 1.4, ρ = 0.80 (6,1) . . . . . . . . 119 B.27 Twist Angle vs m_3 for K_3/K_1 = 1.4, ρ = 2/π (6,2) . . . . . . . . . 120 B.28 Twist Angle vs m_3 for K_3/K_1 = 1.4, ρ = 0.60 (6,3) . . . . . . . . 120 B.29 Twist Angle vs m_3 for K_3/K_1 = 1.4, ρ = 0.40 (6,4) . . . . . . . . 121 B.30 Twist Angle vs m_3 for K_3/K_1 = 1.4, ρ = 0.20 (6,5) . . . . . . . . 121

Chapter 1

Introduction

In certain surgical procedures (e.g., angioplasty), thin elastic wires are inserted into the patient’s veins or arteries for use as either guide wires or as carriers of surgical instruments. Consequently, these wires have to be very flexible in order to navigate the convoluted arterial pathways, and in many circumstances the wires have to be twisted when their ends reach the desired locations. When the surgeon twists the external end of the wire, they (and the patient) want the twisting action to be as smooth as possible, without sudden changes in the rotational response. However, with the wire contorted into a perhaps highly curved configuration, it is observed that the wire has a tendency to ratchet - that is, to undergo abrupt changes in the torque required to twist the wire.

In this thesis we attempt to model these surgical wires numerically. Specifically we aim to recreate experimental data observed by Dr. Brian Berg. These experiments involve holding the ends of the wires in a fixed location and orientation, and then measuring the torque required to twist the wire at one end. The ratcheting phenomenon is clearly observable in these experiments. In this thesis computations are used to show that, at least at a qualitative level, ratcheting can be accounted for by the presence of quite small unstressed curvatures. Such small unstressed curvatures are almost inevitable due to the wire manufacturing process and the sets (or plastic deformation) undergone during storage of wire in coils. The ultimate goal of this effort is to develop the model to the point where numerical experiments can be performed which will lead to better methods of manufacturing and storing the wires, in the hope of minimizing ratcheting.

Mathematical models of wires fall in the domain of rod theory. Accordingly, we consider a two-point boundary value problem (BVP) which models an elastic rod whose orientation is described by a set of directors d_i (see Fig 1.1). Boundary conditions (BCs) are imposed at the ends of the rod which enforce the relative position of the ends and also the orientation of the rod at the endpoints. The rod is described by a 15^{th} order system of ODEs which is written in the coordinate system defined by the d_i. When written in this way, the only physical properties of the rod that enter into the equations are the unstressed curvature and the bending stiffnesses, which properties appear as parameters in the system of equations.

We solved this system of ODEs numerically for various values of the physical parameters mentioned above (provided by Dr. Berg), corresponding to different types of wires with various unstressed curvatures, and for ranges of the loading parameter. In the process of solving the problem, we discovered interesting behavior when the distance between the endpoints of the rod was changed, so we also explored this phenomenon. When twisting the end of the rod, we were specifically looking for a fold in the torque vs. angle relationship. Such folds correspond to ratcheting of a real wire. We found such folds, and the twist angle vs. torque diagrams we computed look strikingly similar to those measured in Dr. Berg’s experiments. We also compared the behavior of rods with a helical unstressed shape of given curvature and varying pitch. Dr. Berg’s suggestion was that for given curvature unstressed shapes with shorter pitch (greater torsion) would display less severe ratcheting. This conjecture was borne out by the computations.

The basic tools for accomplishing the numerical modeling were already in existence. The mathematical model is based upon the special Cosserat rod theory, with numerics based on a formulation exploiting Euler parameters that is described in [13]. The resulting problem is a 2-point BVP which is solved using collocation and continuation as implemented in the software package AUTO that is discussed in [6] and [7]. Visualization of the numerical results was also essential, and the software used in performing this task was developed by G. Domokos and R. Paffenroth, as is described fully in [9].

In Chapter 2 we review the derivation of the rod model, as well as the numerical methods used in solving the model. This material is not original, and we follow the presentation of [13].

In Chapter 3 we discuss numerical solutions found for the particular BVPs of interest here. We first discuss results from a secondary problem, namely the bending of the rod into the configuration from which it will be twisted. This process was also carried out using the continuation methods implemented in AUTO, and it yielded interesting results. We then discuss the results from twisting one end of the rod. For both the bending and twisting problems we consider both a perfectly straight rod and a simply curved rod whose unstressed shape is a circular arc. We also consider twisting a helically curved rod, which had the effect of reducing the ratcheting phenomenon as compared to a planar rod of the same curvature. These results are presented largely in graphical form, with discussions identifying trends in the behavior of the rod corresponding to variations in its physical properties (i.e., unstressed curvature, initial configuration, and ratio of bending stiffnesses). We conclude the chapter with a numerical demonstration of why a particular assumption previously used in interpreting experimental data is false.

In Chapter 4 we describe the dependence of our results on the choice of numerical discretization, and also discuss modifications to the mathematical formulation which produce identical final results, but which have the effect of minimizing CPU usage. These modifications include reduction of order of the governing system of equations by replacing equations with AUTO parameters, introducing integral constraints in place of BCs, and using an analytic instead of a numeric Jacobian. By making these modifications, effective reductions in CPU usage of a factor of 2.5 are found.

Figure 1.1: A Representative Ribbon Describing the Configuration of an Elastica The tube in the center of the ribbon represents the centerline of the rod and is parameterized by its arc-length σ. The attached ribbon illustrates twisting of the rod. The orthonormal triad of directors d_1, d_2 and d_3 can be regarded as indicating the orientation of a cross-section of the rod, with d_3 tangent to the centerline, and d_1 tangent to the ribbon.

Finally, in Chapter 5 we reprise the results discussed in Chapters 3 & 4.

Chapter 2

Rod Model and Numerical Procedures

In this chapter we discuss the rod model that will be adopted, followed by a brief discussion of the AUTO program, which was used for numerical computations. The material on the derivation of the Hamiltonian system is taken from [13]. The discussion of the numerics is taken from [7] & [8]. Those readers interested in more information on these topics (especially collocation) should consult these references.

In Section 2.1 we give an overview of the director theory of rods. Included in this is a discussion of coordinate free equilibrium equations and constitutive relations. In Section 2.2 we discuss the equations governing the behavior of the rod. Included in this section is a discussion of a representation of the directors in terms of Euler parameters, of a variational formulation of the system, and of the integrals and symmetries inherent in the Hamiltonian system of equations. In Section 2.3 we briefly discuss the numerical simulation techniques used in the later analysis.

