ABSTRACT

Title of Dissertation: Hamiltonian Dynamics of a Spatial Elastica and the Stability of Solitary Waves

Donald James Dichmann, Doctor of Philosophy, 1994 Thesis directed by: John H. Maddocks Professor Institute for Physical Science and Technology and Department of Mathematics

A novel approach to constrained Lagrangian systems is introduced in order to derive an unconstrained Hamiltonian system of partial differential equations whose solutions model the large amplitude, time evolution of an inextensible and unshearable elastic rod. The inextensibility and unshearability conditions are not imposed as constraints, but instead arise as integrals of motion for the Hamiltonian system. The new formulation also has applications outside rod dynamics.

For a uniform rod of infinite length it is known that solitary waves arise. The solitary waves have the unusual property that a given profile can move at any speed. In this thesis the Hamiltonian formulation of the dynamics is exploited to analyze the stability properties of the planar solitary waves. The analysis begins with a model of the planar dynamics. In the usual manner in Hamiltonian systems, the solitary wave profiles are characterized as critical points of an appropriate variational principle. For the case of rods this variational principle involves a previously unrecognized conservation law. Furthermore, for subsonic wave speeds the solitary wave profiles can actually be characterized as nonisolated minimizers of a time invariant functional F amongst planar perturbations. The implications of this fact upon nonlinear dynamic stability properties are described.

The model is then generalized to consider three-dimensional motion. A variational analysis of planar solitary wave profiles on an isotropic rod shows that there is a range of subsonic wave speeds for which the invariant F has index one amongst admissible spatial perturbations; outside of that range F is infinitely indefinite. The analysis is then generalized to two related anisotropic rod problems.

HAMILTONIAN DYNAMICS OF A SPATIAL ELASTICA AND THE STABILITY OF SOLITARY WAVES

By Donald James Dichmann

Dissertation submitted to the Faculty of the Graduate School of The University of Maryland in partial fulfillment of the requirements for the degree of Doctor of Philosophy 1994

Advisory Committee:

Professor J. Maddocks, Chairman/Advisor Professor S. Antman Professor A. Dragt Professor P. Krishnaprasad Professor R. Pego

ACKNOWLEDGEMENT

It is my pleasure to thank my advisor, Professor John Maddocks, for directing my dissertation research and for his constant encouragement and personal support during my studies. Professors Antman and Pego also provided insightful remarks and guidance which were invaluable in the advancement of my research. Special thanks go to Kathleen Rogers for proofreading the manuscript and giving constructive comments. I thank my colleagues at Computer Sciences Corporation for the initial impetus to pursue this area of research. Finally I thank my family and friends, without whose support I could not have completed this doctoral degree.

This research was supported under an AFOSR AASERT grant.

Table of Contents

1 Introduction 1

2 Classical Rod Dynamics 6 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Kinematics of Rods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Balance Laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.4 Constitutive Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.5 Dynamics of a Planar Elastica . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.6 Dynamics of a Spatial Elastica . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.6.1 Euler Angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.6.2 Euler Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3 Conservation Laws 27 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.2 Uniform Hyperelastic Rods . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.3 Isotropic Rods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.4 Strings, Inextensible Rods and Planar Dynamics . . . . . . . . . . . . . . . 31

4 The Impetus-Striction Formulation 35 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.3 An Elementary Application: the Spherical Pendulum . . . . . . . . . . . . . 38

5 The Planar Elastica 45 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 5.2 A Hamiltonian Formulation of the Dynamics . . . . . . . . . . . . . . . . . 45 5.3 Existence and Uniqueness of the Striction . . . . . . . . . . . . . . . . . . . 51 5.4 Hamiltonian Form of the Conservation Laws . . . . . . . . . . . . . . . . . . 54 5.5 A Variational Characterization of Solitary Wave Profiles . . . . . . . . . . . 56 5.6 Stability Analysis of Solitary Waves . . . . . . . . . . . . . . . . . . . . . . 62

5.7 Validity of Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6 The Spatial Elastica: Euler Parameters 70 6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 6.2 Hamiltonian Formulation Using Euler Parameters . . . . . . . . . . . . . . . 70 6.3 Hamiltonian Form of Conservation Laws . . . . . . . . . . . . . . . . . . . . 77 6.4 A Variational Characterization of Solitary Waves . . . . . . . . . . . . . . . 83 6.5 Analysis of the Second Variation for Planar Solitary Waves . . . . . . . . . 89 6.5.1 Parametrization of Variations . . . . . . . . . . . . . . . . . . . . . . 90 6.5.2 Analysis of Second Variation . . . . . . . . . . . . . . . . . . . . . . 93

7 Conclusion and Discussion 102

A The Spatial Elastica: Euler Angles 110 A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 A.2 Hamiltonian Formulation Using Euler Angles . . . . . . . . . . . . . . . . . 110 A.3 Hamiltonian Form of Conservation Laws . . . . . . . . . . . . . . . . . . . . 116 A.4 A Variational Characterization of Solitary Waves . . . . . . . . . . . . . . . 119 A.5 Analysis of the Second Variation for Planar Solitary Waves . . . . . . . . . 122

B A Nonlocal Hamiltonian Formulation for the Finite Planar Elastica 125

C Detailed Calculations in the Spatial Variational Analysis 134 C.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 C.2 Motivation of Parametrization . . . . . . . . . . . . . . . . . . . . . . . . . . 134 C.3 Linearized Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136 C.4 Second Variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

CHAPTER 1

INTRODUCTION

The subject of this dissertation is the dynamics of an inextensible and unshearable elastic rod. The title is motivated by the fact that the evolutionary system considered is a natural generalization to spatial dynamics of Euler’s classic elastica model which describes the equilibria of such a planar rod. My primary goal in this dissertation has been to examine the nonlinear stability of planar solitary waves arising in the finite-amplitude motion of a uniform elastica of infinite length. The pursuit of that goal has led to two significant additional developments. First, an existing framework for the stability analysis of travelling waves motivated the reformulation of the dynamics as an unconstrained Hamiltonian system of partial differential equations governing the time evolution of the elastica. The approach taken here to develop such unconstrained Hamiltonian systems for constrained Lagrangian dynamics is quite general, but I have concentrated on its utility in the context of rod dynamics. Second, in order to establish a stability result in the Hamiltonian context it is natural to consider the invariants of motion. Toward this end I have established a previously unrecognized conservation law associated with the translational symmetry of an infinite uniform rod, and a consequent invariant of motion which I will call the linear impulse.

Our study of rod dynamics begins with a formulation of Lagrangian equations of motion corresponding to Newton’s laws for an undamped, linearly elastic, geometrically exact rod. The starting point for the derivation of the equations of motion is Hamilton’s principle of stationary action subject to constraints that describe the inextensibility and unshearability. This formulation is based upon the model for rod dynamics first proposed by Kirchhoff [35] in 1859. In the first part of the thesis it is assumed that the motion is planar and without twist. An associated Hamiltonian system of partial differential equations is derived in which the Hamiltonian is the total energy. However the technique used to obtain the Hamiltonian system has certain novel aspects. For example, the evolutionary system has the significant feature that the variables are unconstrained. Instead, the inextensibility and unshearability arise from certain integrals of motion of the system. A second unusual feature is that the Hamiltonian is only defined after minimization with respect to certain auxiliary variables.

The new Hamiltonian formulation of the equations of rod dynamics proved convenient for analyzing the orbital stability of solitary waves, using a now standard method (cf. Benjamin’s seminal analysis of the stability of the solitary wave in the Korteweg-de Vries equation [10]). The solitary wave profiles are first characterized as critical points of the variational principle in which the total energy is made stationary subject to a prescribed value of the linear impulse. Provided that appropriate existence and continuation results for solutions to the Cauchy initial boundary value problem of the full time dynamics are assumed, we may, via a Lyapunov type argument, conclude nonlinear, orbital stability of those planar solitary waves that are actually minimizers of the variational principle.

In the case of the infinite rod, solitary waves of all speeds can be found in explicit form. Moreover for a certain range of wave speeds called subsonic, the solitary wave profiles realize unconstrained nonisolated minima of an appropriate time invariant functional. By contrast, supersonic solitary waves are not minima of any obvious variational principle (constrained or not), but no conclusion has been reached as to whether or not they are dynamically stable. However, an estimate of the forces involved indicates that the inextensibility and unshearability assumptions are inappropriate for waves with near sonic and supersonic speeds, so the significance of their stability in the context of our model would be questionable.

The rod model is then extended to describe three-dimensional motions. Euler parameters were chosen to represent the rotational kinematics for their analytical and computational advantages. Invariants of motion that arise in spatial dynamics are discussed, together with their associated symmetries. Planar solitary waves are again shown to be critical points of a variational principle involving an invariant of motion F . To determine the essential properties of the second variation of F we examine the special case of an isotropic rod. In contrast with the planar model, a planar solitary wave profile with subsonic wave speed on an isotropic rod is not a minimizer of F amongst admissible spatial variations. Instead, F has index one at the solitary wave for a certain range of subsonic wave speeds; otherwise F is infinitely indefinite.

Finally in the appendices two alternative Hamiltonian formulations of the dynamics of an elastica are presented, as well as some detailed variational calculations.

This dissertation does not address the problem of well-posedness of the initial value problem. A full nonlinear stability result for the solitary waves will depend on obtaining appropriate existence and continuation results for the initial value problem. In particular, it remains to justify rigorously the time-invariance of the formal integrals of motion. Nevertheless, error bounds in an L^2 sense are obtained which prove that a solitary wave profile is a true local minimum of an appropriate variational principle involving the integrals of motion.

As remarked previously, the technique used to cast a constrained Lagrangian dynamical system in the form of an unconstrained Hamiltonian system has applications outside of rod dynamics. For example, an unconstrained Hamiltonian system describing incompressible fluid flow is derived in [44].

The study of travelling waves in an evolutionary system with 1 + 1 dimensions and translational symmetry is classic, tracing back at least as far as the work of Boussinesq [9] and Korteweg and de Vries [40]. In many conservative systems a travelling wave can be characterized as a critical point of the energy subject to a prescribed value of the invariant of motion associated with translational symmetry, such as linear impulse or momentum. Perhaps the first modern treatment of a stability analysis along these lines was the 1972 analysis of the Korteweg-de Vries equation by Benjamin [10], but as Benjamin pointed out, the basic idea is due to Boussinesq [9] among others. One then uses this variational characterization in constructing a Lyapunov function to prove stability. It is convenient to do this in a Hamiltonian formulation of the dynamics, where the time evolution is first order. Moreover the relations between symmetries and conserved quantities via Noether’s Theorem are transparent in a Hamiltonian system, as described for example by Olver ([52], Chs. 4 and 7).

In this dissertation these ideas are applied in the context of rod dynamics. The difficulty in rod dynamics lies in the derivation of a well-defined evolutionary system that satisfies the constraints of inextensibility and unshearability. As a consequence of these constraints, the tensile and shear forces are basic unknowns that must be determined, but for which there are no time dynamics. Caflisch and Maddocks [12] studied the planar dynamics of a finite rod, from which Xu et al. [62] later developed a numerical scheme to study the dynamics of solitary waves. In my research, I first derived a nonlocal Hamiltonian formulation which appears in Appendix B, based upon the work in [12]. But there is a problem in extending this model to an infinite rod, as I was unable to determine the constraint forces at infinity. This difficulty caused a change in emphasis. Rather than enforcing the constraint, the timedifferentiated constraint is enforced, which leads to the impetus-striction formulation. The multipliers (or strictions, which determine the forces) then couple with the definition of the conjugate momenta (or impetuses). A pre-Hamiltonian is formulated as a function of both the state variables and the strictions, and the strictions are determined as a function of the state variables through minimization. This approach seems to be quite general. It can be viewed as an infinite-dimensional variant of vakonomic mechanics [5]. A key distinction is that vakonomics does not use the minimization step that allows the extension to partial differential equations. Another difference is the impetus-striction approach concerns only holonomic constraints, whereas vakonomics focuses mainly on nonholonomic constraints.

A detailed review of the current literature as it relates to the results in this dissertation is presented in Chapter 7. To close this introduction, I will outline the overall structure of the dissertation.

We begin in Chapter 2 with a development of the standard theory of rod kinematics and dynamics. First the general director model for rod kinematics is described. Next we review the balance laws for linear and angular momentum, and the constitutive relations as they apply to both unconstrained and constrained motions. Finally the model is specialized to the case of an inextensible, unshearable rod, first for planar motion with no twist and then for generic spatial motion.

In Chapter 3 we study the conservation laws associated with rod dynamics. Along with the well-known conservation laws pertaining to energy and linear and angular momentum, a newly recognized conservation law which arises in the case of a uniform, hyperelastic rod is presented, as well as a generalization of a second conservation law for an isotropic rod.

Chapter 4 contains a finite dimensional description of the “impetus-striction” method for formulating a constrained Lagrangian system as an unconstrained Hamiltonian system. The method is first outlined, with emphasis place on contrasts with vakonomic mechanics. The distinctive features of the impetus-striction method are then illustrated against a familiar background, using the example of a spherical pendulum.

In Chapter 5 the impetus-striction method is exploited to obtain an unconstrained Hamiltonian formulation describing the planar motion of an inextensible, unshearable rod. The invariants of motion associated with this Hamiltonian system are discussed, and the solitary wave profiles are shown to be extremals of an appropriate linear combination, F say, of the Hamiltonian and a second invariant of motion. Moreover it is demonstrated that for subsonic wave speeds the solitary wave profile actually minimizes F . Finally the validity of some of the assumptions in the rod model is discussed.

In Chapter 6 the rod model is extended to consider the spatial motion of an elastica, represented in terms of Euler parameters. First a generalization of the Hamiltonian system from Chapter 5 is developed to describe three-dimensional motion of the rod, and the invariants of motion are delineated. The solitary wave profiles are again shown to be extremals of an appropriate invariant of motion F . The variational analysis then focuses upon the critical case of an isotropic rod, with the ends of the rod free to rotate. For this case it is demonstrated that, for a certain range of subsonic wave speeds, there exists a spatial perturbation of the planar solitary wave profile that satisfies the requisite linearized constraints related to the invariants of motion and also makes the second variation of the invariant F negative. Outside of that range, the second variation of F is infinitely indefinite. The analysis for the special case of an isotropic rod can then be applied to characterize the planar solitary wave in two related cases, where the rod is anisotropic and where the ends of the rod are clamped.

A detailed summary of our results in presented in Chapter 7, along with a discussion of the relation of our results with the current literature.

In Appendix A the impetus-striction formulation is applied once more to provide a second Hamiltonian formulation for the spatial motion of the elastica, this time in terms of Euler angles. This formulation is presented both because of the familiarity of Euler angles in classical mechanics, and for comparison with the Euler parameter representation described in Chapter 6.

An alternative Hamiltonian formulation for the planar motion of a finite elastica is presented in Appendix B. Unlike the other treatments, this formulation does not exploit the impetus-striction method. Rather it is obtained directly from a nonlocal Lagrangian formulation given in [12]. This Hamiltonian formulation was in fact the first model we considered, but we were unable to extend it to the case of an infinite rod.

Appendix C contains some detailed calculations relating to the variational analysis of Chapter 6.

CHAPTER 2

CLASSICAL ROD DYNAMICS

2.1 Introduction

This chapter summarizes the rod model that will be employed throughout this dissertation. The derivation of the equations of motion will only be outlined here, as the rod model that will be adopted is a comparatively standard one (cf. e.g. [2] or [4]). The kinematics of a rod are first described in section 2.2. Next the force and moment balance laws are presented in section 2.3, and the constitutive relations are discussed in section 2.4. The remainder of the chapter is devoted to the modelling of an inextensible, unshearable elastic rod, i.e. an elastica. A set of coordinates is established in the special case of a planar elastica with no twist in section 2.5. The coordinates are then generalized in section 2.6 to describe the spatial kinematics of an elastica using both Euler angles and Euler parameters.