2.1 The Director Theory of Rods

In this section we summarize the theory of special Cosserat rods in exactly the form that will subsequently be used in our computations. Within the continuum mechanics literature, the model is considered to be a standard description of an inextensible, unshearable rod or elastica (cf. e.g. [1]).

2.1.1 Directors

The configuration of an elastica is described by the specification of two smooth vector functions

r(σ), d_1(σ) : [0, 1] → IR^3.

Here r(σ) describes the centerline (or line of centroids or axis) of the rod, and d_1(σ) is chosen to be a material unit vector lying in the normal cross–section at σ. The rod is assumed to be inextensible so the variable σ can, with suitable normalization, be interpreted as arc–length along the axis in any configuration.

Given d_1(σ), the orientation of the material cross–section at σ in any configuration is also specified because, by the assumption of unshearability, material normal cross-sections remain undeformed and normal to the deformed axis.

The condition of inextensibility implies that r^′(σ) is a unit vector, denoted d_3(σ). (Here and throughout^′ denotes a derivative with respect to arclength σ.) A right–handed orthonormal basis {d_1, d_2, d_3}, called the directors, may then be defined, in which d_2 = d_3 × d_1. The σ-dependent orthonormal basis {d_i(σ)} will later be related, via Euler parameters, to the fixed orthonormal basis {X, Y, Z}. The configuration of the rod is fully determined if the functions d_i(σ), i = 1, 2, 3, are specified, and vice versa. The function r(σ) can always be recovered from the differential equation

r^′(σ) = d_3(σ), r(0) = r_0. (2.1)

As σ varies the basis {d_i(σ)} changes smoothly relative to the fixed basis and as the directors are orthonormal the change can be expressed as

d^′_i = u × d_i, i = 1, 2, 3, (2.2)

where the vector u is often called the Darboux vector. The components u_i ≡ u·d_i of the vector u with respect to the directors {d_i} are the components of strain associated with bending and twist. The triple of coordinates is denoted

u(σ) = (u_1(σ), u_2(σ), u_3(σ)). (2.3)

Knowledge of u_1(σ) and u_2(σ) is equivalent to knowledge of the curvature and geometrical torsion of the axis regarded as a space–curve. The strain u_3(σ) measures physical twist; it is not the geometrical torsion which is a property of the centerline only. The quantity u_3(σ), which will here always be referred to as twist rate, is the same as the quantity that is often referred to as torsion in the engineering literature.

2.1.2 Coordinate-Free Equilibrium Equations

It happens that convenient dependent variables for our analysis will be the Euler parameters alluded to earlier. However it is illuminating first to consider coordinate–free equilibrium equations, constitutive relations and boundary conditions.

The stresses acting across each material normal cross–section are equivalent to a force and a moment applied at the centroid of the cross–section at r(σ); let n(σ) and m(σ) denote, respectively, this resultant force and moment (of the material on the side σ^+ acting on the material on the side σ^−). We will here assume that the only external loads are couples and forces applied at the ends of the rod. The equilibrium equations are

n^′(σ) = 0 , (2.4) and m^′(σ) + r^′(σ) × n(σ) = 0. (2.5)

Equation (2.4) has the integral

n(σ) = n(0) , (2.6)

so that equation (2.5) has the integral

m (σ) + r (σ) × n (σ) = ξ . (2.7)

Here ξ is a constant vector which, by choice of origin for r, can be chosen to be parallel to n. From (2.6) and (2.7) we have that

m(σ) · n(σ) = m(0) · n(0) . (2.8)

When evaluated at σ = 1, equations (2.6) and (2.8) provide relations between the boundary conditions at σ = 0 and those at σ = 1 that are implied by the balance of external forces and moments acting on the elastica.

2.1.3 Constitutive Relations

In order to proceed further it is necessary to introduce constitutive relations between the strains and the resultant forces and moments appearing in the rod model. In point of fact, because we assume the rod to be inextensible and unshearable, the components of the resultant force n are basic unknowns. In contrast, the components of the bending and twist moment m are related to the bending and twist strains u_i, introduced in (2.3). In order to specify this constitutive relation some further notation is required. The triple of components m_i(σ) ≡ m(σ)·d_i(σ) will be denoted m = (m_1, m_2, m_3). We also allow the unstressed configuration of the rod to have intrinsic curvature and twist. The strains at this unstressed state will be denoted û(σ) = (û_1(σ), û_2(σ), û_3(σ) ) with the û_i(σ) being prescribed functions. The unstressed configuration is straight when û_1(σ) ≡ û_2(σ) ≡ 0. If in addition û_3(σ) ≡ 0, the unstressed state is prismatic or untwisted.

We shall only consider the case in which the rod is hyper-elastic, i.e. there exists a scalar–valued strain energy density function W (u−û, σ), dependent upon the three strain measures u_i − û_i, and arc–length σ, with the property that

m_i = ∂W ∂u_i , i = 1, 2, 3 . (2.9)

Following common practice, we shall assume that the function W is a strictly convex function of the three arguments (u_i − û_i), with a minimum at W (0, 0, 0, σ).

For computation, a specific form of W must be chosen and we will focus here upon the case where the rod is assumed to be linearly elastic, that is, the strain energy density function is quadratic in the u_i. Explicitly

W (u − û, s) = 1 2 K_1(u_1 − û_1)^2 + 1 2 K_2(u_2 − û_2)^2 + 1 2 K_3(u_3 − û_3)^2, (2.10) with

m_i = ∂W ∂u_i = K_i(u_i − û_i) , i = 1, 2, 3 . (2.11)

Here the bending and twist stiffnesses K_i(σ) are prescribed positive functions of σ, possibly constant.

Models of rod mechanics often begin with the assumption that the rod is a solid object whose diameter is small compared to its length. This is the approach taken in the theory of Kirchhoff and Clebsch, as described in [14], for example. If we adopt this point of view, and also assume that the material composing the rod is homogeneous and isotropic, then we can further interpret the elastic coefficients as K_1 = EI_1, K_2 = EI_2 and K_3 = GI_3, where I_i is the geometric moment of the planar cross–section about the d_i axis (so that I_3 = I_1 + I_2), E is the Young’s modulus, G = E/[2(1 + ν)] is the shear modulus, and ν is Poisson’s ratio.

2.2 The Governing Equations

In this section we develop the Hamiltonian system of ordinary differential equations that will provide the basis for our computations. We first describe the Euler parameter description of the directors d_i. We then introduce a variational form of the equilibrium conditions, and the associated Lagrangian and Hamiltonian forms of the governing equations. Finally we describe the symmetries and associated integrals of the governing Hamiltonian system.

2.2.1 Representation of Directors by Euler Parameters

Thus far we have not specified any particular parameterization of the directors {d_i(σ)}. For three-dimensional equilibria, a parameterization of the directors {d_i(σ)} is equivalent to selecting a representation for the group of proper orthogonal transformations SO(3). In mechanics there are several common choices for such a representation (cf. e.g. [11]). Euler parameters will be used here, which provides a global (i.e. singularity free), four parameter, two–to–one description of SO(3). An elementary discussion of Euler parameters can be found, for example, in [11].

The components of the orthonormal triad {d_i} (with respect to the fixed space basis) in terms of a set of Euler parameters q are given by:

d_1 = q^2_1 − q^2 − q^2_3 + q^2_4

2(q_1q_2 + q_3q_4)

2(q_1q_3 − q_2q_4) , d2 = 2(q_1q_2 − q_3q_4)

−q^2_1 + q^2 − q^2_3 + q^2_4

2(q_2q_3 + q_1q_4)

, (2.12) d_3 =

2(q_1q_3 + q_2q_4)

2(q_2q_3 − q_1q_4)

−q^2_1 − q^2 + q^2_3 + q^2_4

. (2.13)

The strains u_i appearing in equations (2.2) are given in terms of the Euler parameters by (see, for example, Dichmann [5] or Kane [12])

u_i =

2q^′ · B_iq |q|^2 , i = 1, 2, 3. (2.14)

Here the B_i are 4 × 4 skew–symmetric matrices:

B_1 =

0 0 0 1 0 0 1 0 0 −1 0 0 −1 0 0 0

, B^2 =

0 0 −1 0 0 0 0 1 1 0 0 0 0 −1 0 0

B_3 =

0 1 0 0 −1 0 0 0 0 0 0 1 0 0 −1 0

For any set of Euler parameters the vectors {B_iq}, together with q, form an orthonormal basis for IR^4. Geometrically, the vector B_iq acts as the infinitesimal generator of rotation about the ith director d_i.

2.2.2 Variational Formulations

Using equation (2.14) to eliminate the strains, the strain energy density function can be written in terms of the Euler parameters and their derivatives

W (u − û, σ) = W ( 2q^′ · B_iq |q|^2 − û_i, σ ) . (2.15)

The equilibrium configurations can then be characterized as constrained critical points of the energy functional ∫_1 0 W ( 2q^′ · B_iq |q|^2 − û_i, σ ) dσ , (2.16)

subject to the constraints,

r^′(σ) = d_3(q(σ)) and q(σ) · q^′(σ) = 0 , (2.17)

and appropriate boundary conditions, including the requirement that the Euler parameters have unit norm at one end point. Here d_3(q(σ)) denotes the vector of quadratic functions of q_i defined in (2.13). By introducing Lagrange multiplier functions λ(σ) ∈ IR^3 and ν(σ) ∈ IR associated with the pointwise constraints (2.17), the equilibrium configurations can be characterized as unconstrained critical points of the Lagrangian L(q, q^′, r^′, λ, ν, σ) = W ( 2q^′ · B_iq |q|^2 − û_i, σ ) + λ · (r^′ − d_3) + ν q · q^′ . (2.18)

For our numerical treatment it is convenient to write the governing equations in the form of a first order system, and for the sake of analysis it is convenient to take the first-order system to be Hamiltonian. So we can define the conjugate variable μ ≡ ∂L∂q_′ = 2|q|_2 ∑ i W_{ui} B_iq + νq. (2.19)

The Hamiltonian system involves the (standard) Legendre transform W^∗(v, s) of the constitutive function W (w, s) introduced in (2.9). We assume that ∂W ∂w (0) = 0, (2.20)

and that W is a strictly convex function of w. Then the variables v conjugate to w are defined by v = ∂W ∂w (w) . (2.21)

By the strict convexity assumption we can invert to solve for w, to get

w = ϕ(v) . (2.22)

The Legendre transform is then defined to be

W^∗(v) = v · ϕ(v) − W (ϕ(v)). (2.23)

In the special case of a pure quadratic W ,

W (w) = 1 2 ∑ i K_i w^2_i , (2.24)

the conjugate variables are v_i = K_i w_i, and the Legendre transform is

W^∗(v) = 1 2 ∑ i v^2_i K_i . (2.25)

We claim that the Hamiltonian leading to the equations governing the equilibria of an elastica can now be written in the form

H(r, q, n, μ, σ) = W^∗(m, σ) + m · û(σ) + n · d_3. (2.26)

The phase space variables in this Hamiltonian formulation are the axis r, the force n which is conjugate to r, the Euler parameters q, and their conjugate variable, namely μ. The right hand side of (2.26) can be written in terms of the phase variables by substituting the expression (2.13) for d_3(q) and by using the relations

m_i = 1 2μ · B_iq (= W_{ui} (u − û)) i = 1, 2, 3, (2.27)

which follow from the hyper-elastic constitutive relation (2.9) and the components of the definition (2.19) of μ in the directions B_iq. The second equation in (2.27) can itself be further inverted using the implicitly defined inverse function ϕ introduced in equations (2.21) and (2.22), leading to the expression

u = û + ϕ ( μ · B_1q 2 , μ · B_2q 2 , μ · B_3q 2 ) (2.28)

for the strains. In the particular case of linear elasticity, (2.28) simplifies to

u_i = û_i + μ

· B_iq 2 K_i , i = 1, 2, 3, (2.29)

and the Hamiltonian takes the explicit form H(r, q, n, μ) = 3∑ i=1 ( m^2_i 2 K_i + û_im_i ) + n · d_3. (2.30)

The Hamiltonian system of equations governing equilibria is of the form

r^′ = ∂H ∂n = d_3,

q^′ = ∂H ∂μ = 1 2 3∑ i=1 u_i B_iq,

n^′ = − ∂H ∂r = 0,

μ^′ = −∂H∂q = 12 3∑ i=1 u_i B_iμ −

∂d_3 ∂q T n,

(2.31)

where again d_3(q) is defined by the formula (2.13), so that

∂d_3 ∂q = 2 q_3 q_4 q_1 q_2

−q_4 q_3 q_2 −q_1

−q_1 −q_2 q_3 q_4 ,

and the u_i are written in terms of the phase variables q and μ using relation (2.28), or in the case of linear elasticity the explicit form (2.29).