2.2 Kinematics of Rods

We begin by reviewing the director model for rod kinematics. The dependent variables are a vector function r(s, t) ∈ R^3 and a right-handed orthonormal frame of directors d_k(s, t) ∈ R^3, k = 1, 2, 3. (Hereafter subscripts will be taken to run from 1 to 3, and repeated indices should be summed unless stated to the contrary.) The independent variables are two scalars, namely undeformed arc-length s, and time t. At each time t, the curve r(·, t) can be interpreted as the configuration of a material line in a long, slender elastic body. The triad {d_k} can be interpreted as providing information concerning the orientation of the material cross-section of the rod. (See Figure 1 at the end of this chapter.) The kinematics of the rod are encapsulated in the relations

r^′ = v, (2.2.1)

d^′_k = u × d_k, (2.2.2) ḋ_k = ω × d_k. (2.2.3)

Here d^′_k denotes the partial derivative with respect to arc-length s, while ḋ_k denotes the partial derivative with respect to t, etc. The components v_k ≡ v · d_k of the vector v(s, t) with respect to the triad {d_k} are the strains associated with stretching and shear, the components u_k ≡ u · d_k of the (Darboux) vector u are the strains associated with bending and twist, and the components ω_k ≡ ω · d_k of the vector ω(s, t) can be regarded as the body components of the angular velocity of the material cross-section at s when viewed as a rigid body. Because v_k, u_k and ω_k are components with respect to a variable frame we obtain relations such as ω^′ = ω^′_kd_k + u × ω, (2.2.4) and r^{′′} = v^′ = v^′_kd_k + u × v. (2.2.5)

(By convention expressions such as v^′_k involve the derivative of the ith component of v with respect to the triad {d_j }, which is of course not the same as the ith component of v^′, etc., with respect to a fixed basis.) We shall exploit the compatibility conditions

u̇ = ω^′_kd_k, (2.2.6)

which are implied by use of equations (2.2.2), (2.2.3) and (2.2.4) in the identities ∂^2 ∂s∂t d_k =

∂^2 ∂t∂s d_k. (2.2.7)

2.3 Balance Laws

The densities of linear and angular momentum are

p(s, t) ≡ ρ(s)ṙ, (2.3.1) π(s, t) ≡ I_{ij}(s)ω_id_j . (2.3.2) Here ρ(s) is the mass per unit arc-length associated with the material cross-section at the point s, which is determined entirely by the reference configuration. The quantities I_{ij} (s) are the components of the positive-definite inertia tensor of the material cross-section at s expressed with respect to the triad {d_k}. It will be assumed that these inertia coefficients are independent of the strains u_k and v_k. Thus the quantities I_{ij}(s) are also completely determined by the reference configuration and will therefore be regarded as known. In particular the symmetry conditions I_{ij} = I_{ji} (2.3.3)

are valid. It is consistent to restrict to the case in which the cross-section is modelled as a lamina with principal axes of inertia d_1 and d_2, so that

I_{ij} = 0, i ≠ j, I_{33} = I_{11} + I_{22}, (2.3.4) and we henceforth make this assumption.

In a rod model the stresses acting across each material cross-section are reduced to a net force λ(s, t) and moment m(s, t) (of the material on the side s^+ acting on the material on the side s^− at the point r(s, t)). Then balance of linear and angular momentum yield the equations ṗ = λ^′, (2.3.5) and π̇ = m^′ + r^′ × λ. (2.3.6)

2.4 Constitutive Relations

To complete the general formulation of rod dynamics, we must discuss the constitutive relations for both constrained and unconstrained motions. The nine equations contained in (2.2.3) and the three equations each in (2.3.1), (2.3.5) and (2.3.6) together govern the time evolution of the motion of a rod. However these eighteen equations are not sufficient to determine the twenty-four dynamic variables, namely the components of the configuration r, the directors {d_k}, the linear momentum p, the angular momentum π, the force λ and m. In the theory of elasticity it is postulated that the force λ and moment m can be determined as functions of the current configuration of the rod. These constitutive relations are unlike the balance laws in that they are specific to the material of the rod. The manner in which λ and m are determined depends upon whether the rod is materially unconstrained or constrained. Roughly speaking, the motion of a rod is said to be materially unconstrained if there are no restrictions upon the variables {v_k} and {u_k}; otherwise, the motion is called constrained. This distinction must however be qualified, because most models of rod dynamics specify some conditions upon the strains, independent of the material properties, which are required for physically meaningful solutions. For example, one generally requires that v_3 = v · d_3 > 0 (2.4.1)

be satisfied for all motions, so that a section of the rod of positive length cannot be compressed to zero length.

In this dissertation only simple materials are considered, for which λ(s, t) and m(s, t) are functions of s, r(s, t), ∂_sr(s, t), d_k(s, t), and ∂_sd_k(s, t) only. It is known by the principle of frame indifference (cf. e.g. [2]) that constitutive relations for simple materials can be written as n(s, t) = n̂(u(s, t), v(s, t), s), (2.4.2)

m(s, t) = m̂(u(s, t), v(s, t), s), (2.4.3) where n ≡ (n_1, n_2, n_3) with n_k ≡ λ · d_k, and m, u and v are defined similarly. A case of special interest is the hyperelastic rod. A rod is said to be hyperelastic if there exists a scalar valued strain energy density function W (v_i, u_i, s), dependent upon the six strains and arc-length, with the property that the components of stress satisfy the relations

n_i = W_{vi} , (2.4.4)

m_i = W_{ui} . (2.4.5) The focus in this dissertation is upon rod dynamics subject to material constraints, specifically the constraints of inextensibility and unshearability which are described by

r_s = d_3, (2.4.6)

or equivalently v_1 = 0 = v_2 and v_3 = 1. (2.4.7) Note that equation (2.4.7) automatically implies the inequality (2.4.1). For brevity equation (2.4.6) will be referred to henceforth as the inextensibility condition. It is stipulated that the constraint (2.4.6) holds for all possible forces and moments. In the model under consideration a constitutive equation is assumed only for the moments, in the form of equation (2.4.3). The force must instead be determined by the requirement that the constraint (2.4.6) be maintained. More specifically the rod is assumed to be uniform and hyperelastic, with a strain energy density given by

W (u) =^1_2 u · Ku, (2.4.8)

where K is a positive definite symmetric matrix. It follows by equation (2.4.5) that the moment is given by m(s, t) = Ku(s, t). (2.4.9) Note that the constitutive relation (2.4.9) implies that the unstressed configuration of the rod is straight. Also, while a linear bending law (2.4.9) is assumed in this dissertation, much of the analysis carries over to the case where equation (2.4.9) is replaced a more general nonlinear constitutive relation. This point is discussed in greater detail in Chapter 7. 2.5 Dynamics of a Planar Elastica

To summarize, we are modelling the dynamics of an inextensible and unshearable uniform elastic rod whose unstressed configuration is straight. In this section it is assumed that the deformation is planar with no twist. The generalization to full three-dimensional dynamics is treated in the next section.

The Cartesian axes will be denoted by e_1 ≡ (1, 0, 0), e_2 ≡ (0, 1, 0) and e_3 ≡ (0, 0, 1). The rod is restricted to lie in the (e_1, e_2) plane, so its cartesian coordinates are r(s, t) = (x(s, t), y(s, t), 0). The directors are parametrized by a single angle ϕ(s, t) from e_1 to d_3, so that

d_3(s, t) = cos ϕ(s, t)e_1 + sin ϕ(s, t)e_2, (2.5.1) d_2(s, t) = − sin ϕ(s, t)e_1 + cos ϕ(s, t)e_2, (2.5.2) d_1(s, t) = −e_3. (2.5.3)

It follows from equations (2.5.1) – (2.5.3) that the derivatives in time and arc-length of the directors are given by ∂_td_k(s, t) = ϕ_t(s, t)e_3 × d_k(s, t) (2.5.4) and ∂_sd_k(s, t) = ϕ_s(s, t)e_3 × d_k(s, t). (2.5.5)

In the unstressed reference configuration, r(s, 0) = se_1 and ϕ(s, 0) = 0. It is convenient to represent the deformation of the rod by its displacement h(s, t) ≡ r(s, t) − se_1 from the reference configuration. In terms of h, the constraint (2.4.6) can be rewritten as

h_s(s, t) = d_3(s, t) − e_1. (2.5.6)

For the planar deformation with no twist, the angular momentum density π = I_1(s)ϕ_t and the moment m are scalars. The balance laws of linear and angular momentum yield the equations (ρr_t)_t = λ_s, (2.5.7) and (I_1ϕ_t)_t = m_s + e_3 · (r_s × λ). (2.5.8)

In keeping with equation (2.4.9), it will be assumed that the moment m(s, t) is related to the deformation at s through the linear constitutive law

m(s, t) ≡ K_1ϕ_s(s, t), (2.5.9)

where the constant K_1 is the bending stiffness about the d_1 axis.

The kinetic energy of the rod is

T (h_t, ϕ_t) = ∫_L −L 1 2 { ρ|h_t(s)|^2 + I_1ϕ_t(s)^2 } ds, (2.5.10) where | · | denotes the Euclidean norm. The potential energy, corresponding to the bending law (2.5.9) is V (ϕ) = ∫_L −L 1 2 K_1ϕ_s(s)^2 ds. (2.5.11) For boundary conditions the rod is required to be stationary at its ends, with no applied moment. That is, we require h_t(±L, t) = 0, (2.5.12) and ϕ_s(±L, t) = 0. (2.5.13) It is also specified that the two ends of the rod have been brought together by an amount 4a > 0 along the x axis, so e_2 · h(±L, t) = 0, (2.5.14) e_3 · h(±L, t) = 0, (2.5.15) and e_1 · [h(L, t) − h(−L, t)] = −4a. (2.5.16) By a symmetric displacement of the ends, we can in fact set

e_1 · h(−L, t) = 2a (2.5.17) and e_1 · h(L, t) = −2a. (2.5.18) In the case of an infinite rod, we consider only motions for which the total energy is finite. The conditions (2.5.12) - (2.5.18), with L → ∞, are consistent with this restriction. In addition, it is specified that the rod asymptote to the x axis, so

d_3(±∞, t) = e_1. (2.5.19)

Consequently, h_s(±∞, t) = 0 (2.5.20) and ϕ_t(±∞, t) = 0. (2.5.21) Equation (2.5.19) implies that ϕ(−∞, t) and ϕ(∞, t) are integer multiples of 2π. Without loss of generality, one can set ϕ(−∞, t) = 0.

The insertion of the constraint (2.5.6) and the definition (2.5.1) of d_3 into the boundary condition (2.5.16) produces the following integral constraints on ϕ: ∫_L −L [1 − cos ϕ(s)] ds = 4a (2.5.22) and ∫_L −L sin ϕ(s) ds = 0. (2.5.23)

As a consequence of the boundary condition (2.5.16), the director d_3 cannot be constant as a function of arc-length. This fact is intuitively clear, since an inextensible rod must bend in response to displacement, and is easily proved by contradiction. If d_3 is constant, then d_3 = e_1 by the boundary condition (2.5.19), and so h_s ≡ 0 by the constraint (2.5.6). But then e_1 · [h(L, t) − h(−L, t)] = e_1 · ∫_L −L h_s(s) ds = 0 (2.5.24)

which contradicts the boundary condition (2.5.16). It follows that d_2 is also not constant. We shall later exploit these elementary observations.

The initial data are required to be consistent with the boundary conditions (2.5.12) – (2.5.18) for an finite rod, or (2.5.12) - (2.5.21) for an infinite rod. It is further stipulated that the initial data satisfy the constraint (2.5.6). Finally, for an infinite rod the initial data must have finite total energy. Hence the expressions (2.5.10) and (2.5.11) for the kinetic and potential energies imply that at time t = 0, h_t ∈ L^2(R), ϕ_t ∈ L^2(R), and ϕ_s ∈ L^2(R).

Using the constraint (2.4.6) one could alternatively eliminate the variable r from the model, leading to a nonlocal formulation of the kinematics. By integrating equation (2.4.6) and applying the boundary conditions (2.5.14) and (2.5.17) we obtain x(s, t) = −L + 2a + ∫_s −L cos ϕ(u, t) du (2.5.25) y(s, t) = ∫_s −L sin ϕ(u, t) du, (2.5.26)

This is the formulation employed in Appendix B.

2.6 Dynamics of a Spatial Elastica

To fully describe the kinematics of an elastica we must allow for general three-dimensional displacement and twist. In the development of a model for spatial motion it will again be assumed at first that the arc-length lies in the finite interval [−L, L], with the limit L → ∞ being taken for the analysis of solitary wave motion.

Because we now consider three-dimensional motion, a parametrization of the directors {d_k} is equivalent to selecting a representation for the group of orthogonal transformations SO(3). In mechanics there are several common choices for such a representation. (Cf. e.g. [24].) Euler angles are often used because this representation uses the the minimum number of parameters, three. The essential facts about a representation by Euler angles is given in section 2.6.1. There are two significant drawbacks in using Euler angles. First, due to the topology of SO(3) a set of three parameters cannot provide a global representation. In the case of Euler angles there is a direction in space at which the representation becomes singular. This singularity makes the study of dynamical systems a delicate matter, since the particular set of Euler angles must then be selected to avoid the singularity, or different charts must be used as the dynamics evolve. A second drawback in the use of Euler angles is the appearance of trigonometric functions, which can be computationally expensive.

Euler parameters provide a four-dimensional, global, two-to-one parametrization of SO(3). In addition, only polynomial and rational functions arise in this representation. The difficulty with the Euler parameter representation is that the squares of the parameters must sum to one, which imposes a constraint upon the dynamics. An elementary discussion of Euler parameters can be found in [24]. Further discussions of Euler parameters as they apply to the motion of rigid spacecraft can also be found in [29] and [61]. The kinematics of Euler parameters are summarized in section 2.6.2.

2.6.1 Euler Angles There are 12 distinct Euler angle sequences. Here we will consider only the sequence generated by a rotation about the 3-axis through an angle ϕ, followed by a rotation about the resulting 2-axis through an angle θ, followed by a rotation about the resulting 3-axis through an angle ψ. The Euler angle sequence will be denoted by ϕ = (ϕ, θ, ψ)^T , where the superscript T denotes the transpose. This sequence is especially convenient for modelling planar motion in the xy-plane because when θ = π/2 and ψ = 0 the angle ϕ measures the angle in the plane from e_1 to d_3 as in the previous section. Moreover, in this representation the singularity is avoided so long as the angle θ is near π/2.

Let A denote the orthogonal matrix which transforms a vector from observer frame coordinates (relative to O ≡ {e_1, e_2, e_3}) into the director frame coordinates (relative to D ≡ {d_1, d_2, d_3}), so Ad_k = e_k. For our choice of coordinates,

A = e_j ⊗ d_j = cψcθcϕ − sψsϕ cψcθsϕ + sψcϕ −cψsθ −sψcθcϕ − cψsϕ −sψcθsϕ + cψcϕ sψsθ sθcϕ sθsϕ cθ , (2.6.1.1)

where ⊗ denotes the outer product, c denotes the cosine and s denotes the sine. The three rows of A specify the coordinates in the reference frame of d_1, d_2, and d_3, respectively. Thus

d_1 = cψcθcϕ − sψsϕ cψcθsϕ + sψcϕ −cψsθ , (2.6.1.2) d_2 = −sψcθcϕ − cψsϕ −sψcθsϕ + cψcϕ sψsθ , (2.6.1.3) and d_3 = sθcϕ sθsϕ cθ . (2.6.1.4)

Note that d_3 is independent of the angle ψ.

The strains u and the angular velocities ω appearing in equations (2.2.2) and (2.2.3) are given in terms of the Euler angles by

u = B[ϕ] ϕ_s (2.6.1.5) and ω = B[ϕ] ϕ_t, (2.6.1.6) where

B[ϕ] = e_j ⊗ b^j (ϕ) = −cψsθ sψ 0 sψsθ cψ 0 cθ 0 1 . (2.6.1.7)

Note that in the planar case, θ = π/2 and ψ = 0 imply

B[ϕ] = −1 0 0 0 1 0 0 0 1

. (2.6.1.8)

The rows vectors {b^j(ϕ)} of the matrix B are computed by exploiting equation (2.2.2) to obtain expressions for u_1, u_2 and u_3. For example,

d^′_3 = (u_1d_1 + u_2d_2 + u_3d_3) × d_3 = −u_1d_2 + u_2d_1, (2.6.1.9)

from which we conclude that

u_1 = −d_2 · d^′_3 = −d_2 · D_3[ϕ]^T ϕ_s, (2.6.1.10)

where D_j [ϕ] ≡ ( ∂d_j ∂ϕ )_T . (2.6.1.11)

Thus the first row of B[ϕ] is given by

b^1(ϕ) = −D_3[ϕ] d_2 = D_2[ϕ] d_3 = −cψsθ sψ 0 , (2.6.1.12) where the second equality follows from differentiation of the identity d_2(ϕ) · d_3(ϕ) = δ_{jk} with respect to ϕ, in which δ_{jk} is the Kronecker delta. Similarly

b^2(ϕ) = −D_1[ϕ] d_3 = D_3[ϕ] d_1 = sψsθ cψ 0 (2.6.1.13)

and b^3(ϕ) = −D_2[ϕ] d_1 = D_1[ϕ] d_2 = cθ 0 1 . (2.6.1.14)

We also observe the identity

D_k[ϕ]d_k(ϕ) = 0 (no sum), (2.6.1.15)

which follows from the fact that d_k is a unit vector, so 1 2 ∂ ∂ϕ |d_k(ϕ)|^2 = D_k[ϕ]d_k(ϕ) = 0. (2.6.1.16)

Equations (2.6.1.12) - (2.6.1.15) allow us to express the matrices D_j[ϕ] in terms of the vectors {b^j(ϕ)} and {d_j (ϕ)} as

D_1[ϕ] = ( ∂d_1 ∂ϕ )_T = b^3(ϕ) ⊗ d_2(ϕ) − b^2(ϕ) ⊗ d_3(ϕ), (2.6.1.17)

D_2[ϕ] = ( ∂d_2 ∂ϕ )_T = b^1(ϕ) ⊗ d_3(ϕ) − b^3(ϕ) ⊗ d_1(ϕ) (2.6.1.18) and D_3[ϕ] = ( ∂d_3 ∂ϕ )_T = b^2(ϕ) ⊗ d_1(ϕ) − b^1(ϕ) ⊗ d_2(ϕ). (2.6.1.19)

Assuming sin θ ≠ 0, the vectors {b^j(ϕ)} define a basis for R^3. However this basis is not orthonormal in general, so it is convenient to also define its dual basis {b_j (ϕ)} which satisfies the identity b^j · b_k = δ_{jk}. (2.6.1.20)

The vectors {b_j(ϕ)} are therefore the columns of the inverse of B[ϕ], so that

B[ϕ]^{−1} = b_j (ϕ) ⊗ e_j = ( b_1(ϕ) b_2(ϕ) b_3(ϕ) ) (2.6.1.21) and

b_1(ϕ) = −cψ/sθ sψ cψcθ/sθ , b^2(ϕ) = sψ/sθ cψ −sψcθ/sθ , b^3(ϕ) = 0 0 1 . (2.6.1.22)

The identity (2.6.1.20) together with the forms of the matrices D_j [ϕ] imply

D_k[ϕ]^T b_k(ϕ) = 0 (no sum) . (2.6.1.23)

We infer from equations (2.6.1.17) - (2.6.1.19) and (2.6.1.23) that the vector b_k(ϕ) has a geometric interpretation as the instantaneous rotation about the axis d_k(ϕ). For example, D_1[ϕ]^T b_1(ϕ) = 0 while D_2[ϕ]^T b_1(ϕ) = d_3(ϕ) and D_3ϕ]^T b_1(ϕ) = −d_2(ϕ).

Using equation (2.6.1.6) we can express the angular momentum with respect the reference frame as ω^o = B^o[ϕ] ϕ_t (2.6.1.24) where B^o[ϕ] ≡ A^T [ϕ]B[ϕ] = 0 −sϕ sθcϕ 0 cϕ sθsϕ 1 0 cθ . (2.6.1.25)

The kinetic energy of the rod for general three-dimensional motion is

T (h, ϕ) =^1_2 ∫_L −L { ρ(s)|h_t(s)|^2 + ω · I ω } ds. (2.6.1.26)

Using the expression (2.6.1.6) for the angular velocity, the kinetic energy can be rewritten as T (h, ϕ) =^1_2 ∫_L −L { ρ(s)|h_t(s)|^2 + ϕ_t · I_B [ϕ] ϕ_t } ds =^1_2 ∫_L −L { ρ(s)|h_t(s)|^2 + I_j [ b^j (ϕ) · ϕ_t ]_2} ds, (2.6.1.27)

where I_B [ϕ] ≡ B[ϕ]^T I B[ϕ] is given by

I_B [ϕ] =

(I_1c^2ψ + I_2s^2ψ)s^2θ (I_2 − I_1)sψcψsθ I_3cθ +I_3c^2θ

· I_1s^2ψ + I_2c^2ψ 0 · · I_3

, (2.6.1.28)

and the entry · denotes the presence of the symmetric element. Similarly the potential energy in terms of Euler angles is

V (ϕ) =^1_2 ∫_L −L ϕ_s · K_B [ϕ]ϕ_s, ds =^1_2 ∫_L −L K_j [ b^j(ϕ) · ϕ_s ]_2 ds, (2.6.1.29) where K_B [ϕ] ≡ B[ϕ]^T KB[ϕ] is given by

K_B[ϕ] =

(K_1c^2ψ + K_2s^2ψ)s^2θ (K_2 − K_1)sψcψsθ K_3cθ +K_3c^2θ

· K_1s^2ψ + K_2c^2ψ 0

· · K_3

. (2.6.1.30)

2.6.2 Euler Parameters A set of Euler parameters is a quadruple of real numbers β = (β_1, β_2, β_3, β_4)^T that satisfies the identity β · β = β_1^2 + β_2^2 + β_3^2 + β^2_4 = 1. (2.6.2.1) The set of all quadruples satisfying (2.6.2.1) forms the unit sphere S^3 in R^4. A set of Euler parameters β is often called a unit quaternion, in connection with the algebra of quaternions [56]. In fact one reason that Euler parameters are so useful for the representation of SO(3) is because the composition of two rotations may be expressed an elegant manner which is closely related to the multiplication of quaternions. Euler parameters are also closely associated with the Cayley-Klein parameters used to represent SU(2) [36]. However we will not explore these aspects in this dissertation.

To obtain a representation of the directors in terms of Euler parameters, first recall that by Euler’s Theorem each element of A ∈ SO(3) is equivalent to a rotation through an angle Φ about an axis determined by a unit vector k = k_j e_j . Specifically A is given in terms of k and Φ by

A = (cos Φ)1 + (1 − cos Φ)k ⊗ k − sin Φ[k×] = cΦ + k^2_1 (1 − cΦ) k_1k_2(1 − cΦ) + k_3sΦ k_1k_3(1 − cΦ) − k_2sΦ k_1k_2(1 − cΦ) − k_3sΦ cΦ + k^2 (1 − cΦ) k_2k_3(1 − cΦ) + k_1sΦ k_1k_3(1 − cΦ) + k_2sΦ k_2k_3(1 − cΦ) − k_1sΦ cΦ + k^2_3 (1 − cΦ) , (2.6.2.2) where [k×] is the skew matrix

(k×) ≡ 0 −k_3 k_2 k_3 0 −k_1 −k_2 k_1 0

(2.6.2.3)

corresponding to the cross product with the vector k. The Euler parameters (β_1, β_2, β_3, β_4) are defined in terms of k and Φ by β_j = k_j sin(Φ/2), for j = 1, 2, 3 (2.6.2.4) and β_4 = cos(Φ/2). (2.6.2.5) Euler parameters have the unusual feature that if β corresponds to the pair (k, Φ), then −β corresponds to the pair (k, Φ + 2π) which represents a coterminal rotation. Thus there is a two-to-one correspondence between Euler parameters and rotations. Exploiting the identities cos Φ = 2 cos^2(Φ/2) − 1 and sin Φ = 2 sin(Φ/2) cos(Φ/2) together with equations (2.6.2.1), (2.6.2.5), (2.6.2.4) and (2.6.2.2) one can represent A in terms of β as

A = 1 |β|^2 β^2_1 − β^2 − β^2_3 + β^2_4 2(β_1β_2 + β_3β_4) 2(β_1β_3 − β_2β_4) 2(β_1β_2 − β_3β_4) −β^2_1 + β^2 − β^2_3 + β^2_4 2(β_1β_4 + β_2β_3) 2(β_1β_3 + β_2β_4) 2(−β_1β_4 + β_2β_3) −β^2_1 − β^2 + β^2_3 + β^2_4 . (2.6.2.6)

The factor of 1/|β|^2 appearing in equation (2.6.2.6) is not generally used in this representation. However it is advantageous in the formulation of a Hamiltonian system to introduce this term which makes A explicitly orthogonal.

The matrix A is again used to denote the transformation from the reference frame O = {e_1, e_2, e_3} to the director frame D = {d_1, d_2, d_3}. Thus

d_1 = 1 |β|^2 β^2_1 − β^2 − β^2_3 + β^2_4 2(β_1β_2 + β_3β_4) 2(β_1β_3 − β_2β_4)

, (2.6.2.7)

d_2 = 1 |β|^2 2(β_1β_2 − β_3β_4) −β^2_1 + β^2 − β^2_3 + β^2_4 2(β_1β_4 + β_2β_3)

, (2.6.2.8) and d_3 = 1 |β|^2 2(β_1β_3 + β_2β_4) 2(−β_1β_4 + β_2β_3) −β^2_1 − β^2 + β^2_3 + β^2_4

. (2.6.2.9)

If we assume β_4 ≠ 0, then the Euler parameters may be recovered from the rotation matrix (2.6.2.6) and equation (2.6.2.1) by the formulæ

β_4 = ± 1 2 √ 1 + A_{1,1} + A_{2,2} + A_{3,3}, (2.6.2.10)

β_1 = 1 4β_4

(A_{2,3} − A_{3,2}), (2.6.2.11)

β_2 = 1 4β_4

(A_{3,1} − A_{1,3}), (2.6.2.12) and β_3 = 1 4β_4

(A_{1,2} − A_{2,1}). (2.6.2.13)

(A more robust conversion algorithm that handles the case where β_4 = 0 is presented in [57].) The two-to-one correspondence of Euler parameters to each rotation is reflected by the sign ambiguity in equation (2.6.2.10) for β_4. In the particular case of planar motion where the directors are given by equations (2.5.1) - (2.5.3), the Euler parameters derived from equations (2.6.2.10) - (2.6.2.13) are β =^{1√}_2 ( − sin

(_1 2 ϕ ) , cos

(_1 2 ϕ ) , sin

(_1 2 ϕ ) , cos

(_1 2 ϕ )) . (2.6.2.14)

It is worth mentioning that, had we instead considered planar motion in the (e_2, e_3) − plane for which d_1 = e_1, d_2 = cos ϕ e_2 − sin ϕ e_3 and d_3 = sin ϕ e_2 + cos ϕ e_3, then the associated Euler parameters would simply be β = ( sin (_1 2 ϕ ) , 0, 0, cos

(_1 2 ϕ )) . However in this dissertation we chose to analyze the stability of solitary waves in terms of both Euler parameters and Euler angles. Our choice of coordinates is therefore determined primarily by the need to avoid the singularities in Euler angles, as discussed in the previous subsection. By contrast, the particular choice of the coordinate system does not significantly affect the analysis in terms of Euler parameters.

The strains u and the angular velocities ω appearing in equations (2.2.2) and (2.2.3) are given in terms of the Euler parameters by u = 2 |β|^2 B[β]β_s (2.6.2.15) and ω = 2 |β|^2 B[β]β_t, (2.6.2.16) where B(β) = e_j ⊗ B_jβ = β_4 β_3 −β_2 −β_1 −β_3 β_4 β_1 −β_2 β_2 −β_1 β_4 −β_3

. (2.6.2.17)

The matrix B[β] can be computed by using the same method used in the previous section to obtain B[ϕ], and the vectors {B_jβ} that form the rows of of B[β] are analogous to the vectors {b^j(ϕ̄)} defined there. However the vectors {B_jβ} are orthonormal, so there is no need to define a distinct dual basis. Moreover B_jβ is orthogonal to β and is linear in the Euler parameters, which simplifies both our analysis and our computations. I am not aware of any prior work in the kinematics of rods or of rigid bodies where the vectors B_jβ have been utilized explicitly.

As with the Euler angles we define the matrices D_j [β] ≡ ( ∂d_j ∂β )_T , (2.6.2.18) and note that these matrices can be expressed in terms of {B_jβ} and {d_j (β)} as D_1[β] ≡ ( ∂d_1 ∂β )_T = 2 |β|^2 B_3β ⊗ d_2 − 2 |β|^2 B_2β ⊗ d_3, (2.6.2.19)

D_2[β] ≡ ( ∂d_2 ∂β )_T = 2 |β|^2 B_1β ⊗ d_3 − 2 |β|^2 B_3β ⊗ d_1 (2.6.2.20) and D_3[β] = ( ∂d_3 ∂β )_T = 2 |β|^2 B_2β ⊗ d_1 − 2 |β|^2 B_1β ⊗ d_2. (2.6.2.21)

As a consequence of equations (2.6.2.19) - (2.6.2.21) we observe the identities

D_k[β]d_k(β) = 0 (no sum) , (2.6.2.22) D_k[β]^T B_kβ = 0 (no sum) , (2.6.2.23) D_k[β]^T β = 0. (2.6.2.24)

Equation (2.6.2.22) follows from the fact that d_k is a unit vector, which implies 1 2 ∂ ∂β |d_k(β)|^2 = D_k[β]d_k(β) = 0. (2.6.2.25)

Equation (2.6.2.23) is a manifestation of the geometric interpretation of B_kβ as the instantaneous rotation about the d_k axis, which does not change d_k itself. Equation (2.6.2.24) is a consequence of our definition of d_k as a function homogeneous in β with degree zero.

The angular momentum with respect the reference frame is ω^o = 2 |β|^2 B^o[β]β_t, (2.6.2.26) where B^o[β] ≡ A[β]^T B[β] = d_j (β) ⊗ B_jβ = e_j ⊗ B^o_jβ

= β_4 −β_3 β_2 −β_1 β_3 β_4 −β_1 −β_2 −β_2 β_1 β_4 −β_3

. (2.6.2.27)

We now note a few properties of the matrices B and B^o which will be used later. Observe first that the 4-by-4 matrix given by R[β] ≡ 1 |β| ( B[β] β^T ) (2.6.2.28)

is orthogonal. It then follows from the identity R[β]R[β]^T = 1 that B[β]B^T [β] = |β|^21, (2.6.2.29) and that the 3-by-4 matrix B[β] has rank 3, with its null space spanned by β: B[β]β = 0. (2.6.2.30) Similarly the identity R[β]^T R[β] = 1 implies B^T [β]B[β] = |β|^2Π[β], (2.6.2.31) where Π[β] ≡ 1 − β ⊗ β |β|^2 (2.6.2.32)

is the projection onto the subspace orthogonal to β. Notice that equations (2.6.2.17), (2.6.2.27) and (2.6.2.29) imply

B[β] (B^o[β])^T = A[β]. (2.6.2.33)

Equation (2.6.2.33) shows that the matrices B[β] and B^o[β] provide a factorization of the rotation matrix A[β], analogous to the factorization of a rotation matrix in terms of three elementary rotations using Euler angles. Apparently Euler first introduced Euler parameters precisely for the purpose of producing such a factorization. (Cf. [25], [56].)

The matrices which determine the vectors B_jβ are

B_1 =

0 0 0 1 0 0 1 0 0 −1 0 0 −1 0 0 0

. (2.6.2.34)

B_2 =

0 0 −1 0 0 0 0 1 1 0 0 0 0 −1 0 0

, (2.6.2.35)

and

B_3 =

0 1 0 0 −1 0 0 0 0 0 0 1 0 0 −1 0

, (2.6.2.36)

The skew matrices B_k satisfy the commutation relations

B^2_k = −1 for k = 1, 2, 3, (2.6.2.37) B_1B_2 = −B_3, (2.6.2.38) B_2B_3 = −B_1, (2.6.2.39) B_3B_1 = −B_2, (2.6.2.40) which can be summarized as B_j B_k = −δ_{jk}1 − ϵ_{ijk}B_i, (2.6.2.41)

where δ_{jk} is the Kronecker delta, and ϵ_{ijk} is the permutation tensor. Thus group of matrices {±1, ±B_k} is isomorphic to the quaternion group. (Cf. [30].) The skewness of the matrices B_j together with the property (2.6.2.37) imply that each exponential Q_j ≡ exp(^1_2 ϵB_j) is an orthogonal transformation in R^4 given by

Q_j = cos(^1_2 ϵ)1 + sin(^1_2 ϵ)B_j . (2.6.2.42)

In fact each transformation Q_j on the Euler parameters corresponds to a rotation Q̃_j in R^3 through an angle ϵ about the axis d_j. In particular,

d_1 [Q_3β] = cos(ϵ) d_1[β] + sin(ϵ) d_2[β], d_2 [Q_3β] = − sin(ϵ) d_1[β] + cos(ϵ) d_2[β], d_3 [Q_3β] = d_3[β]. (2.6.2.43)

The transformation Q_3 describes the rotational symmetry about the d_3 axis in the dynamics of an isotropic rod. In addition, because the vector B_1β is the generator of rotations about the d_1 axis it plays an important role in our study of planar motion. For example, the derivative of equation (2.6.2.14) with respect to s yields

β_s =^{1√}_2 ( − cos

(_1 2 ϕ ) , − sin

(_1 2 ϕ ) , cos

(_1 2 ϕ ) , − sin

(_1 2 ϕ ))_1 2 ϕ_s (2.6.2.44) or β_s = −^1_2 ϕ_sB_1β. (2.6.2.45)

We use expressions like (2.6.2.45) repeatedly in our analysis, rather than appealing to the specific form (2.6.2.14) of the Euler parameters.

Similarly the vectors B^o_jβ are given by the matrices

B^o_1 =

0 0 0 1 0 0 −1 0 0 1 0 0 −1 0 0 0

, (2.6.2.46)

B^o_2 =

0 0 1 0 0 0 0 1 −1 0 0 0

0 −1 0 0

, (2.6.2.47) and

B^o_3 =

0 −1 0 0 1 0 0 0 0 0 0 1 0 0 −1 0

. (2.6.2.48)

The skew matrices B^o_k satisfy the commutation relations

(B^o_k)^2 = −1 for k = 1, 2, 3, (2.6.2.49) B^o_1B^o_2 = B^o_3, (2.6.2.50) B^o_2B^o_3 = B^o_1, (2.6.2.51) B^o_3B^o_1 = B^o_2, (2.6.2.52)

which can be summarized as

B^o_j B^o_k = −δ_{jk}1 + ϵ_{ijk}B^o_i . (2.6.2.53)

The group of matrices {±1, ±B^o_k} is also isomorphic to the quaternion group. The matrices B_k are also closely related to the Pauli spin matrices. (Cf. e.g. [24].) In addition, while we are not aware of their prior application in rod dynamics, Seywald et al. [55] have exploited the matrices B^o_k and their commutation relations (2.6.2.53) to analyze the optimal control problem of reorienting a rigid spacecraft using the least amount of fuel. Each orthogonal transformation Q^o_j ≡ exp(^1_2 ϵB^o_j ) corresponds to a rotation Q̃^o_j in R^3 about the axis e_j through an angle ϵ. These transformations also have the property that ( Q^o_j )_T B_k Q^o_j = B_k. (2.6.2.54)

This invariance of the B_k matrices is related to the fact that the strains u_j and angular velocities ω_j relative to the {d_k} basis are unchanged by a rigid rotation of the entire rod.