2.2.3 Analysis of Integrals and Symmetries

We next detail the integrals or conserved quantities of the Hamiltonian system (2.31), i.e., functions of the phase variables that are independent of arc–length σ. We will later see the usefulness of these integrals in the choice of boundary conditions.

Six integrals are obtained immediately from equations (2.6) and (2.7). The three components of force n are constant due to the translational symmetry of the Hamiltonian system in space. Similarly the three components of m + r × n are invariant as a consequence of rotational symmetry about the three inertial axes. To see that these expressions provide integrals of (2.31), we merely need to write them as functions of the phase variables. Components of n and r with respect to the fixed basis are trivially phase variables, and it can be verified that the components m_i of m with respect to the fixed space basis can be written as (cf. [5])

m_i = 1 2μ · F_iq, i = 1, 2, 3, (2.32)

where

F_1 =

0 0 0 1 0 0 −1 0 0 1 0 0 −1 0 0 0

, F_2 =

0 0 1 0 0 0 0 1 −1 0 0 0 0 −1 0 0 ,

F_3 =

0 −1 0 0 1 0 0 0 0 0 0 1 0 0 −1 0 .

In addition to the integrals listed above which have physical interpretations, there are two integrals which arise from the representation of SO(3) by the four Euler parameters, rather than by a three parameter description. By construction, the second equation of (2.31) implies

q · q^′ = 1 2 3∑ i=1 u_i q · B_iq = 0,

so that |q|^2 is a seventh integral.

Next consider the quantity μ · q + 2r · n. By virtue of (2.31), we find d dσ (μ · q + 2r · n) = −n · ∂d^3∂q q + 12 3∑ i=1 u_iq · B_iμ + 1 2 3∑ i=1 u_iμ · B_iq + 2d_3 · n.

(2.33)

Euler’s Theorem for homogeneous functions implies that 2d_3 =

∂d_3 ∂q q. Moreover

the matrices B_i are skew symmetric, so it follows that (2.33) vanishes and

μ · q + 2r · n (2.34)

is an eighth integral of the system. The integral (2.34) is associated with invariance of the Hamiltonian under the (variational) symmetry in which q is replaced by (1+ϵ)q, μ is replaced by (1+ϵ)^{−1}μ, r is replaced by (1+ϵ)^2r and n is replaced by (1 + ϵ)^{−2}n. Specification of the value of the integral (2.34) merely eliminates the gauge freedom in μ.

The above integrals arise for all constitutive laws. There are two additional, constitutive dependent, integrals that arise in each of the cases of an isotropic rod, and a uniform rod. The tangential component of bending moment is

m_3(σ) ≡ m · d_3 = μ

· B_3q 2 A straightforward computation, using (2.29), (2.31) and properties of the B_i matrices, reveals that 2 d dσ m_3(σ) = (μ · B_3q^′ + μ^′ · B_3q) = −u_1μ · B_2q + u_2μ · B_1q

= (μ · B_1q) (μ · B_2q) ( 1 K_2 − 1 K_1 ) − û_1μ · B_2q + û_2μ · B_1q .

Accordingly, if K_1(σ) ≡ K_2(σ) and û_1 ≡ û_2 ≡ 0, then m_3(σ) = μ·B_3q/2 provides a ninth integral. This case will be described as a transversely isotropic or just isotropic rod. The symmetry associated with the twist integral is a rotation of the rod about its own centerline.

The second constitutive dependent symmetry is uniformity. If the constitutive function W has no explicit σ dependence, which in the linearly elastic case means the stiffnesses K_i and the unstressed strains û_i are all constant, then the Hamiltonian H (2.26) has no explicit σ dependence, and therefore represents a tenth integral of the system. The associated symmetry is translation in the arc-length σ, or relabeling of the material point corresponding to σ = 0.

In summary the Hamiltonian system always has at least eight integrals, namely n, |q|^2, m + r × n, and μ · q + 2r · n. If the rod is isotropic m_3 provides an additional integral, and if the rod is uniform then the Hamiltonian H (2.26) provides a tenth integral.

2.3 Numerical Discretization Implemented in the AUTO Package

The problems discussed in this thesis are nonlinear two-point boundary value problems. There exist a number of software packages for boundary value problems, see for example [2], [4]. The software we used in our computations is called

AUTO. This software package was written specially for continuation and bifurcation problems in ordinary differential equations. The discretization scheme adopted in AUTO is the so–called collocation method. In this section we give a brief description about this method and some theoretical results related to it. For more detailed information see [6], [7], and [8].

Consider the first order system of ordinary differential equations of the form

u̇(σ) = f(u(σ), λ), σ ∈ [0, 1], u( · ), f( · , · ) ∈ IR^n , λ ∈ IR^{nλ} , (2.35)

subject to general, possibly nonlinear or non–separated, boundary conditions

B_i( u (0) , u (1) , λ ) = 0 , i = 1 , 2 , · · · , n_b , (2.36)

where λ is the continuation parameter vector. In order for problem (2.35) ∼ (2.36) to be formally well posed we require that n_λ = n_b − n + 1. This implies that there will always be one free parameter, so that the equations will normally yield curves of solutions, i.e., we are concerned with a continuation problem. For example, for our rod problem we have n = 15, n_b = 15 and one free parameter n_λ = 1.

In AUTO the differential equation (2.35) is approximated by the method of collocation at m Gauss points with piecewise polynomials that belong to the class C [ 0 , 1 ] , where m is an integer between 2 and 7 . This approach is equivalent to an implicit Runge Kutta method ( cf. [16] ). More precisely, define a mesh

{ 0 = σ_0 < σ_1 < · · · < σ_N = 1 } , Δσ_j ≡ σ_{j+1} − σ_j , ( 0 ≤ j ≤ N − 1 ) ,

and for each j introduce the Lagrange basis polynomials { ω_{j,i} (σ) } , j = 0 , 1 , · · · , N − 1 , i = 0 , 1 , · · · , m , defined by ω_{j,i} (σ) = m∏ k=0, k≠i σ − σ_{j+} k_m σ_{j+} i_m − σ_{j+} k_m

, σ_{j+} i_m ≡ σ_j + i m Δσ_j .