Using the matrices B_k and B^o_k one can rewrite equation (2.6.2.33) in terms of the entries of matrix A as ( |β|^2d_j ) · e_k = ( |β|^2d_j ) k = β · D^k_j β, (2.6.2.55) where the 4-by-4 matrix D^k_j is given by

D^k_j ≡ −B_j B^o_k. (2.6.2.56)

One can show that each matrix D^k_j is symmetric, which together with the skew-symmetry of the matrices B_k and B^o_k implies

D^k_j ≡ −B^o_k B_j . (2.6.2.57)

Explicitly the matrices D^k_j are

D^1 =

1 0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 1

, (2.6.2.58)

D^2_1 =

0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0

, (2.6.2.59)

D^3_1 =

0 0 1 0 0 0 0 −1 1 0 0 0 0 −1 0 0

, (2.6.2.60)

D^1_2 =

0 1 0 0 1 0 0 0 0 0 0 −1 0 0 −1 0

, (2.6.2.61)

D^2 =

−1 0 0 0 0 1 0 0 0 0 −1 0 0 0 0 1

, (2.6.2.62)

D^3_2 =

0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0

, (2.6.2.63)

D^1_3 =

0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

, (2.6.2.64)

D^2_3 =

0 0 0 −1 0 0 1 0 0 1 0 0 −1 0 0 0

, (2.6.2.65)

D^3 =

−1 0 0 0 0 −1 0 0 0 0 1 0 0 0 0 1

. (2.6.2.66)

(2.6.2.67)

The matrices {±1, ±B_k, ±B^o_k, ±D^k_j } form a group under multiplication, in which the algebraic properties of B_j and B_k and the definition (2.6.2.56) of D^k_j imply

D^k_j B_j = B^o_k, (2.6.2.68) D^k_j B_l = −ϵ_{jli} D^k_i for l ≠ j, (2.6.2.69) D^k_j B^o_k = B_j , (2.6.2.70) D^k_j B^o_l = −ϵ_{ikl} D^i_j for l ≠ k, (2.6.2.71) D^j_i D^j_i = 1, (2.6.2.72) D^j_i D^l_i = −ϵ_{jln} B^o_n for l ≠ j, (2.6.2.73) D^j_i D^j_k = ϵ_{ikm} B_m for k ≠ i, (2.6.2.74) D^j_i D^l_k = −ϵ_{ikm} ϵ_{jln} B_m B^o_n for k ≠ i, l ≠ j. (2.6.2.75)

These relations are utilized in the variational analysis performed in Chapter 6. I am not aware of any prior work in kinematics where this group has been recorded.

Substituting equation (2.6.2.16) for the angular velocity into the expression (2.6.1.26) for the kinetic energy, we obtain T (h, β) = ∫_L −L {_1 2 ρ(s)|h_t(s)|^2 +^2_|β_{|4} β_t · B[β]^T I B[β]β_t } ds = ∫_L −L {_1 2 ρ(s)|h_t(s)|^2 +^2_|β_{|4} I_j (B_jβ · β_t)^2 } ds. (2.6.2.76)

Similarly the potential energy becomes V [β] = ∫_L −L 2 |β|^4 β_s · B[β]^T K B[β]β_s. ds = ∫_L −L 2 |β|^4 K_j (B_jβ · β_s)^2 ds. (2.6.2.77)

Figure 1: A representative curve describing the configuration of a planar rod. The curve is parameterized by its arc-length s. The location of the material point at s is given by both its position r with respect to the origin and its displacement h from the reference configuration. The unit tangent vector is d_3.

CHAPTER 3

CONSERVATION LAWS

3.1 Introduction

This chapter describes the conservation laws that are implied by the equations of motion of a rod in the presence of a continuous symmetry group. For our purposes a conservation law means an expression of the form

D_t(s, t) = F_s(s, t), (3.1.1)

where D, the density, and F , the (negative of) the flux, are each functions of the (scalar) independent variables s and t, and the (vector) dependent variable y and its derivatives: D(s, t) = D̃(y(s, t), y^′(s, t), ẏ(s, t), s, t) (3.1.2) F (s, t) = F̃ (y(s, t), y^′(s, t), ẏ(s, t), s, t) (3.1.3) Conservation laws arise naturally in rod dynamics. It may be observed immediately that the balance of linear momentum (2.3.5) is in the form of a conservation law with density p and flux λ. Moreover,we can use (2.3.1) and (2.3.5) to rewrite equation (2.3.6) in the conservation form (π + r × p)_t = (m + r × λ)_s . (3.1.4)

Consequently, for appropriate boundary conditions, such as the periodic ones pertinent for a closed loop, the total linear momentum ∫ p ds and total angular momentum ∫ (π + r × p) ds about a fixed origin are integrals of the motion, as could have been surmised at the outset. Equations (2.3.5) and (3.1.4) are conservation laws independent of the constitutive relations. By contrast, the additional conservation laws that we discuss in this chapter are associated with specific symmetries in the constitutive properties.

The primary reason for our interest in conservation laws is that for boundary conditions such that the flux vanishes at the boundaries, each conservation law (3.1.1) can be integrated over the space variable s to yield an associated integral of motion d dt ∫ D ds = 0. (3.1.5)

In fact it is the intimate connection between symmetries and integrals of motion, associated with Noether’s Theorem, that provides the basis for the stability analysis we utilize here.

In the remainder of this chapter we consider three special cases of rods with associated conservation laws. In Section 3.2 the conservation law and associated integral for uniform, hyperelastic rods are described, where the symmetry is translation in arc-length. In this case the integral will be called the impulse (3.2.14). The impulse is not simply related to total linear momentum, which, for rod dynamics, is the integral generated by translational symmetry in space. In Section 3.3 the analogous quantities are derived in the appropriate (sub-)case of transverse isotropy, where the symmetry is rotation about the centerline of the rod. In the case of an isotropic rod the integral is the total component of the angular momentum along the local axis of transverse isotropy, and will therefore be called the isotropic angular momentum (3.3.25). The particular manifestations of the conservation laws in the special cases of string models, of inextensible, unshearable rods, and of planar motion are outlined in Section 3.4.

3.2 Uniform Hyperelastic Rods

It will now be demonstrated that for a uniform, hyperelastic rod, the equations (2.3.5) and (2.3.6) governing the dynamics imply another conservation law and associated first integral. The rod is said to be uniform if the coefficients ρ and I_{ij} are actually constants,

ρ^′ ≡ I^′_{ij} ≡ 0, (3.2.6)

and, in addition, the constitutive law (2.4.4) and (2.4.5) has no explicit dependence on the arc-length s. Because the constitutive laws specify the components of λ and m with respect to the variable basis {d_i}, the kinematic relations

λ^′ = n^′_id_i + u × λ, (3.2.7) and m^′ = m^′_id_i + u × m (3.2.8)

are implied.

The following conservation law is then a consequence of the governing equations (2.3.5) and (2.3.6) that express balance of linear and angular momentum:

(π · u + p · v)_t = ( m · u + λ · v − W +^1_2 ω · π +^1_2ṙ · p ) s . (3.2.9)

To verify (3.2.9), the derivative on the left-hand side can be expanded, using (2.2.1), as

π̇ · u + π · u̇ + ṗ · v + p · ṙ^′, (3.2.10) which, upon elimination of u̇, p, π, ṗ and π̇ by use of (2.2.6), (2.3.1), (2.3.2), (2.3.5) and (2.3.6), can be seen to be the same as

(m^′ + r^′ × λ) · u + ω_iI_{ij}ω^′_j + λ^′ · v + ρṙ · ṙ^′. (3.2.11)

Then by the kinematic relations (2.2.1), (2.2.5), (3.2.7), (3.2.8) and symmetry condition (2.3.3), we obtain m^′_iu_i + n^′_iv_i +

(_1 2 ω_iI_{ij} ω_j ) s + (_1 2 ρṙ · ṙ ) s , (3.2.12)

or, with constitutive laws (2.4.4) and (2.4.5), ( u_iW_{ui} + v_iW_{vi} − W +^1_2 ω_iI_{ij} ω_j +^1_2 ρṙ · ṙ ) s , (3.2.13)

which can be seen to coincide with the right-hand side of (3.2.9) because of the constitutive relations (2.3.1), (2.3.2), (2.4.4) and (2.4.5).

It should be remarked that it has nowhere been assumed that the constitutive relations (2.4.4) and (2.4.5) are such that the stresses (λ, m) vanish for vanishing strains (v, u). Consequently the analysis presented here is valid for the dynamics of uniform hyperelastic rods whose unstressed state is helical.

The quantity ∫ (π · u + p · v) ds (3.2.14)

is called the impulse, where it is understood that the range of integration is the entire length of the rod. The impulse is clearly a finite quantity if the rod is of finite length (and the evolution is assumed to be smooth), but the impulse is also finite for an infinite rod if either the strains (v, u) or the momenta (p, π) decay sufficiently rapidly.

The impulse is actually a time-invariant quantity, i.e., a conserved quantity or integral of the dynamics, for systems with appropriate boundary conditions. For example in a finite closed loop of a rod, all the dependent variables must be periodic functions of s, and the impulse is therefore a conserved quantity. For an infinite rod the impulse can also be a (finite) conserved quantity. For example, the impulse will be a constant of the motion if the momenta satisfy lim_{s→±∞}(p, π) = 0 and the strains satisfy lim_{s→±∞}(v_i, u_i) = (v̂_i, û_i) for some constants (v̂_i, û_i).

Notice that the flux appearing in the conservation law (3.2.9) is the Legendre transform of the density of total energy of the rod. As such it is reminiscent of the Eshelby Energy- Momentum tensor which arises in a conservation law for the elasto-statics of a homogeneous elastic material in several space dimensions. This problem is discussed among other places, by Olver [52], Example 4.32, p. 281, with a brief discussion of related issues and literature on p. 288.

It should also be remarked that linear combinations of the conservation laws (2.3.5), (3.1.4), and (3.2.9) can be taken to yield new conservation laws. In some circumstances such a construction may have nontrivial implications. For example the boundary conditions may be such that a linear combination of the fluxes may vanish and so provide a conserved quantity, while the individual conservation laws do not imply any integral of motion. Moreover, in the case of an infinite rod some linear combination of the densities may provide a finite conserved quantity while none of the individual conservation laws have associated convergent integrals. This last phenomenon is related to the choice of frame from which the rod dynamics is viewed.

3.3 Isotropic Rods

We now drop the hypotheses that the rod is uniform and hyperelastic and instead assume that the rod is transversely isotropic. By transversely isotropic it is meant that the constitutive relations for the stresses and momenta are symmetric with respect to rotations about one of the directors, d_3 say. As full isotropy, i.e., independence of the constitutive relation to arbitrary rotations of the basis {d_i}, is not a pertinent concept in the context of rods, we shall henceforth allow the adjective transversely to stand by implication. Antman ([2], Theorem 9.16) demonstrates that the hypothesis of isotropic elastic response is equivalent to the specialized constitutive relations

λ = N_1v + N_2u + N_3d_3, (3.3.15) and m = M_1v + M_2u + M_3d_3, (3.3.16) where the N_i, and M_i are each scalar functions of the six scalar arguments |u|, |v|, u · v, u_3, v_3 and s. Isotropy of the dynamic properties of the rod follows when the expression (2.3.2) for the angular momentum is specialized to

π ≡ I_1ω + (I_3 − I_1)ω_3d_3. (3.3.17)

Here d_3 is a principal axis of inertia with associated principal inertia I_3(s), and the other two principal inertias both equal I_1(s) (cf. (2.3.4) with I_1 = I_2). The general expression (2.3.1) for the linear momentum is already isotropic.

With the constitutive relations (3.3.15), (3.3.16) and (3.3.17), and the additional restriction M_1(|u|, u · v, |v|, u_3, v_3, s) ≡ N_2(|u|, u · v, |v|, u_3, v_3, s), (3.3.18) the conservation law (π · d_3)_t = (m · d_3)_s, (3.3.19) is a consequence of the angular momentum balance (2.3.6). In particular the derivation of (3.3.19) does not exploit the linear momentum balance (2.3.5) so the conservation law remains valid even for systems with external forces. The delimitation (3.3.18) is actually implied in the case of an isotropic hyperelastic rod where there is a strain energy function of the form W (|u|, u · v, |v|, u_3, v_3, s). Another plausible special case is M_1 ≡ N_2 ≡ 0.

The validity of (3.3.19) can be seen after three preliminary calculations. First we note that because of hypothesis (3.3.16)

m · (u × d_3) = M_1v · (u × d_3). (3.3.20)

Similarly by (3.3.17) π · (ω × d_3) = 0. (3.3.21)

Thirdly equations (2.2.1) and (3.3.15) are used to write the balance of angular momentum (2.3.6) in the form m^′ + v × (N_2u + N_3d_3) = π̇, (3.3.22)

from which it may be concluded that

m^′ · d_3 + N_2(v × u) · d_3 = π̇ · d_3. (3.3.23)

Now we use (2.2.2), (2.2.3), (3.3.18), (3.3.20), (3.3.21) and (3.3.23) to calculate that

(π · d_3)_t − (m · d_3)_s = π̇ · d_3 + π · (ω × d_3) − m^′ · d_3 − m · (u × d_3) = 0, (3.3.24)

as is required to validate (3.3.19).

The quantity ∫ π · d_3 ds (3.3.25)

will be called the (component of) isotropic angular momentum. The isotropic angular momentum is an integral of the motion for appropriate boundary conditions, for example the periodic conditions associated with a closed loop, as has already been observed by Simo et al. in [58]. The remarks made at the end of Section 3.4 concerning infinite rods and linear combinations of conservation laws apply with equal validity here.

3.4 Strings, Inextensible Rods and Planar Dynamics

In this section we consider the conservation laws that arise in certain degenerate cases of the rod model described in Section 3.2. The treatment of special cases is by no means exhaustive, but it does relate the conservation laws (3.2.9) and (3.3.19) to quantities found in previous works.

A model of a string is obtained if the strain v is declared to satisfy v_1 = v_2 = 0, so that (2.2.1) reduces to r^′ = v_3d_3, (3.4.26)

and the constitutive laws for the force and moment are taken to be

n_1 = n_2 = 0, λ = N_3d_3, (3.4.27) and m_1 = m_2 = 0, m = M_3d_3. (3.4.28)

Here N_3 and M_3 are scalar functions of the arguments (v_3, u_1, u_2, u_3, s). Conditions (3.4.26) and (3.4.27) require that the force in the string is always tangential. Condition (3.4.28) states that there are no bending moments, although the string can support a twisting moment about the unit tangent vector d_3.

For this string model the balance of angular momentum (2.3.6) simplifies to

π̇ = m^′, (3.4.29)

which is trivially in conservation form. Thus for the dynamics of any such string there are always three conservation laws, namely (2.3.5), (3.4.29), and, because (3.1.4) is still valid,

(r × p)_t = (r × λ)_s. (3.4.30)

It could be argued that (3.4.30) is not independent of (2.3.5), and (3.4.29), but because it is expressed in terms of different variables it has the potential to yield integrals of motion under different sets of boundary conditions.

The string is uniform and hyperelastic if there is a strain energy density function W (v_3, u_3) such that N_3 = W_{v3} and M_3 = W_{u3} . (W must be independent of u_1 and u_2 to be consistent with the requirements n_1 = n_2 = 0.) For such a string the conservation of impulse (3.2.9) takes the form ( π · u + p · r^′ ) t = ( m_3u_3 + n_3v_3 − W +^1_2 ω · π +^1_2 ṙ · p ) s . (3.4.31)

Notice that the constitutive laws for a hyperelastic string automatically satisfy the constitutive isotropy assumptions (3.3.15), (3.3.16), and (3.3.18) (with N_1 ≡ N_2 ≡ M_1 ≡ M_2 ≡ 0), so if the dynamic isotropy condition (3.3.17) is also satisfied we obtain the law of conservation of isotropic angular momentum (3.3.19) as before. Notice that the conservation laws (3.4.31) and (3.3.19) are truly independent. In the absence of the dynamic isotropy condition (3.3.17), equation (3.3.19) does not hold. A final special feature arises when for a uniform, hyperelastic, isotropic string, it is further assumed, as in classic string models, that the strain energy density function is of the decoupled form

W (v_3, u_3) = W_1(v_3) + W_2(u_3). (3.4.32)

Then the balance of linear momentum (2.3.5) decouples from the balance of angular momentum (2.3.6), and the additional conservation law ( p · r^′ ) t = ( n_3v_3 − W_1 +^1_2ṙ · p ) s (3.4.33)

is implied. The associated impulse is ∫ p · r^′ ds ( = ρ ∫ ṙ · r^′ ds ) . (3.4.34)

The conservation law (3.4.33) was found and exploited by Healey [26] in an analysis of the dynamics of closed loops of string. Healey also remarked that for uniform closed loops the impulse (3.4.34) is a conserved quantity that can be interpreted as a total circulation.

A different special case arises in the example of an inextensible, unshearable rod. In this model we prescribe v_1 = v_2 = 0, v_3 = 1, (3.4.35) so that r^′ = d_3. The constitutive relations (2.4.4) are discarded and the force λ(s, t) assumes the role of an additional dependent variable. The equations of motion are unaffected, and so in the uniform hyperelastic case the conservation laws (2.3.5) and (3.2.9) imply that

(π · u + p · (d_3 − e))_t = ( m · u + λ · (d_3 − e) − W +^1_2 ω · π +^1_2ṙ · p ) s . (3.4.36)

Here e ∈ R^3 is any constant vector. The case of an infinite rod with conditions at infinity requiring that the rod be at rest and d_3 → e provides an example where the conservation law (3.4.36) implies the integral of motion ∫ (π · u + p · (d_3 − e)) ds (3.4.37)

while, if λ(∞) ≠ λ(−∞), neither the total linear momentum ∫ p ds nor the impulse (3.2.14) are individually invariants of the motion.

A further special case arises when the planar dynamics of an inextensible, unshearable rod with a linear constitutive relation between bending moment and curvature are considered. This model is the dynamic version of the classic elastica of Euler. Then we can set r^′ = d_3 = (cos ϕ, sin ϕ, 0), and calculate that u = (0, 0, ϕ_s) and (after nondimensionalization) π = (0, 0, ϕ_t). For the planar elastica, (3.4.37) reduces to ∫ (ϕ_tϕ_s + p · (d_3 − e)) ds, (3.4.38) which is precisely the integral of motion discovered and exploited in [17]. Motivated by (3.4.38), but independent of the present work, Coleman et al ([14], eq. 3.32a) found the invariant ∫ (ṙ · d_3 + ḋ_1 · d^′_1 + ḋ_2 · d^′_2) ds (3.4.39)

which is the equivalent of a nondimensional form of (3.4.37) when there is a linear bending law, the inertia is of the particular form (2.3.4), and e = 0.

CHAPTER 4

THE IMPETUS-STRICTION FORMULATION

4.1 Introduction

In this chapter we introduce a novel formulation of constrained Lagrangian dynamics as an unconstrained Hamiltonian system. The terms impetus and striction in the title refer to two new dynamic variables central to the formulation, the impetus being a variable conjugate to the configuration variable, while the striction is a multiplier associated with the constraint. We define these variables precisely in the next section. The new Hamiltonian formulation employed here is a variant and extension of the method of ‘vakonomic’ mechanics as described in [5], p. 33, which treats constrained motion for finite dimensional systems governed by ordinary differential equations. The theory of vakonomics considers both holonomic and nonholonomic constraints, with a strong emphasis on nonholonomic constraints. In contrast we consider only holonomic constraints, but in the infinite-dimensional context of partial differential equations.

In section 4.2 we outline the method and note its significant features. In section 4.3 we illustrate the technique by obtaining a novel Hamiltonian formulation describing the motion of a spherical pendulum.

4.2 Formulation

The essential features of the impetus-striction formulation can be effectively illustrated in the following finite dimensional context. We seek to determine the motion q(·) ∈ R^n for which the action ∫_{t1}

t_0

L(q(t), q̇(t)) dt (4.2.1)

is stationary for all t_0 and t_1, subject to the single constraint

f(q) = 0. (4.2.2)

It is assumed that the Lagrangian L is strictly convex in q̇, and that f_q is nonzero when q satisfies the constraint (4.2.2). Here, as usual, subscripts denote partial derivatives.

The standard reformulation of the constrained action principle is in terms of a Lagrange multiplier, with the requirement that ∫_{t1} t_0

{L(q(t), q̇(t)) − λ(t) f(q(t))} dt (4.2.3)

be stationary for all t_0 and t_1. The associated system of Euler-Lagrange equations is d dt L_{q̇} = L_q − λf_q. (4.2.4)

The first step leading to an unconstrained Hamiltonian formulation of the dynamics is to replace the constraint (4.2.2) by its time derivative

f_q(q) · q̇ = 0. (4.2.5)

Assuming the initial data q(0) satisfies the constraint (4.2.2), conditions (4.2.2) and (4.2.5) are equivalent. The variational problem (4.2.1) can now be reformulated as the requirement that ∫_{t1}

t_0

L(q(t), q̇(t), Λ(t)) dt (4.2.6) be stationary for all t_0 and t_1, where the function L is defined by

L(q, q̇, Λ) ≡ L(q, q̇) + Λ f_q(q) · q̇. (4.2.7)

We call the Lagrange multiplier Λ associated with the time-differentiated constraint the striction^1, to distinguish it from the multiplier λ in (4.2.3). The Euler-Lagrange equation associated with the action principle (4.2.6) can be written as d dt L_{q̇} = L_q − Λ_tf_q. (4.2.8)

Because we assumed f_q to be nonzero, a comparison of equations (4.2.4) and (4.2.8) shows that Λ_t = λ. That is, the striction Λ is a time anti-derivative of the Lagrange multiplier λ. (The constraint term was added to L is equation (4.2.7) rather than subtracted as is equation (4.2.3) to reflect the integration by parts in time which relates the two expressions.)

In the development above, it is important to note that the constraint (4.2.5) is holonomic. In the case of a nonholonomic constraint, there is controversy as to whether the action principle (4.2.6) yields the physically appropriate time dynamics. Such issues are of no concern here, because only the holonomic case will be considered.

In order to obtain a Hamiltonian system associated with the Lagrangian (4.2.7), we define the conjugate variable

p ≡ L_{q̇} = L_{q̇}(q, q̇) + Λ f_q(q), (4.2.9)

1The word striction is an archaic term which is synonymous with constriction. Our choice of the name striction for the multiplier Λ is then motivated by one of the more obscure meanings of constriction, namely the force maintaining a constraint.

and also the momentum ζ ≡ L_{q̇}(q, q̇). (4.2.10)

Thus p and ζ are related by ζ = p − Λf_q(q). The conjugate variable p is thus similar to, but distinct from, the classical quantity of momentum. To emphasize this distinction we refer to p as the impetus^2.

In vakonomic mechanics, one solves the system of equations (4.2.5) and (4.2.9) simultaneously for q̇ and Λ. We take a modified, but equivalent, approach. By the assumed strict convexity of L with respect to q̇, equation (4.2.10) can be solved for q̇:

q̇ = v(q, ζ) = v(q, p − Λf_q). (4.2.11)

Because q̇ depends upon the unknown striction Λ, a well-defined evolutionary system cannot yet be defined. Instead, from the Legendre transform L^∗(q, ζ) ≡ ζ · v(q, ζ) − L(q, v(q, ζ)), (4.2.12) we define a pre-Hamiltonian

M(q, p, Λ) ≡ L^∗(q, p − Λf_q) = p · v − L(q, v, Λ). (4.2.13)

The crucial step in our formulation of the unconstrained Hamiltonian system is to define the striction to be that Λ which minimizes the pre-Hamiltonian M for specified values of q and p. To see that M has a unique minimizer, recall that the Legendre transform L^∗ is strictly convex in ζ when L is strictly convex in q̇. Thus M is strictly convex in Λ for fixed q and p, so a unique minimizer Λ̃(q, p) exists. Moreover, at the minimizer the first derivative M_Λ vanishes, which is readily shown to imply that

f_q(q) · v(q, ζ̃(q, p)) = 0, (4.2.14)

where ζ̃(q, p) ≡ p − Λ̃(q, p) f_q(q). (4.2.15)

Therefore by our definition of the striction Λ̃(q, p), the constraint (4.2.5) is an identity. We can now define the Hamiltonian

H(q, p) ≡ min_Λ M(q, p, Λ) = M(q, p, Λ̃(q, p)). (4.2.16)

2In non-technical dictionaries, the words impetus, momentum and impulse are generally described as synonymous. We are not aware of a prior technical usage for the term impetus, and as the quantity in our definition is related to both impulse and momentum, impetus would appear to be an appropriate choice of name. In the context of rod dynamics, momentum, impulse and impetus all play significant, related, but distinct roles.

The associated canonical Hamiltonian system gives the evolution equations:

q̇ = H_p(q, p) = v(q, ζ̃(q, p)), (4.2.17) ṗ = −H_q(q, p) = L_q(q, p) + Λ̃(q, p)f_{qq}(q)v(q, ζ̃(q, p)). (4.2.18)

We remark that, because Λ̃(q, p) minimizes the pre-Hamiltonian M, the partial derivatives of H can be computed as

H_q(q, p) = M_q(q, p, Λ)|_{Λ=Λ̃(q,p)}, (4.2.19) H_p(q, p) = M_p(q, p, Λ)|_{Λ=Λ̃(q,p)}. (4.2.20)

Further, the time anti-derivative of the identity (4.2.14) implies that f(q) is an integral of motion. Therefore, if the initial data satisfy (4.2.2), then (4.2.2) holds for all t ≥ 0.

The minimization procedure developed here is superficially reminiscent of the Pontryagin Maximum Principle in optimal control theory, but in that context the pre-Hamiltonian is extremized with respect to the control variable, rather than with respect to a multiplier as is the case here. (Cf. e.g. [22].)

A noteworthy feature of this approach is a certain indeterminacy in the initial value of the impetus p. For given values of q(0) and q̇(0), the momentum ζ = p − Λf_q is completely determined by equation (4.2.10). However, one must specify the initial value of the striction, Λ(0) ≡ Λ̃(q(0), p(0)), in order to determine the value of p(0) in equation (4.2.9). In this sense, the initial values of p and Λ̃ are not individually observable. However, once Λ(0) has been specified, the evolution of q and p is completely determined. Moreover, the values of q and q̇ are unchanged for different choices of Λ(0), so the physical variables are unambiguously determined by the dynamics. Also notice that if (q, p) is a solution of the Hamiltonian system, with striction Λ̃(q, p), then for any constant Λ^∗, (q, p + Λ^∗f_q) is also a solution, with striction Λ̃(q, p) + Λ^∗. This symmetry corresponds, via Noether’s Theorem, to the invariant of motion (4.2.2).

For our purposes, the advantage of formulating the Hamiltonian in terms of minimization is that it carries over to the analysis of partial differential equations in an effective manner. We demonstrate in Chapter 5 how the impetus-striction formulation can be applied to obtain a Hamiltonian system governing the motion of an inextensible, unshearable rod.

4.3 An Elementary Application: the Spherical Pendulum

To illustrate the features of the impetus-striction formulation, it is instructive to examine the case of a heavy spherical pendulum with unit mass and unit length in the framework above. This example was also treated using vakonomics by Arnold ([5], p. 37). In this example n = 3, the constraint is |q|^2 − 1 = 0, (4.3.1) and the associated Lagrangian is L(q, q̇) =^1_2 |q̇|^2 − gk · q, (4.3.2) where g is the acceleration due to gravity and k is the upward unit vector.

The time derivative of the constraint (4.3.1) is q · q̇ = 0, (4.3.3) so following the impetus-striction formulation we define L ≡^1_2 |q̇|^2 − gk · q + Λq · q̇. (4.3.4) The impetus p associated with q is p ≡ ∂L ∂q̇ = q̇ + Λq, (4.3.5) which is easily inverted to obtain an expression for the velocity q̇ = p − Λq. (4.3.6) From here we define the pre-Hamiltonian M(q, p, Λ) ≡ L^∗(q, p − Λf_q) = p · v − L(q, v, Λ). (4.3.7) Because the Lagrangian L has the form of quadratic kinetic energy minus potential energy, the Legendre transform L^∗ has the form of quadratic kinetic energy plus potential energy, namely M(q, p, Λ) =^1_2 |p − Λq|^2 + gk · q. (4.3.8) We define the striction Λ̃(q, p) to be that Λ which minimizes the pre-Hamiltonian M for specified values of q and p. We can therefore determine Λ̃(q, p) from the condition that the first derivative of M with respect to Λ vanish, namely −[p − Λ̃(q, p)q] · q = 0, (4.3.9) from which we find Λ̃(q, p) = q · p |q|^2 . (4.3.10)

Inserting equation (4.3.10) into the expression (4.3.6), we find

q̇ = ( 1 − q ⊗ q |q|^2 ) p = q × (p × q) |q|^2 , (4.3.11)

where 1 is the identity matrix, and ⊗ denotes the dyadic product. Notice that the righthand side of equation (4.3.11) yields the component of p orthogonal to q. We can now define the Hamiltonian as

H(q, p) ≡ M(q, p, Λ̃(q, p)) =^1_2 | | | ( 1 −^{q⊗q}_{|q|2} ) p | | |^2 + gk · q

=^1_2 (_{|q×p|} |q| )_2 + gk · q (4.3.12)

The associated Hamiltonian system is

q̇ = H_p = ( 1 − q ⊗ q |q|^2 ) p, (4.3.13)

ṗ = −H_q = q · p |q|^2 ( 1 − q ⊗ q |q|^2 ) p − gk, (4.3.14)

which can be rewritten as ( q̇ ṗ ) = J ( H_q H_p ) (4.3.15)

where J is the skew matrix J = ( 0 1 −1 0 ) . (4.3.16)

The Hamiltonian H is time-independent, and so is an invariant of motion. The Hamiltonian is also invariant under the transformation p → p + ϵq for arbitrary ϵ, in accordance with our earlier observation regarding the incomplete observability of p and Λ̃. By Noether’s Theorem there is an associated, additional invariant of motion. Following the framework described, for example, in [52] (Theorem 4.29), we recognize that the infinitesimal generator (0, q) of this transformation is related to the invariant N(q) ≡^1_2 (|q|^2 − 1) through the relation ( 0 q ) = J ( N_q N_p ) . (4.3.17)

In addition, the Hamiltonian is invariant under rotation about the k axis, a symmetry whose infinitesimal generator is (k × q, k × p). From Noether’s Theorem we observe that the associated invariant of motion is the component Ω_k of angular momentum about the k axis, namely

Ω_k ≡ k · (q × p) = k · (q × q̇) , (4.3.18)

where the second equality is a consequence of the definition of p (4.3.5).

The focus in this dissertation is on analysis of stability properties of special solutions which reflect a symmetry in a Hamiltonian system. We illustrate that analysis here by investigating the steadily rotating motions (q̄(t), p̄(t)) of a spherical pendulum. The same approach will then be used in Chapters 5 and 6 for the stability analysis of planar solitary waves in an inextensible, unshearable rod. The procedure is as follows. First, we step outside of the realm of time dynamics and determine which pairs (q_0, p_0) are critical points of the invariant

F ≡ H − ωk · (q × p) −^1_2 μ(|q|^2 − 1) (4.3.19)

for some scalars ω and μ. This is equivalent to finding the critical points of H, subject to prescribed values of the invariants Ω_k = k · (q × p) and |q|^2 − 1. It is shown that for initial data given by a critical point (q_0, p_0) of F , the solution (q(t), p(t)) of the Hamiltonian dynamics describes a steadily rotating motion. Next we determine whether the point (q_0, p_0) is in fact a minimizer of F . In general such a minimizer is nonisolated, due to the rotational symmetry of F . A minimizer (q_0, p_0) is significant because the invariant F may then be used as a Lyapunov function to prove orbital stability for the associated motion (q(t), p(t)). However the question of instability in the case where (q_0, p_0) is not a minimizer of F is more delicate, and will not be discussed here.

The critical points of F (4.3.19) are given by the pair of equations

F_q = − q_0 · p_0 |q_0|^2 ( 1 − q_0 ⊗ q_0 |q_0|^2 ) p_0 + gk − ωp_0 × k − μq_0 = 0, (4.3.20)

F_p = ( 1 − q_0 ⊗ q_0 |q_0|^2 ) p_0 − ωk × q_0 = 0. (4.3.21)

We restrict our attention to critical points for which |q_0| = 1. Equation (4.3.21) then implies that p_0 = Λ_0q_0 + ωk × q_0 (4.3.22) where Λ_0 ≡ (q_0 · p_0) is indeterminate due to the gauge symmetry. When equation (4.3.22) is inserted into equation (4.3.20) and the terms are rearranged, we find ( μ + ω^2 ) q_0 = [ g + ω^2(q_0 · k) ] k. (4.3.23)

There are two types of solutions for equation (4.3.23), depending on whether q_0 is parallel to k or not.