The collocation method now consists of finding

p_j (σ) = m∑ i=0 ω_{j,i} (σ) u_{j+} i_m , j = 0 , 1 , · · · , N − 1 , such that ṗ_j(z_{j,i}) = f(p_j(z_{j,i}), λ), i = 1, 2, · · · , m, j = 0, 1, · · · , N − 1, (2.37) where in each subinterval [σ_{j−1}, σ_j] the points {z_{j,i}}^m_{i=1} are the zeros of the mth degree Legendre polynomial relative to that subinterval. With the above choice of basis, u_j and u_{j+} i_m are to approximate the solution u(σ) of the continuous problem at σ_j and σ_{j+} i_m respectively.

The discrete boundary conditions are B_i(p_1(0), p_N (1), λ) = 0, i = 1, 2, · · · , n_b, i.e., B_i(u_0, u_N , λ) = 0, i = 1, 2, · · · , n_b. (2.38) There is extensive literature on the relation between the solutions of the discrete approximations and the continuous problem (see for example [2], [3], [10] & [15]), and we shall not deal with this subject here. We only mention the following error estimate. Assuming that the problem (2.35), (2.36) is sufficiently smooth, the local behavior of the error for σ ∈ [σ_j, σ_{j+1}) is ‖u_l(σ) − v_l(σ)‖_{(i)} = c_l|u^{m+1}_l (σ_i)|h^m_i + O(h^{m+1}_i ), l = 1, 2, · · · , n, h_i = σ_{i+1} − σ_i, where c_l are known constants, m is the number of collocation points per subinterval, v(σ) is the collocation solution, and for any appropriate function ψ, ‖ψ‖_{(i)} = max σ∈[σ_i,σ_i+1) |ψ(σ)|. If the mesh is uniform, we then have ‖u_l(σ) − v_l(σ)‖_L1_{([0,1])} = O(h^{m+1}).

In particular, at the mesh points σ_i we have the super-convergence result max 0≤i≤N |u_l(σ_i) − v_l(σ_i)| = O(h^{2m}), l = 1, 2, · · · , n, with h = max_{1≤j≤N} h_j .

Chapter 3

Numerical Results

In this chapter we discuss the numerical experiments performed in support of this thesis. In Section 3.1 we discuss the experiment we are modeling, and the BVP we use to describe the experiment mathematically. In Section 3.2 we discuss the numerical solutions to the BVP for an ideal rod (i.e., perfectly straight and uniform). In Section 3.3 we discuss the numerical solutions to the BVP for an imperfect rod. The behavior is discussed in terms of two different parameter continuations: the change of position of the free end of the rod with respect to the fixed end, and the twisting of the fixed end of the rod. In Section 3.4 we discuss the numerical simulation of twisting a rod with a helical curvature. And finally in Section 3.5 we discuss numerical simulations carried out when allowing the free end of the rod to slide as well as turn (i.e., to lengthen or shorten the loop of rod connecting the two endpoints).

3.1 The Boundary Value Problem

In this section we lay out our particular BVP. First we will describe the experiment we are modeling and discuss the appropriate BCs. We then discuss the continuation parameters used in performing the numerical calculations, and also the continuation strategy we employed.

3.1.1 Boundary Conditions

The experiments being modeled were carried out by Dr. Brian Berg. Briefly, the experiments were as follows:

A thin wire of arbitrary length is placed in an apparatus such that one end is fixed at the origin and pointing in the positive r_3 direction, and the other end is bent around the u_2 direction (i.e., bent around the r_2-axis), until it returns to the r_1-axis with the wire directed in the negative r_3 direction (see Figure 1.1). By definition, the wire returns to the r_1-axis at the coordinate ρ. Once the wire is placed in this configuration, the end of the wire fixed at the origin is twisted through several complete revolutions, and the torque required to twist the wire is measured as a function of the angle θ.

The BCs for this problem are as follows:

r(0) = 0 (3.1) r(1) = (ρ, 0, 0)^T (3.2) q(0) = (0, 0, sin(θ/2), cos(θ/2))^T (3.3) q(0) · μ(0) = 0 (3.4)

m_3(1) = 0 (3.5) 2(q_1(1)q_3(1) − q_2(1)q_4(1)) = 0 (3.6) 2(q_2(1)q_3(1) − q_1(1)q_4(1)) = 0 (3.7) s(0) = 0 (3.8)

The first six BCs (Eqs. (3.1) & (3.2)) arise from fixing the coordinates of the ends of the rod, and the next four BCs (Eq. (3.3)) come from the orientation of the rod at the origin. The next BC (Eq. (3.4)) is introduced to eliminate a gauge freedom induced by symmetries in the Hamiltonian system caused by describing a 3-D group (SO(3)) with the four dimensional Euler parameters (cf. [13]). Then we have Eq. (3.5), which mandates that at σ = 1 the rod is free to spin (i.e., the tangential torque m_3 at σ = 1 must vanish). Eqs. (3.6) & (3.7) restrict the orientation of the free end of the rod to be in the −r_3 direction. The final BC (Eq. (3.8)) stems simply from including the arc-length parameter explicitly as a dependent variable in the problem. This was done in concordance with the procedures implemented in AUTO that allow coefficients such as û to be a function of σ, a situation which will be discussed in §3.4.

The experiment calls for an arbitrary length of wire, but in AUTO σ ∈ [0, 1] by definition. So in the mathematical formulation we use the length of the wire as a length scale.

In the original experiment it was thought that the free end of the wire was not only free to turn, but was also free to slide. This condition leads to an additional boundary condition, viz n_3(1) = 0, and an additional parameter, namely the physical length of the loop, which ensures that there is no tangential component of the force pulling or pushing on the free end of the rod. The numerical modeling found that this assumption is problematic. This issue is further discussed in §3.5.

3.1.2 Continuation Parameters

To model this problem using AUTO we take into account various values of two different physical parameters of the rod (namely û and K_3/K_1). We also have two configuration parameters, namely ρ (which governs the distance between the ends of the rod), and θ (which represents the angle through which we have twisted the end of the rod fixed at the origin). This make a total of four continuation parameters.