If q_0 is parallel to k, then in view of the constraint |q_0| = 1 the only two solutions are

q_0 = ±k. (4.3.24)

Equations (4.3.23) and (4.3.22) then imply

μ = ±g (4.3.25) p_0 = ±Λ_0k. (4.3.26) The multiplier ω is arbitrary. For our analysis we take

ω = 0. (4.3.27)

The angular momentum vanishes at these critical points. If the point (q_0, p_0) is used as initial data for the Hamiltonian system (4.3.13) - (4.3.14), the solution is

q̄(t) = ±k, (4.3.28)

p̄(t) = (gt ± Λ_0)k. (4.3.29) That is, the impetus p̄(t) grows linearly in time as the solution evolves. This behavior will be seen again in the solitary waves of an inextensible rod in Chapter 5. The solutions (4.3.28) correspond to the two equilibria of the spherical pendulum, with q̇(t) = 0. (By contrast, the Hamiltonian system (4.3.13) - (4.3.14) has no equilibrium solutions for g ≠ 0.)

If q_0 is not parallel to k then we express q_0 as

q_0 = −k cos θ_0 + i sin θ_0 (4.3.30)

where θ_0 is the angle from −k to q_0 with 0 ≤ θ_0 ≤ π, and i is a unit vector orthogonal to k. For (4.3.30) to be a solution of (4.3.23), the multipliers ω and μ must be ω = ± √ g cos θ_0

(4.3.31) and μ = −ω^2 = − g cos θ_0

. (4.3.32) From equation (4.3.31) we infer that cos θ_0 > 0, so 0 ≤ θ_0 < π/2. That is, q_0 must lie below the horizontal plane θ_0 = π/2. Equation (4.3.22) implies that the corresponding impetus is p_0 = Λ_0(−k cos θ_0 + i sin θ_0) + ωk × i sin θ_0. (4.3.33) For these critical points the k component of angular momentum is ω sin^2 θ_0. If the point (q_0, p_0) is used as initial data for the Hamiltonian system (4.3.13) - (4.3.14), the solution is q̄(t) = −k cos θ_0 + sin θ_0 [i cos(ωt) + k × i sin(ωt)] (4.3.34) and p̄(t) = (ω^2t + Λ_0)q̄(t) + ωk × q̄(t). (4.3.35) Once again the impetus p̄(t) is observed to grow linearly in time as the solution evolves. Each solution q̄(t) of the form (4.3.34) describes a steadily rotating motion, with ˙q̄(t) = ωk × q̄(t). (4.3.36)

Next we determine which of the critical points (q_0, p_0) are minimizers of F , for the associated values of ω and μ. For further analysis it is convenient to decompose F as

F = F_1 + F_2, (4.3.37)

where

F_1(q, p) ≡^1_2^1_{|q|2} |q × (p − ωk × q)|^2 =^1_2 | | |^{q×(p×q)}

|q|^2 − ωk × q) | | |^2 (4.3.38) and F_2(q, p) ≡ gk · q −^1_2 μ(|q|^2 − 1) −^1_2 ω^2|k × q|^2n = −^1_2 μ|q − gk/μ|^2 −^1_2 ω^2|k × (q − gk/μ)|^2 +^1_2 (μ + g^2/μ). (4.3.39)

This decomposition is chosen so that the terms involving p appear only in F_1. In fact, the function F_1 may be thought of as the kinetic energy, measured relative to a frame rotating with angular velocity ω about k. It is apparent from (4.3.38) that F_1 is nonnegative. Moreover from equation (4.3.22) we see that F_1(q_0, p_0) = 0. Therefore (q_0, p_0) minimizes F_1. Because (q_0, p_0) extremizes F by construction, it follows that (q_0, p_0) also extremizes F_2. This fact can be ascertained directly from equation (4.3.23) and the derivative of F_2,

DF_2 = gk − μq − ω^2 [q − (q · k)q]

= [g + (q · k)] k − (μ + ω^2)q. (4.3.40)

We therefore focus most our analysis upon the function F_2.

First consider critical points given by (4.3.24) and (4.3.26). For the critical point q_0 = −k we have μ = −g and ω = 0, so q_0 is an unconstrained minimizer of F_2 (4.3.39), and so (q_0, p_0) is an unconstrained minimizer of F . We also obtain the inequalities

|q − q_0|^2 ≤ 2 [F (q, p) − F (q_0, p_0)]/g (4.3.41) and |q × p|^2/|q|^2 ≤ 2 [F (q, p) − F (q_0, p_0)]. (4.3.42) Because the impetus p is partially unobservable, it would be difficult make a statement about the stability of (q_0, p_0) in terms of the Hamiltonian variables. However the bounds (4.3.41) and (4.3.42) can be used to state a stability result in terms of Lagrangian variables (q, q̇). Assuming the initial data (q(0), p(0)) are chosen such that |F (q(0), p(0)) − F (q_0, p_0)| <^1_2 ϵ^2, the invariance of F implies |F (q(t), p(t)) − F (q_0, p_0)| <^1_2 ϵ^2. Equation (4.3.41) then implies |q(t) − q_0|^2 ≤ ϵ^2/g, (4.3.43) and equation (4.3.11) for q̇ can be introduced into equation (4.3.42) to obtain

|q̇(t)|^2 ≤ ϵ^2. (4.3.44)

Thus the critical point with q_0 = −k is stable, as is well known.

By contrast at the critical point (q_0, p_0) = (k, Λ_0k), μ = g so q_0 is a maximum of F_2. We also note that F_1 is flat in any direction (δq, Λ_0δq) from (k, Λ_0k). Therefore (k, Λ_0k) is not a minimizer of F . While it is well known that the equilibrium q_0 = k is unstable, we do not pursue the instability proof here.

Finally consider a critical point (q_0, p_0) given by (4.3.30) and (4.3.33) for some θ_0 such that 0 ≤ θ_0 < π/2. Using equation (4.3.30) and expressions (4.3.31) and (4.3.32) for the multipliers ω and μ, we can rewrite F_2 as

F_2(q, p) =^1_2 ω^2|q + k cos θ_0|^2 −^1_2 ω^2|k × (q + k cos θ_0)|^2 +^1_2 (μ + g^2/μ) =^1_2 ω^2|k · (q − q_0)|^2 +^1_2 (μ + g^2/μ). (4.3.45)

Thus (q_0, p_0) is a minimizer of F_2 and so also F , which is nonisolated due to the rotational symmetry of F . From equations (4.3.31), (4.3.38) and (4.3.45) one can also obtain the bounds |k · (q − q_0)|^2 ≤ 2[F (q, p) − F (q_0, p_0)]/ω^2 (4.3.46) and | | | | q × (p × q) |q|^2 − ωk × q | | | 2 ≤ 2[F (q, p) − F (q_0, p_0)]. (4.3.47)

Equations (4.3.46) and (4.3.47) together with the expression (4.3.11) for q̇ imply that if |F (q(0), p(0)) − F (q_0, p_0)| <^1_2 ϵ^2, then

|k · (q(t) − q̄(t))|^2 ≤ ϵ^2/ω^2 (4.3.48) and |q̇(t) − ωk × q(t)| ≤ ϵ^2. (4.3.49) Using the inequalities (4.3.46) and (4.3.47) and the constant of motion |q| = 1, one can show that at each time t there exists a translation τ such that

|q(t) − q̄(t + τ)|^2 ≤ C_1ϵ (4.3.50) and |q̇(t) − q̇(t + τ)|^2 ≤ C_2ϵ (4.3.51) for appropriate constants C_1 and C_2. Therefore the solution (q̄, ˙q̄) given by (4.3.34) and (4.3.36) is orbitally stable.

CHAPTER 5

THE PLANAR ELASTICA

5.1 Introduction

In this chapter we employ the impetus-striction method described in Chapter 4 in order to derive an unconstrained Hamiltonian system of partial differential equations whose solutions model the planar, large amplitude, time evolution of an inextensible and unshearable elastic rod. The structure of the chapter is as follows. In section 5.2 we obtain the Hamiltonian formulation based on the rod model in section 2.5. In section 5.3 we present the proof that, for a given state z in an appropriate function space, the minimizer Λ̃(z) of the pre-Hamiltonian M exists and is unique. In section 5.4 we discuss the integrals of the Hamiltonian system, and their relationship to the various symmetries. In section 5.5, the solitary wave profile is characterized as an extremal of an appropriate variational principle. In section 5.6 we prove rigorously that for wave speeds less than a critical value, the solitary wave profile is actually a minimum of the associated variational principle, and discuss the implications of our analysis upon dynamic stability properties of the solitary wave.

5.2 A Hamiltonian Formulation of the Dynamics

The fundamental balance laws (2.5.7) and (2.5.8) can be shown to be equivalent to the form of Hamilton’s Principle (expressed in Lagrangian variables) which requires that the action ∫_{t1}

t_0

L(ϕ, h_t, ϕ_t) ds dt (5.2.1)

be stationary for all t_0 and t_1, amongst all motions satisfying the boundary conditions and the constraint (2.5.6), where L is the Lagrangian

L(ϕ, h_t, ϕ_t) = T (h_t, ϕ_t) − V (ϕ). (5.2.2)

By the Lagrange multiplier rule, Hamilton’s Principle can be rewritten as the requirement that the modified action ∫_{t1} t_0 { L(ϕ, h_t, ϕ_t) − ∫_L −L λ · (r_s − d_3) ds } dt (5.2.3) be stationary for all t_0 and t_1, among all motions satisfying the boundary conditions. These action principles serve as a convenient starting point for our derivation of a Hamiltonian evolutionary system.

Another way to implement the constraint (2.5.6) would be to express the displacement h explicitly in terms of ϕ, by integrating (2.5.6) subject to the initial data and boundary conditions. Then the dynamic variables would be ϕ and ϕ_t only. This approach, taken in [12], leads to a nonlocal Lagrangian formulation of the dynamics. An associated nonlocal Hamiltonian formulation is derived for the finite rod in Appendix B. However with such a formulation we were unable to obtain a well-defined system of equations for the infinite rod. The difficulty lies in determining the multiplier (that is, the force) λ as a function of the state. As described in the Introduction, we will take a different approach to obtain a well-defined local Hamiltonian system, through a novel minimization procedure.

A key feature of our approach is the reformulation of the constraint (2.5.6), by differentiation in time to obtain h_{st} − (d_3)_t = 0. (5.2.4) Since we require the initial conditions to satisfy the constraint (2.5.6), the conditions (2.5.6) and (5.2.4) are equivalent. Equation (5.2.4) can be rewritten, using equation (2.5.4), as h_{st} − ϕ_td_2 = 0. (5.2.5) Now, with the constraint in the form (5.2.5), Hamilton’s Principle can be expressed as the requirement that ∫_{t1}

t_0

L(ϕ, h_t, ϕ_t, Λ) dt (5.2.6) be stationary for all t_0 and t_1, among all motions satisfying the boundary conditions, where L is L(ϕ, h_t, ϕ_t, Λ) ≡ T (h_t, ϕ_t) − V (ϕ) + ∫_L −L Λ · (h_{st} − ϕ_td_2) ds. (5.2.7) We refer to the vector field of Lagrange multipliers Λ associated with the time differentiated constraints as the striction. Notice that in (5.2.7) we have added the constraint term, whereas in (5.2.3), the constraint term is subtracted. This is merely a sign convention that simplifies the interpretation of Λ. The physical significance of the striction will become apparent after we obtain the equations of motion from the variational problem (5.2.6).

The first variation of the kinetic energy term in (5.2.6) is δ ∫_{t1} t_0 ∫_L −L 1 2 { ρ|h_t|^2 + I_1ϕ^2_t } ds dt = ∫_{t1} t_0 ∫_L −L {ρh_t · δh_t + I_1ϕ_tδϕ_t} ds dt = ∫_{t1} t_0 ∫_L −L {−(ρh_t)_t · δh − I_1ϕ_{tt}δϕ} ds dt, (5.2.8) where the second equality is obtained through an integration by parts. Similarly, the first variation of the potential energy term in (5.2.6) is δ ∫_{t1} t_0 ∫_L −L 1 2 K_1ϕ^2_s ds dt = ∫_{t1} t_0 ∫_L −L −K_1ϕ_{ss}δϕ ds dt. (5.2.9) From the expressions (2.5.2) and (2.5.1) for d_2 and d_3, their first variations can be expressed as δd_2 = −δϕd_3 (5.2.10) and δd_3 = δϕd_2. (5.2.11) One obtains the first variation of the constraint term in (5.2.6) using equations (5.2.10) and(5.2.11) together with integrations by parts to yield δ ∫_{t1} t_0 ∫_L −L Λ · (h_{st} − ϕ_td_2) ds dt = ∫_{t1} t_0 ∫_L −L {Λ_{st} · δh + [(d_2 · Λ)_t + (d_3 · Λ)ϕ_t] δϕ} ds dt. (5.2.12)

Combining equations (5.2.8), (5.2.9), and (5.2.12), the total first variation of the Lagrangian is ∫_{t1} t_0 ∫_L −L {−(ρh_t − Λ_s)_t · δh + [−(I_1ϕ_t − d_2 · Λ))_t − K_1ϕ_{ss} + (d_3 · Λ)ϕ_t]δϕ} ds dt. (5.2.13) Stationarity of the Lagrangian implies the Euler-Lagrange equations of motion: (ρh_t − Λ_s)_t = 0, (5.2.14) (I_1ϕ_t − d_2 · Λ)_t = K_1ϕ_{ss} + (d_3 · Λ)ϕ_t. (5.2.15) We are now in a position to interpret the physical meaning of the striction Λ. When the identity (2.5.4), the constraint (2.4.6) and the constitutive relation (2.5.9) are substituted into the Euler-Lagrange equations, equation (5.2.14) can be rewritten as (ρh_t)_t = Λ_{ts} (5.2.16) and equation (5.2.15) as (I_1ϕ_t)_t = m_s + e_3 · (r_s × Λ_t). (5.2.17) Comparison of equations (5.2.16) and (5.2.17) with the equations of motion (2.5.7) and (2.5.8) reveals that (Λ_t − λ)_s = 0 (5.2.18) and r_s × (Λ_t − λ) = 0. (5.2.19)

Equation (5.2.18) implies that (Λ_t − λ) is independent of s, and equation (5.2.19) implies that (Λ_t − λ) is parallel to d_3 for all s. But, as we remarked at the end of Section 2, the tangent vector r_s = d_3 cannot be constant as a function of s. Therefore Λ_t = λ. That is, the striction Λ is a time anti-derivative of the force λ.

In order to obtain a Hamiltonian system, we follow the formulation described in Chapter 2 and define the impetuses g ≡ δL δh_t = ρh_t − Λ_s, (5.2.20) χ ≡ δL δϕ_t = I_1ϕ_t − d_2 · Λ. (5.2.21)

We will refer to the composite variable z ≡ (h, ϕ, g, χ) as the phase of the Hamiltonian system. Note that, because we consider only planar motion, the e_3 components of g and Λ can be set to zero. Equations (5.2.20) and (5.2.21) are easily inverted to express h_t and ϕ_t in terms of the phase z and the striction Λ:

h_t = ρ^{−1}(g + Λ_s) ≡ v(z, Λ), (5.2.22) ϕ_t = I^{−1}_1 (χ + d_2 · Λ) ≡ ω(z, Λ). (5.2.23)

The Legendre transform of the Lagrangian (5.2.2) with respect to (h_t, ϕ_t) produces a function of both z and Λ which we call the pre-Hamiltonian. In our case the Lagrangian (5.2.2) is the difference of the kinetic and potential energies (2.5.10) and (2.5.11), so the Legendre transform is the sum of the kinetic and potential energies, and the pre-Hamiltonian can be written as

M(z, Λ) = ∫_L −L 1 2 { ρ^{−1}|g + Λ_s|^2 + I^{−1}_1 (χ + d_2 · Λ)^2 + K_1ϕ^2_s } ds. (5.2.24)

The problem remains to determine the striction Λ as a function of the phase z, such that the constraint (5.2.5) is satisfied. The important observation is that by choosing the striction such that the pre-Hamiltonian M is minimized, the constraint (5.2.5) is satisfied identically. For if Λ minimizes M for given z, then the first variation of the pre-Hamiltonian (5.2.24) with respect to Λ must vanish identically. Using the expressions (5.2.22) for v and (5.2.23) for ω, together with an integration by parts, we find that the first variation of M with respect to Λ is ⟨ δM δΛ , δΛ⟩ = ∫_L −L { ρ^{−1}(g + Λ_s) · δΛ_s + I^{−1}_1 (χ + d_2 · Λ)(d_2 · δΛ) } ds = ∫_L −L {v · δΛ_s + ωd_2 · δΛ} ds = − ∫_L −L {v_s − ωd_2} · δΛ ds + v · δΛ|^L_{−L}. (5.2.25)

The first variation (5.2.25) vanishes identically if and only if

v_s − ωe_3 × d_3 = ρ^{−1}(g + Λ_s)_s − I^{−1}_1 (χ + d_2 · Λ)d_2 = 0, (5.2.26) and v = ρ^{−1}(g + Λ_s) = 0 at s = ±L. (5.2.27) Referring again to equations (5.2.22) and (5.2.23), we see that equation (5.2.26) is precisely the constraint (5.2.5), expressed in terms of the phase z. Thus the constraint (5.2.5) is satisfied identically. Because the initial data satisfy the inextensibility condition (2.5.6), we further conclude that (2.5.6) is satisfied for all times t ≥ 0.

To justify the above calculations it is necessary to show that, for any given state z in an appropriate set of functions Z, there exists a unique minimizer Λ̃(z). The proof of existence and uniqueness of this minimizer for the case of the infinite rod appears in section 5.3. The proof for the finite rod is much easier.

Given the striction as a function of the state z, we can define the Hamiltonian

H(z) ≡ min Λ M(z, Λ) = M(z, Λ̃(z)), (5.2.28)

which we can rewrite, using the expression (5.2.24) for M, as

H(z) = ∫_L −L 1 2 { ρ^{−1}|g + Λ̃_s(z)|^2 + I^{−1}_1 [χ + d_2 · Λ̃(z)]^2 + K_1ϕ^2_s } ds, (5.2.29)

where Λ̃(z) is the unique solution of (5.2.26). We can now define the Hamiltonian evolution equations for the rod dynamics

h_t = δ_gH = ρ^{−1}[g + Λ̃_s(z)], (5.2.30) ϕ_t = δ_χH = I^{−1}_1 [ χ + d_2 · Λ̃(z) ] , (5.2.31) g_t = −δ_hH = 0, (5.2.32) χ_t = −δϕH = I^{−1}_1 [ χ + d_2 · Λ̃(z) ] [d_3 · Λ̃(z)] + K_1ϕ_{ss}. (5.2.33)

As was remarked in the introduction, because Λ̃(z) minimizes M, the partial derivatives of H(z) and M(z, Λ) with respect to the phase variable z coincide. This observation simplifies the calculation of the partial derivatives of H appearing in equations (5.2.30) - (5.2.33). It is a straightforward calculation to show that equations (5.2.30) and (5.2.31) are equivalent to equations (5.2.22) and (5.2.23) by which h_t and ϕ_t were expressed in terms of the state z, while equations (5.2.32) and (5.2.33) are equivalent to the Euler-Lagrange equations (5.2.14) and (5.2.15).

The Hamiltonian system can be rewritten more compactly as

z_t = J δH δz (5.2.34) where J is the standard 8-by-8 skew-symmetric matrix J = ( 0 1 −1 0 ) , (5.2.35)

where 0 is the 4-by-4 zero matrix, and 1 is the 4-by-4 identity matrix.

To solve the Hamiltonian system (5.2.34) starting from given initial rod displacement and velocity fields, we must specify the initial conditions for the impetuses g and χ. Because the striction Λ is a well-defined function of z, it is clear from equations (5.2.22) and (5.2.23) that given a phase z = (h, ϕ, g, χ) as a function of s, the corresponding displacement and velocity fields (h, ϕ, h_t, ϕ_t) are uniquely determined.

However, the converse is not true. Given fields (h, ϕ, h_t, ϕ_t), if z = (h, ϕ, g, χ) satisfies equations (5.2.22) and (5.2.23), then for any absolutely continuous function Λ^∗ of s alone, the phase of the form z^∗ ≡ (h, ϕ, g − Λ^∗_s, χ − d_2 · Λ^∗) (5.2.36) also satisfies equations (5.2.22) and (5.2.23). The minimizer of M corresponding to the phase z^∗ is then Λ̃(z^∗) = Λ̃(z) + Λ^∗. (5.2.37)

and H(z^∗) = H(z). This feature of our model stands in direct analogy with the partial unobservability of the impetuses and strictions that we observed in Chapter 4.

Moreover, suppose z(s, t) is a solution of the Hamiltonian system (5.2.34) whose initial data z(s, 0) correspond, via equations (5.2.22) and (5.2.23), to the initial data for (h, ϕ, h_t, ϕ_t). Then z^∗(s, t) is also a solution of (5.2.34) whose initial data correspond to the initial data for (h, ϕ, h_t, ϕ_t). Since it is the state (h, ϕ, h_t, ϕ_t) that we observe, the motions z(s, t) and z^∗(s, t) are indistinguishable. We therefore say that the field Λ is unobservable. Equation (5.2.36) defines a gauge symmetry for this Hamiltonian system, and the arbitrary function Λ^∗(s) is the gauge freedom.

Finally, we note that the dynamics of ϕ and χ in the Hamiltonian system (5.2.30) - (5.2.33) decouple from the dynamics of h. Equation (5.2.32) implies that g is constant in time, so g is fixed by the choice of initial data. In addition, since the pre-Hamiltonian M (5.2.24) is independent of h, the striction Λ̃(z) which minimizes M depends only on ϕ, χ and g. Therefore, the pair of equations (5.2.31) and (5.2.33) form a Hamiltonian evolutionary system in ϕ and χ only, with parameter g. Given ϕ(s, t) and the initial data h(s, 0), the constant of motion

h_s(s, t) − d_3(s, t) + e_1 = h_s(s, 0) − d_3(s, 0) + e_1 = 0 (5.2.38)

can be integrated in s to determine the displacement field h(s, t). (If (5.2.38) takes a nonzero value, then the Hamiltonian system is still well-defined, but the solution h differs from the displacement of the inextensible rod by a function of s determined by the initial data.) Thus for this model of rod dynamics, the variables h and g serve primarily to motivate the derivation of the Hamiltonian dynamics. However, if we were to introduce a position-dependent body force into the model, it would be necessary to retain h and g as dynamic variables.

The decoupling just described is precisely analogous to the case of ignorable coordinates in finite dimensional systems. The Hamiltonian obtained by fixing g is then referred to as the Routhian. For such a reduced Hamiltonian system, different values of the variable conjugate to the ignorable coordinate generally lead to different time evolutions of the system. However for our model, the choice of g simply specifies the initial value of the striction, and as we have noted it does not affect the time evolution. Moreover, the specification of g for the reduced system eliminates the gauge freedom which arises in the full Hamiltonian system.

5.3 Existence and Uniqueness of the Striction

In this section we prove that, for a fixed state z = (h, ϕ, g, χ) in an appropriate set of functions, there exists a unique striction Λ that minimizes the pre-Hamiltonian

M(z, Λ) = ∫_∞ −∞ 1 2 { ρ^{−1}|g + Λ^′|^2 + I^{−1}_1 (χ + d_2 · Λ)^2 + K_1ϕ^{′2} } ds. (5.3.1)

The proof is somewhat technical, and may be omitted without breaking the chain of reasoning in this chapter. The essence of the proof is in the following theorem: Theorem 5.1. Let g and χ be functions in L^2(R), and let ϕ be an absolutely continuous, nonconstant function on R. Define the functional T (ϕ, g, χ, Λ) = ∫_∞ −∞ 1 2 { ρ^{−1}|g + Λ^′|^2 + I^{−1}_1 (χ + n · Λ)^2 } ds, (5.3.2)

where n = (− sin(ϕ), cos(ϕ)). Then there exists a unique function Λ̃(ϕ, g, χ) that minimizes T . The minimizer Λ̃(ϕ, g, χ) is absolutely continuous as a function of s, with Λ̃^′ and n · Λ̃ in L^2(R).

Before proving Theorem 5.1, we remark that for ϕ fixed, the potential energy term is constant and so any minimizer Λ of T also minimizes M. Also we must be able to define the striction for functions g and χ not in L^2(R), as occurs for the solitary wave. We can achieve this generalization using the gauge symmetry of M. For if

g = −(Λ^∗)^′ + g^∗, (5.3.3) and χ = −n · Λ^∗ + χ^∗, (5.3.4) where g^∗ and χ^∗ are in L^2(R), and Λ^∗ is an absolutely continuous function, then Theorem 5.1 implies M has the unique minimizer Λ̃(ϕ, g, χ) = Λ^∗ + Λ̃(ϕ, g^∗, χ^∗). Finally if ϕ is constant, the proof of Theorem 5.1 can still be used to show the existence of a minimizer Λ̃, but the minimizer is only unique up to an additive constant in the direction t = (cos ϕ, sin ϕ).

Proof of Theorem 5.1: In this proof we take z to be fixed, and suppress the dependence of T upon z. Because T (Λ) is bounded below by zero, and is finite for Λ = 0, there exists a minimizing sequence {Λ^j } such that

u^j (s) ≡ g(s) + (Λ^j)^′(s) (5.3.5)

converges weakly in L^2(R), and

v^j (s) ≡ χ(s) + d_2(s) · Λ^j (s) (5.3.6)

converges weakly in L^2(R). We can use equation (5.3.5) to express Λ^j as

Λ^j (s) = Λ^j (0) − ∫_s 0 g(σ) dσ + w^j (s), (5.3.7)

where w^j(s) ≡ ∫_s 0 u^j(σ) dσ. (5.3.8)

We will prove that there exists a subsequence of {Λ^j } that converges uniformly on bounded sets to a continuous function Λ. In order to do this, we first prove that {w^j} has a convergent subsequence, and then go to the subsequence to show that {Λ^j (0)} converges.

We use the Arzelà-Ascoli Lemma together with a diagonalization argument to show that {w^j} has a convergent subsequence. The proof is as follows. The sequence {u^j } converges weakly in L^2(R), which implies that the sequence {‖u^j‖} is bounded by some K. Therefore {w^j } is equicontinuous because

|w^j(s_2) − w^j(s_1)| = | ∫_s 0 u^j (σ) dσ| ≤ ‖u^j ‖ √ |s_2 − s_1| ≤ K √ |s_2 − s_1|. (5.3.9)

Similarly, on each interval [−N, N], the functions {w^j} are uniformly bounded because |w^j(s)| ≤ K √ |s| ≤ K √ N. (5.3.10)

It follows by the Arzelà-Ascoli Lemma that the sequence {w^j } has a subsequence, which we denote by {w^j_N }, that converges uniformly on the interval [−N, N] to a continuous function w_N . We can repeat the above argument to show that, on the interval [−2N, 2N], the sequence {w^j_N } has a subsequence {w^j_{2N} } that converges to a continuous function w_{2N} . Moreover, by construction, w_{2N} = w_N on [−N, N]. Proceeding inductively, we can apply a diagonalization argument to show that there is a subsequence of {w^j } that converges uniformly on bounded sets to a continuous function w on the whole real line. For simplicity of notation, we will denote the subsequence by {w^j }.

To show that {Λ^j(0)} converges, it is essential that there are two points s_k, for k = 1 and 2 such that the vectors {d_3(s_k)} and so also {d_2(s_k)} are linearly independent. This fact was demonstrated at the end of section 2. We can therefore choose smooth scalar functions {η^k} such that η^k has compact support on a neighborhood of s_k, and the vectors

b^k ≡ ∫_∞ −∞ η^k(s)d_2(s) ds (5.3.11)

are linearly independent. Because the vectors {b^k} are linearly independent, to prove that the sequence {Λ^j (0)} converges it is sufficient to prove that the sequences {Λ^j(0) · b^k} converge for k = 1 and 2. From the definition of b^k (5.3.11),

Λ^j (0) · b^k = Λ^j (0) · ∫_∞ −∞ η^k(s)d_2(s) ds = ∫_∞ −∞ η^k(s)d_2 · Λ^j(0) ds. (5.3.12)

We can use equations (5.3.6), (5.3.7) and (5.3.8) to rewrite the integrand in this last equation using

d_2 · Λ^j (0) = d_2 · Λ^j − d_2 · w^j + d_2 · ∫_s 0 g(σ) dσ = v^j − d_2 · w^j + d_2 · ∫_s 0 g(σ) dσ − χ. (5.3.13)

Equations (5.3.12) and (5.3.13) can then be combined to rewrite Λ^j (0) · b^k as

Λ^j(0) · b^k = ∫_∞ −∞ η^k(s)v^j (s) ds − ∫_∞ −∞ η^k(s)d_2 · w^j(s) ds + ∫_∞ −∞ η^k(s)d_2 · ∫_s 0 g(σ) dσ ds − ∫_∞ −∞ η^k(s)χ(s) ds. (5.3.14)

The first integral in equation (5.3.14) converges because {v^j } converges weakly in L^2(R). The second integral in (5.3.14) converges to ∫_∞ −∞ η^kd_2 ·w, because η^k has compact support.

The third and fourth integrals in (5.3.14) are constant. Therefore {Λ^j (0) · b^k} converges, and {Λ^j(0)} converges. The proof of the existence of a minimizer Λ for T (Λ) is complete.

The uniqueness of the minimizer Λ is a consequence of the positivity of the second variation of T with respect to Λ. The second variation is ⟨δΛ, δ^2T δΛ^2 δΛ⟩ =^1_2 ∫_∞ −∞ { ρ^{−1}|δΛ^′|^2 + I^{−1}_1 |d_2 · δΛ|^2 } ds. (5.3.15) If ⟨δΛ, δ^2T δΛ^2 δΛ⟩ = 0, (5.3.16) then δΛ^′ = 0 and d_2 ·δΛ = 0. The first of these conditions implies that δΛ is constant, while the second implies that δΛ and d_2 are orthogonal. These two conditions are inconsistent for δΛ ≠ 0, because d_2 is not constant. Thus the second variation of M with respect to Λ is positive.

Now suppose Λ^1 and Λ^2 both minimize T . The kinetic energy T is quadratic and so convex in Λ, and so all the points on the line between Λ^1 and Λ^2 are also minimizers. This implies ⟨T (Λ^1 + τ(Λ^2 − Λ^1)), δΛ⟩ = 0 (5.3.17) for all τ ∈ [0, 1]. But then if we differentiate the first variation (5.3.17) with respect to τ and set δΛ = Λ^2 − Λ^1, we obtain equation (5.3.16) which implies that Λ^2 − Λ^1 = 0. Therefore the minimizer of M is unique.

Finally we remark that standard arguments imply that the minimizer Λ satisfies the differential equation (5.2.26) in the sense of distributions on R. □

5.4 Hamiltonian Form of the Conservation Laws

Henceforth we shall restrict our attention to the motion of an infinite rod, letting L → ∞ in H (5.2.29). The Hamiltonian H appearing in the dynamical system that describes the motion of the rod is autonomous, and accordingly is an invariant of motion. The dynamical system for the infinite rod is also invariant under the additional symmetry of translation in the arc-length s, so by Noether’s Theorem one expects an associated, additional invariant of motion. As is section 4.3 we follow the framework described in [52] (Theorem 4.29) and recognize that the infinitesimal generator of translational symmetry is ∂_s, so that we must seek a functional I(z) satisfying z_s = J δI δz (5.4.1) where J is the 8-by-8 matrix defined in (5.2.35), or equivalently

δ_hI(z) = −g_s, (5.4.2) δϕI(z) = −χ_s, (5.4.3) δ_gI(z) = h_s, (5.4.4) δ_χI(z) = ϕ_s. (5.4.5)

The functional I(z) ≡ ∫_∞ −∞ {g(s) · h_s(s) + χ(s) · ϕ_s(s)} ds (5.4.6) satisfies these conditions, and it is straightforward to verify directly that I is indeed timeinvariant under the dynamics (5.2.30) and (5.2.31). By analogy with the work of Benjamin [11], we call I the linear impulse.

The linear impulse can of course be rewritten in the original Lagrangian variables. From equations (5.2.20) and (5.2.21) for g and χ, I = ∫_∞ −∞ {(ρh_t − Λ_s) · h_s + [I_1ϕ_t − d_2 · Λ]ϕ_s} ds = ∫_∞ −∞ {ρh_t · h_s + I_1ϕ_t · ϕ_s + Λ · (h_{ss} − ϕ_sd_2)} ds, (5.4.7)

where the second equality is obtained through an integration by parts and manipulation of the scalar triple product. The integral of motion (2.5.6) implies

h_{ss} − ϕ_sd_2 = 0, (5.4.8)

so the linear impulse can be rewritten as I = ∫_∞ −∞ {ρh_t · h_s + I_1ϕ_t · ϕ_s} ds. (5.4.9)

The expression (5.4.9) is the particular manifestation of the linear impulse for a planar inextensible, unshearable rod with linear bending law (2.5.9). It was shown in Chapter 3 that the linear impulse satisfies a conservation law for the motion of any uniform, hyperelastic rod, irrespective of the constraint (2.5.6).

For the reduced Hamiltonian system governing ϕ and χ only, the Hamiltonian (5.2.29) remains translation-invariant in the arc-length s, provided that the parameter g is chosen to be constant in s as well as in t. In this case, the linear impulse associated with the reduced system is I_{red}(ϕ, χ) ≡ ∫_∞ −∞ χ(s) · ϕ_s(s) ds. (5.4.10) As a consequence of the gauge freedom in the Hamiltonian system, it is always possible to choose g to be constant. Subject to the boundary conditions on h, the linear impulses in the unreduced and reduced systems then differ by a constant,

I − I_{red} = g · ∫_∞ −∞ h_s(s) ds = 4ag · e_1. (5.4.11)

The inextensibility condition (2.5.6) for our model also implies an infinite number of invariants of motion for the Hamiltonian system (5.2.34), one for each value of s. One would expect these invariants to be associated with symmetries of the Hamiltonian system, and this is in fact the case. As was noted in the last section, the Hamiltonian system has a gauge symmetry given by equation (5.2.36), which is parametrized by the gauge freedom Λ^∗, with the infinitesimal generator (0, 0, Λ^∗_s, d_2 · Λ^∗). Each symmetry generator γ(Λ^∗) is related to the invariant

C(z, Λ^∗) ≡ ∫_∞ −∞ Λ^∗(s) · [h_s(s, t) − d_3(s, t) + e_1] ds (5.4.12) through the formula (0, 0, Λ^∗_s, d_2 · Λ^∗) = J δC δz . (5.4.13)

The inextensibility condition (2.5.6) is equivalent to the requirement that (5.4.12) be timeinvariant for all Λ^∗.