For most of the discussions we leave û_1 = û_3 = 0 and vary û_2 directly as its own parameter. In §3.4 however, when we consider a helical rod, we use |û| as our continuation parameter. In the discussion in the following section, we assume the continuation parameter to be |û| for convenience, though all statements hold for continuation in û_2 as well.

3.1.3 Continuation Strategy

To get AUTO started it needs a known initial solution at some parameter values in either analytic or numeric form. For most of the AUTO runs, continuing from various values of different parameters and traversing different branches, we used a numeric solution calculated by AUTO itself as the starting point. However, for the very first run an analytic solution is necessary.

This solution was arrived at by using a perfectly straight rod (i.e., û ≡ 0), and bending it into a perfect semi-circle. It is easy to check that the following solution of the equilibrium equations matches the BCs specified by Eqs. (3.1) - (3.8).

r(σ) = (1 − cos(σπ))/π, 0, sin(σπ)/π)^T (3.9) q(σ) = (0, sin(σπ/2), 0, cos(σπ/2))^T (3.10) n(σ) = (0, 0, 0)^T (3.11) μ(σ) = (0, K_2π cos(σπ/2), 0, 2K_2π sin(σπ/2))^T (3.12)

s(σ) = σ (3.13)

Here, again, s is our explicit arc-length parameter, included only to be able to handle the non-constant û situation. In this notation, σ is the arc-length parameter used by AUTO.

Once we have this initial analytic solution, we can begin our continuation steps. We first perform continuation in ρ, pulling the free end of the rod away from the origin. We did this because the analytic starting solution is for a rod held in a semi-circular shape, but we wished to include in our region of study rods with the ends farther apart than this, and pulling the ends apart first was the most efficient way to do this.

Once this expansion has been carried out, we determine a variety of K_3/K_1 values by performing continuation in K_3 and leaving K_1 fixed, using as our initial solution the numeric solution provided by AUTO after the first continuation. Numerical solutions were saved for K_3/K_1 at the following values: 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, and 1.5. These values were chosen to cover the ranges of K_3/K_1 ratios provided by Dr. Berg for both Nitinol and stainless steel wires (which are the wires most commonly used in the surgical procedures mentioned in Chapter 1). We take K_1 = K_2 because, according to Dr. Berg, the manufactured wires are very nearly isotropic.

After continuing in K_3/K_1, we continue each of the seven saved solutions in |û|, again saving numerical solutions for a variety of values of |û| (for each target K_3/K_1 value). Solutions were garnered for the following values of |û|: 0, 0.01, 0.03, 0.05, 0.1, 0.2, 0.4, and 0.6. These values were chosen to look carefully at nearly straight rods, but to also sample rods with a significantly larger radii of curvature in their unstressed form. A comparison of rods with these different

Figure 3.1: Comparison of Rod Shapes This diagram compares rods of the radii of curvature used in this study. Each line in the diagram follows the path of a rod of length 1 with a different radius of curvature. To the accuracy of this diagram, the values of |û| = 0, 0.01, 0.03, and 0.05 all overlay one another, and are represented by the vertical line. The line with the largest deviation from the vertical is for |û| = 0.6. The first rod that visibly deviates from the vertical has |û| = 0.1.

radii of curvature can be found in Figure 3.1. Since the wires are nearly straight when they are manufactured, the concern is for any unstressed curvature induced in the storage of the wires, and since the wires are stored in large hoops, it is a reasonable approximation to assume that all the unstressed curvature lies in a single orientation.

At this point we have a 2-D grid of solutions with a total of 56 starting points. We next take each of these saved solutions and continue in ρ, again saving solutions for a variety of values of ρ. The standard values of ρ from which solutions were saved were 0.8, 2/π, 0.6, 0.4, 0.2, 0, -0.2, -0.4, -0.6, −2/π, and -0.8. During this step we also encountered many bifurcation points, so we also generated bifurcation diagrams for the ρ continuations. These diagrams are discussed in detail in §3.2 and §3.3.

At this point there were a total of 7 × 8 × 11 = 616 saved numerical solutions, each of which needed to be twisted to determine its behavior. Each of the saved solutions was continued in θ for two complete revolutions (to assure periodicity of the solution) in order to determine the behavior of the rod under twisting of one end.

3.2 The Idealized Problem

In this context, the idealized (or “perfect”) problem is defined as modeling a perfectly straight, uniform rod, in the way described in the previous section. Clearly the continuation step in |û| does not apply here, and in point of fact the behavior of the rod is identical for all values of K_3/K_1 as long as û ≡ 0, so the K_3/K_1 continuation also does not apply to this case. Accordingly we need only consider the problems of performing the continuation in ρ and θ. In this section we first consider continuation in ρ, which we refer to as Sliding, and then we consider continuation in θ, which we call Twisting.

3.2.1 Sliding

When we perform the Sliding continuation step, we move the free end of the rod along the line connecting the ends (i.e., the r_1-axis) while keeping the other end fixed. We start with the ends of the rod pulled apart, and slide the free end of the rod until it passes through the fixed end and moves some distance beyond (i.e., so that ρ < 0). When we perform this continuation on an ideal rod, we find a bifurcation point at ρ = 0. By continuing along this bifurcating branch, and along any other branches we encounter during this process, we were able to generate the bifurcation diagram depicted in Figure 3.2.

In this diagram, the Top and Bottom branches of the diagram correspond to configurations of the rod where the rod lies in the r_1 − r_3 plane, while the Middle branch corresponds a rigid body rotation of the rod about the r_3-axis. The rod remains in a planar configuration while traversing the Middle Branch, even though it is not in the r_1 − r_3 plane. The Top branch is the original deformation, while the Bottom branch is an analogous continuation where the rod has been turned around by an angle of exactly π.

The color of the diagram was chosen to depict the value of n_3 to illustrate the fact that n_3 = 0 only in the event that the wire is in a planar configuration. Later we will see that if the wire becomes non-planar, then n_3 ≠ 0. The importance of this point will be discussed in §3.5.

A typical physical configuration of the rod on each of the three branches is shown in Figures 3.3 - 3.5

3.2.2 Twisting

After generating the Sliding bifurcation diagram of the rod, we choose certain points on the diagram (i.e., certain values of ρ) and twist the fixed end of the rod while observing its behavior. In particular we are looking for the ratcheting phenomenon exhibited by physical rods which was discussed in Chapter 1.

At any point on the planar branches of this diagram the rod can be twisted, and at all of these points the rod will remain planar (see Figure 3.6). In addition,

Figure 3.2: Idealized Problem Bifurcation Diagram In this diagram, color represents n_3. The color suggests that the value of n_3 is zero throughout the entire diagram, and this is in fact the case to the accuracy of the numerics. The Middle Branch connects to the Top Branch at the intersection point furthest to the right in the diagram, while it connects to the Bottom Branch at the intersection point furthest to the left. The other two apparent intersections are due to the projection of a three dimensional space onto a two dimensional image, and are in fact not intersections at all.

Figure 3.3: Physical Configuration on the Top Branch This figure shows the actual shape of the rod for ρ > 0 along the Top Branch of Figure 3.2. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The rod lies in the x-z plane, and from the ribbon one can see the rod is unrotated.

all twisting motions will be smooth (i.e., no ratcheting is exhibited when the rod is perfectly straight). In fact, the rod rotates with zero torque, as can be seen in Figure 3.7. So in this sense, this truly is the perfect problem.

This problem serves as a starting point for further discussions in this chapter. The Sliding and Twisting problems discussed below can be considered as perturbations of this problem, with changes in the Twisting and Sliding behavior being tied directly to changes in the |û| parameter controlling the unstressed shape. As soon as |û| deviates from zero, however, the K_3/K_1 ratio becomes important as well, as we shall see.

3.3 Imperfect Problem

As in §3.2, we first discuss the effects of sliding the free end of the rod, followed by a description of the behavior of the rod while it is being twisted. Here we only consider rods with unstressed curvature of the form û = (0, û_2, 0)^T , where û_2 is constant.

3.3.1 Sliding

Several effects were observed when deforming the rod from a semi-circular configuration by moving the free end of the rod along the line connecting it to the

Figure 3.4: Physical Configuration on the Middle Branch This figure shows the actual shape of the rod approximately half-way between the bifurcation points along the Middle Branch of Figure 3.2. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The rod has spun out of the x-z plane, and from the ribbon one can see the induced rotation.

Figure 3.5: Physical Configuration on the Bottom Branch This figure shows the actual shape of the rod for ρ > 0 along the Bottom Branch of Figure 3.2. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The rod lies in the x-z plane, and from the ribbon one can see the rod is unrotated.

fixed end. With the distance between the ends of the rod denoted by ρ, the numerics exhibited bifurcation points at various values of ρ. The locations of these bifurcation points in the phase space were highly dependent on values of û_2 and K_3/K_1. A typical bifurcation diagram can be seen in Figure 3.8.

Notice that in this figure, there are four branches. The Top Branch, derived from the initial deformation, runs along the top-right of the diagram. It should be noted that the rod remains in a planar configuration for this entire branch, residing in the r_1-r_3 plane. We see that there is a bifurcation point near ρ = 0. When we move along this new branch (the Middle Branch) we find that the rod twists out of the plane (see Figure 3.9), and in fact the rod spins all the way around while traversing this branch. Exactly half way around this branch the rod is again in a planar configuration, and it is at this point that we encounter a second bifurcation point. We find that this third branch (the Bottom Branch) running along the bottom-left of Figure 3.8, is also a planar solution, and is in fact a mirror image of the Top Branch. The rod has spun exactly half-way around, and so the configuration of the rod as ρ increases looks exactly like the configuration of the rod with ρ decreasing along the Top Branch (see Figures 3.10 and 3.11). This configuration corresponds to performing the same initial deformation, but using a value of û_2 that is equal in magnitude but opposite in sign to the original û_2 value.

There is, however, a certain asymmetry between the Top and Bottom Branches. First we notice that these branches intersect the Middle Branch at different values

Figure 3.6: Physical Configuration of a Rotation from the Top Branch This figure shows the actual shape of the rod for ρ > 0 along the Top Branch of Figure 3.2. Both views are taken looking down the x-axis. The view on the left is with θ = 0, while the view on the right is with θ ≈ π/2. In both cases the rod lies in the x-z plane, and from the ribbon one can see the effect of the rotation.

of ρ. Of more interest, however, is that the Bottom Branch exhibits an additional bifurcation as ρ gets large, leading to the Trailing Branch, a phenomenon which is not seen on the Top Branch for this value of û_2. In this situation, downward stresses on the rod are such that the loop of rod tips out of the plane (see Figure 3.12). This situation is analogous to the buckling of a strut when stress applied to one end reaches a critical level. The Trailing Branch can appear on the Top Branch, but only for higher values of û_2, and in point of fact the value of ρ at which this bifurcation takes place is very dependent on the values of û_2 and K_3/K_1.

The other thing to notice in Figure 3.8 is that the value of n_3 (denoted by color) deviates from 0 whenever the rod becomes non-planar. We will see this phenomenon again, and it will be discussed in §3.5.

The Middle branch described above, however, does not necessarily have to behave in this manner. When û_2 grows large, the nearly circular shape of this branch exhibited in Figure 3.2 becomes quite elongated (see Figure 3.13), and at some point the second bifurcation point slides off the diagram entirely, leaving instead of one circular branch two detached branches, as in Figure 3.14. As one goes further and further out these branches, the solution to the rod approaches a planar configuration (notice how n_3 → 0 as one moves further out the branch), but this planar condition is never actually reached. This suggests that if we extended the solution out further, eventually the rod would become planar again. This makes intuitive sense physically, as further extending ρ in the negative

Figure 3.7: Twist Angle vs m_3 for û_2 = 0 This diagram shows the behavior of a perfectly straight rod while it is being twisted from the fixed end. The x-axis of the graph represents θ, while the left axis represents m_3(0). To the accuracy of the numerics, m_3(0) = 0 throughout the twisting process (notice the scale of the diagram).

Figure 3.8: Bifurcation Diagram with Non-zero û_2 In this figure û_2 = 0.2. Color represents n_3. We notice four separate bifurcating branches in this diagram. Also notice that the Middle Branch is noticeably perturbed from the nice circular shape seen in Figure 3.2. Notice that whenever the rod deviates from a planar configuration, n_3 ≠ 0.

Figure 3.9: Physical Configuration on Middle Branch This figure shows the actual shape of the rod approximately half-way between the bifurcation points along the Middle Branch of Figure 3.8. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The rod is non-planar, and from the ribbon one can see the rotation induced in the rod.

Figure 3.10: Physical Configuration on Top Branch This figure shows the actual shape of the rod at a point along the Top Branch of Figure 3.8. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The rod lies in the x-z plane.

direction imposes greater stress on the rod, which will work against the tendency of the rod to move out of the plane. Further, in the most extreme case where ρ = −1, we see that the rod (which is of length 1) must in fact be planar, because physically it must lie in a line.

To get a clearer picture of what happens to the figure when û_2 changes, we can put a series of diagrams together, each with a different value of û_2 (see Figure 3.15). Notice how increasing the value of û_2 changes the shape of the bifurcation diagram. The Top and Bottom Branches of the figure overlay each other, regardless of the values of û_2. However, the location of the central bifurcation point goes more negative in ρ as the value of û_2 increases. In addition, as was described above, the Middle Branch of the diagram perturbs from the circle in the û_2 = 0 case, becoming elongated as it moves towards the Bottom Branch. When û_2 becomes large enough, the connection with the Bottom Branch slides off of this diagram entirely. Figure 3.16 shows the physical configuration of the rod at a point on the Bottom Branch of this diagram, and from the right side of this figure we see that the Bottom Branch is in fact planar. Figure 3.17 shows the physical configuration at a point near the end of one of the disconnected branches. From this figure we see that the rod is approaching planar, lending further credence to the assertion that the perturbations introduced into the rod have simply slid the connection to the Bottom Branch off the diagram.

Similarly, we also can put together a series of pictures with varying K_3/K_1 ratio but constant û_2 in order to see the effect of changing the K_3/K_1 ratio more

Figure 3.11: Physical Configuration on Bottom Branch This figure shows the actual shape of the rod at a point along the Bottom Branch of Figure 3.8. The value of ρ is approximately the same as in Figure 3.10. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The rod lies in the x-z plane, and from the shape of the rod and from the ribbon one can see that a half-twist has been induced in the rod while traveling along the Middle Branch.

Figure 3.12: Physical Configuration on Trailing Branch This figure shows the actual shape of the rod at a point along the Trailing Branch of Figure 3.8. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The loop of rod is tipped out of the x-z plane.

clearly. This diagram can be seen in Figure 3.19. Notice how increasing the value of K_3/K_1 mollifies the effects induced by the value of û_2 (i.e., the shape of the bifurcation diagram approaches that in Figure 3.2). Indeed, these two parameters seem to work at odds with one another, with a higher K_3/K_1 circularizing the Middle Branch and forcing ρ to ever higher (negative) values before we see the tipping of the loop out of the plane (i.e., before we see the Trailing Branch bifurcation), effects that are exactly contrary to the effects of increasing û_2 we noted earlier.

Figures 3.15 and 3.19 have another interesting feature, namely what we call the Fourth Branch. This appears to be another bifurcation from the Top and Bottom Branches of the diagram. However, AUTO does not recognize the sudden change in direction of the diagram as a bifurcation. Another interesting feature of this phenomenon is that it occurs at a constant value of ρ = ±0.21888 for all values of û_2 > 0, and for all values of K_3/K_1 covered in this survey.

Figure 3.19 is very complicated in the vicinity of the Fourth Branch coming off the Bottom Branch. A closer view of this region, depicted in Figure 3.20, reveals the details nicely. Here we see that for some values of K_3/K_1, the Fourth Branch is the only branch for increasing ρ. As we increase K_3/K_1 to the maximum value (i.e., K_3/K_1 = 1.5), we find that the Fourth Branch does not even appear, but instead we see a complete Bottom Branch.

We also notice that some of the diagrams stop for the value of ρ where the Fourth Branch begins, neither going along the Fourth Branch nor continuing

Figure 3.13: Bifurcation Diagram with Elongated Middle Branch In this figure we see that for a relatively high value of û_2, the Middle Branch is very perturbed from that seen in Figure 3.2.

Figure 3.14: Bifurcation Diagram with Disconnected Middle Branch Here we see that the bifurcation diagram is significantly perturbed from the Perfect Problem diagram. The bifurcation point connecting the Middle and Bottom Branches seen on other diagrams has moved off this diagram entirely, leaving the two ends of the Middle Branch disconnected. The Bottom Branch should still exist here, running between the arms of the Middle Branch with the connecting bifurcation point running far out in the negative direction.

Figure 3.15: Bifurcation Diagram with Varying û_2 This diagram shows how the ρ bifurcation diagrams change as a function of varying û_2. The value of û_2 is denoted by color, with bluer denoting lower values of û_2 and redder denoting higher values of û_2. The speckling of the Top Branch indicates that the branch is multi-covered in this projection. It should be noted that the Bottom Branch is also multi-covered, but all of the paths that cover it are for low values of û_2 and thus the all have approximately the same color. Notice that even the green Middle Branch in this diagram is disconnected.

Figure 3.16: Physical Configuration on Bottom Branch This figure shows the actual shape of the rod far out the Bottom Branch in the ρ < 0 direction. The view on the left is taken looking down the x-axis, while the view on the right is rotated 90 degrees and looking down the y-axis. The rod lies in the x-z plane

along the Bottom Branch. Numerically, it turns out that this is a particularly difficult region of the diagram. In fact, AUTO often gets stuck at this point and can find no other solutions, although some AUTO parameters can be altered to help it find the correct path. However, this remedy does not work in all cases, as can be seen by the omissions in the figure. Again, a physical solution must exist for all values of K_3/K_1 in this region of the diagram, but the numerics simply cannot find it.

The most striking features of Figure 3.20 are the blue and yellow bifurcations off of the Bottom Branch and the Fourth Branch, respectively, especially the oddly shaped blue bifurcating branches. We see, however, that these blue branches are simply a case of the Trailing Branch which bifurcates before the Fourth Branch bifurcation point. In this case, the bifurcating branches follow along with the Fourth Branch. The yellow branches are also Trailing Branches, but which have bifurcated after the jump to the Fourth Branch. Figure 3.21 compares the physical configurations of the rod at nearby points on the yellow and blue branches. As can be seen, the rod exhibits very similar behavior along these two branches.

3.3.2 Twisting

Now leaving aside the Sliding problem, let us consider the problem of twisting the rod at one end after the Sliding has occurred (which was the original experimental