Finally we note that ∫_∞ −∞ [1 − cos ϕ(s)] ds = 4a (5.4.14)

and ∫_∞ −∞ sin ϕ(s) ds = 0 (5.4.15)

are also invariants of motion. This fact is demonstrated by integrating the inextensibility condition (5.2.5) (which has the form of a conservation law, (h_t)_s = (d_3 − e_1)_t) and noting that the integrals (5.4.14) and (5.4.15) correspond to the e_1 and e_2 components of ∫_∞ −∞{d_3 − e_1} ds. The values of the integrals are then determined by the boundary conditions (2.5.14) and (2.5.16) on h. Moreover, (5.4.14) and (5.4.15) are invariants of motion for the reduced Hamiltonian system, as can be shown using equations (2.5.4), (5.2.31) and (5.2.26): d dt ∫_∞ −∞ {d_3 − e_1} ds = ∫_∞ −∞ ϕ_td_2 ds = ∫_∞ −∞ I^{−1}_1 [χ − d_2 · Λ]d_2 ds = ∫_∞ −∞ ρ^{−1}(g + Λ_s)_s ds = ρ^{−1}(g + Λ_s)|^∞_{−∞} = 0. (5.4.16)

5.5 A Variational Characterization of Solitary Wave Profiles

In this section we show that a solitary wave profile can be characterized as a critical point of the invariant F (z) ≡ H(z) + cI(z), (5.5.1)

over the set of functions z specified in section 5.3. We remark that in the reduced system in which g is chosen to be a specified constant independent of both s and t, a solitary wave profile can be similarly characterized as an extremal of the variational principle in which F is replaced by F_{red}(ϕ, χ) ≡ H(ϕ, χ) + cI_{red}(ϕ, χ). (5.5.2)

In Section 7 we will prove rigorously that when the wave speed c satisfies the bound K_1 − c^2I_1 > 0, the solitary wave profile actually realizes a minimum of F_{red}. Implications of this fact upon the stability properties will also be discussed.

A travelling wave motion of the rod is given by a solution of (5.2.34) of the form

z(s, t) = z̄(ξ), (5.5.3)

where ξ = s − ct, and c is the wave speed. We refer to the function z̄ in equation (5.5.3) as the travelling wave profile. For a function f of ξ, ∂_sf(ξ) = f^′(ξ) and ∂_tf(ξ) = −cf^′(ξ), where^′ denotes a derivative with respect to ξ. Our notion of a solitary wave is a travelling wave where the cartesian coordinates x, y rapidly approach the x axis as |s| → ±∞. (Cf. Figure 1.)

We first show that a solitary wave z(s, t) = z̄(s − ct) is a motion of the Hamiltonian system (5.2.34) if and only if z̄ is an extremal of F . If z(s, t) = z̄(s − ct) is a solitary wave motion, then z_t + cz_s = 0. (5.5.4)

Substitution of the Hamiltonian system (5.2.34) and the characterization (5.4.1) of the linear impulse I into (5.5.4) produces δH δz (z̄) + c δI δz (z̄) = δF δz (z̄) = 0. (5.5.5)

That is, the profile z̄ of any solitary wave motion of the Hamiltonian system (5.2.34) is an extremal of F . By the same reasoning, if z̄ is an extremal of F , then the function z(s, t) = z̄(s − ct) is a solitary wave motion of the Hamiltonian system (5.2.34).

One can in fact derive explicit formulæ for the solitary wave profiles. A linear combination of the first variations of H given by (5.2.30) - (5.2.33) and of I given by (5.4.2) - (5.4.5) yields the conditions for an extremal of F ,

0 = δ_hF = −cḡ^′, (5.5.6) 0 = δϕF = −I^{−1}_1 [ χ̄ + d̄_2 · Λ̄ ] [d̄_3 · Λ̄] − K_1ϕ̄^{′′} − cχ̄^′, (5.5.7) 0 = δ_gF = ρ^{−1}(ḡ + Λ̄^′) + ch̄^′, (5.5.8) 0 = δ_χF = I^{−1}_1 [ χ̄ + d̄_2 · Λ̄ ] + cϕ̄^′, (5.5.9)

in which Λ̄ denotes Λ̃(z̄).

First note that an appropriate linear combination of equations (5.5.8), (5.5.9) and (5.2.26) implies that (¯ h^′ − d̄_3 )_′ = 0. (5.5.10)

Integration of equation (5.5.10) and application of the boundary conditions (2.5.19) and (2.5.20) then further implies that h̄^′ = d̄_3 − e_1. (5.5.11)

Thus a solution of equations (5.5.6) - (5.5.9), subject to the specified boundary conditions, must satisfy the inextensibility condition (2.5.6). By integration of (5.5.11), subject to boundary condition (2.5.16), we further obtain ∫_∞ −∞ { 1 − cos ϕ̄(s) } ds = 4a. (5.5.12) To solve equations (5.5.6) - (5.5.9) explicitly, we first solve (5.5.9) for χ̄ : χ̄ = −cI_1ϕ^′ − d̄_2 · Λ̄. (5.5.13) When (5.5.13) together with its time derivative are inserted into equation (5.5.7) and the result is simplified, one obtains (K_1 − c^2I_1)ϕ̄^{′′} = cd̄_2 · Λ̄^′. (5.5.14) In order to rewrite equation (5.5.14) explicitly in terms of ϕ̄, we use equation (5.5.8) for Λ̄^′ and the inextensibility condition (5.5.11) to write Λ̄^′ = −ḡ − cρh̄^′ = −ḡ − cρ (d̄_3 − e_1) . (5.5.15) By equation (5.5.6), ḡ is constant. Equation (5.5.15) together with the inextensibility condition (2.5.6) and the definition (2.5.2) of d̄_2 can then be used to rewrite equation (5.5.14) as a second-order, constant-coefficient ordinary differential equation for ϕ̄, (K_1 − c^2I_1)ϕ̄^{′′} = −cḡ · e_2 cos ϕ̄ + (cḡ · e_1 − c^2ρ) sin ϕ̄. (5.5.16) Boundary conditions on the angle ϕ̄ require that ϕ̄^{′′}(ξ) → 0, cos ϕ̄(ξ) → 1 and sin ϕ̄(ξ) → 0 as ξ → ±∞, from which we infer by equation (5.5.16) that ḡ · e_2 = 0, (5.5.17) or ḡ = ḡe_1, (5.5.18) and so (5.5.16) can be rewritten as (K_1 − c^2I_1)ϕ̄^{′′} = (cḡ_1 − c^2ρ) sin ϕ̄. (5.5.19) Notice that (5.5.19) has the same form as the equation for equilibria of the rod. The first integral of (5.5.19) is 1 2 (K_1 − c^2I_1)ϕ̄^′(ξ)^2 = (cḡ_1 − c^2ρ)[1 − cos ϕ̄(ξ)]. (5.5.20)

Integration of (5.5.20) over the entire rod yields 1 2 (K_1 − c^2I_1) ∫_∞ −∞ ϕ̄^′(ξ)2 dξ = 4(cḡ_1 − c2ρ)a, (5.5.21)

where we have used the integral condition (5.5.12). Equation (5.5.21) implies that (K_1 − c^2I_1) and (cḡ_1 − c^2ρ) have the same sign. Thus, equation (5.5.19) also describes the motion of an inverted pendulum.

A special case arises when K_1 − c^2I_1 = 0, so that c = ±c_1 where c_1 ≡ √ K_1/I_1. (The critical speed c_1 is the propagation speed for an infinitesimal wave in the linearization of the equations of motion about the zero solution.) When K_1 − c^2I_1 = 0, (5.5.21) implies that (cḡ_1 − c^2ρ) = 0 for a ≠ 0. Therefore from (5.5.19), it is apparent that when K_1 − c^2I_1 = 0, any function ϕ̄ satisfying the specified constraints is a travelling wave profile. This degenerate behavior of our nonlinear system is directly analogous to the degenerate behavior of the linear wave equation. Henceforth we shall assume K_1 − c^2I_1 ≠ 0.

We seek a solitary wave profile such that ϕ̄ is monotonically increasing from 0 to 2π as ξ goes from −∞ to ∞. The existence of this separatrix solution to the pendulum equation follows immediately from a simple phase plane analysis. (Such a function ϕ̄ is called a bore in the context of water waves, and a kink or topological soliton in the context of field theory.) Only ḡ_1 in (5.5.19) remains to be determined. By solving (5.5.20) for ϕ̄^′, the integral in (5.5.12) can be computed in a second way, as ∫_{2π} 0 [1 − cos ϕ̄(u)] ϕ̄^′ d ϕ̄ = √ K_1 − c^2I_1 2(cḡ_1 − c^2ρ) ∫_{2π} 0 √ 1 − cos ϕ̄ dϕ̄ = 4 √ K_1 − c^2I_1 2(cḡ_1 − c^2ρ)

. (5.5.22)

Equations (5.5.17), (5.5.12) and (5.5.22) together can be solved to obtain an explicit formula for ḡ, namely ḡ = ḡ_1e_1 = [ (K_1 − c^2I_1) a^2c + cρ ] e_1. (5.5.23)

Therefore, a solitary wave profile is governed by the ordinary differential equation

ϕ̄^{′′}(ξ) = 1 a^2 sin ϕ̄(ξ) (5.5.24)

and its first integral 1 2 ϕ̄^′(ξ)2 =^1_{a2} [1 − cos ϕ̄(ξ)], (5.5.25)

which may be rewritten as 1 2 ϕ̄^′(ξ) =^1_a sin

[_1 2 ϕ̄(ξ) ] . (5.5.26)

An important consequence of (5.5.24) is that, for fixed a, all solitary waves share the same profile for ϕ̄. The explicit formulæ for the angular profile for the solitary wave,

ϕ̄(ξ) = 4 arctan [ exp ( ξ a )] , (5.5.27) sin [_1 2 ϕ̄(ξ) ] = sech ( ξ a ) , (5.5.28) cos [_1 2 ϕ̄(ξ) ] = − tanh ( ξ a ) , (5.5.29)

sin ϕ̄(ξ) = −2 sech ( ξ a ) tanh ( ξ a ) , (5.5.30)

1 − cos ϕ̄(ξ) = 2 sech^2 ( ξ a ) , (5.5.31)

ϕ̄^′(ξ) = 2 a sech ( ξ a ) , (5.5.32)

were known to Euler and can be found, for example, in [13]. The above formulæ are valid up to translation in ξ. The directors are determined by equations (5.5.30) and (5.5.31):

d̄_1(ξ) = −e_3, (5.5.33)

d̄_2(ξ) = 2 sech ( ξ a ) tanh ( ξ a ) e_1 + [ 1 − 2 sech^2 ( ξ a )] e_2, (5.5.34) and d̄_3(ξ) = [ 1 − 2 sech^2 ( ξ a )] e_1 − 2 sech ( ξ a ) tanh ( ξ a ) e_2. (5.5.35)

Equation (5.5.35), together with the inextensibility condition (2.5.6) and the boundary conditions (2.5.14) and (2.5.17), allow us to determine the displacement profile:

h̄(ξ) = −2a tanh ( ξ a ) e_1 + 2a sech ( ξ a ) e_2

= −2a tanh ( ξ a ) d̄_3(ξ) − 2a sech ( ξ a ) d̄_2(ξ). (5.5.36)

We note for future reference that equations (5.5.32) and (5.5.36) together imply

ȳ(s) = h̄_2(s) = a^2ϕ̄^′(s). (5.5.37)

Remarkably, as the solitary wave evolves, a material point traces out a semicircle, since

[e_1 · h̄(ξ)]^2 + [e_2 · h̄(ξ)]^2 = 4a^2 (5.5.38)

as is pointed out in [13] and [19]. The profile of the linear impetus has already been given in equation (5.5.23). In order to determine the profile of the angular impetus, we must integrate equation (5.5.15) and insert the expressions for ḡ_1 (5.5.23) and h̄ (5.5.36) to determine the striction

Λ̄(ξ) = −ḡ_1e_1ξ − cρh̄(ξ) + Λ̄^∗, = { −ḡ_1ξ + 2cρa tanh ( ξ a )} e_1 − 2cρa sech ( ξ a ) e_2 + Λ̄^∗, (5.5.39) where Λ̄^∗ is an undetermined constant. Note that the striction (5.5.39) grows linearly in ξ. Using equation (5.5.36), the components of the striction along the directors are

Λ̄(ξ) · d̄_2 = ( ḡ_1ξ − Λ̄^∗_1 ) sin ϕ̄(ξ) + 2cρa sech ( ξ a ) (5.5.40) and Λ̄(ξ) · d̄_3 = ( −ḡ_1ξ + Λ̄^∗_1 ) cos ϕ̄(ξ) + 2cρa tanh ( ξ a ) . (5.5.41)

We can also determine the force field λ̄ as the time derivative of the striction Λ̄ through equations (5.5.23) and (5.5.39), together with the fact that h̄ is a travelling wave:

λ̄ = (Λ̄)_t = cḡ + c2ρ[d̄_3 − e_1] = (K^1 − c^2I^1) a^2 e_1 + c^2ρd̄_3. (5.5.42)

Equation (5.5.42) implies that the end loads are constant and equal, and are completely determined by the parameters a and c: λ̄(±∞) = cḡ = [ (K_1 − c^2I_1)

a^2

+ c^2ρ ] e_1. (5.5.43)

We then introduce the expressions (5.5.35) for d̄_3 and (5.5.39) for Λ̄ into equation (5.5.13) for χ̄ and simplify to obtain the profile of the angular impetus, χ̄(ξ) = −2cρa ( 1 + I_1 ρa^2 ) sech ( ξ a ) + 2e_1 · (ḡ_1e_1ξ − Λ̄^∗) sech ( ξ a ) tanh ( ξ a )

+e_2 · Λ̄^∗ [ 1 − 2 sech^2 ( ξ a )] . (5.5.44)

The presence of the two undetermined components of Λ̄^∗ in (5.5.44) reflects the presence of the gauge symmetry (5.2.36) noted in the previous section. However, the gauge freedom described in the previous section is required to be a function of s only, while for a solitary wave motion of z, Λ̄^∗ must be a function of s − ct. For both of these conditions to be satisfied, Λ̄^∗ must be a constant, as we have just shown. If we only required that the observable components of z exhibit a solitary wave motion, then Λ̄^∗ can again be an arbitrary absolutely continuous function of s. But for each observable solitary wave motion, there exists a representative solitary wave motion of the entire phase z. Thus, without loss of generality, we can restrict our attention to solitary wave motions of z.

We have remarked that when g is chosen to be a constant in s, the reduced Hamiltonian system is invariant under translation in the arc-length s. Equation (5.5.23) shows that on a travelling wave in the unreduced system, g must in fact be the constant ḡ. We therefore select g = ḡ for our analysis of solitary waves in the reduced system. Under this assumption, the analysis presented above carries over to show that a solitary wave profile in the reduced Hamiltonian system can be characterized as an extremal of the variational principle

min_( ϕ,χ) F_{red}(ϕ, χ), (5.5.45) where F_{red} is given by (5.5.2).

5.6 Stability Analysis of Solitary Waves

Now suppose that K_1 − c^2I_1 > 0; such waves are called subsonic since the wave speed satisfies |c| < c_1, where c_1 is the critical propagation speed of infinitesimal waves in an undeformed rod. In the remainder of this section we prove that a subsonic solitary wave profile (ϕ̄, χ̄) actually realizes a minimizer of the invariant (5.5.2). Provided that one is able to prove appropriate existence and continuation results, one may deduce the nonlinear, orbital stability of subsonic solitary waves.

We now consider the second variation of the functional F_{red}. Because F_{red} is invariant under translation in s, minimizers cannot be isolated, so the second variation can at best be positive semidefinite. In order to facilitate the computation of the second variation, we first decompose F_{red} so as to isolate the contributions of g, χ and Λ̃ as much as possible. We are thus able to focus our attention on the influence of the configuration ϕ only. The calculations we perform are equivalent to a reformulation of our dynamics in a steadily translating frame, in which the travelling wave is an equilibrium. The explicit form of F_{red}(ϕ, χ) is

F_{red}(ϕ, χ) = ∫_∞ −∞ 1 2 { ρ^{−1}|ḡ + Λ̃^′(ϕ, χ)|^2 + I^{−1}_1 [χ + d_2 · Λ̃(ϕ, χ)]^2 + K_1ϕ^{′2} } ds +c ∫_∞ −∞ χ · ϕ^′ds. (5.6.1) F_{red} can be rewritten by completing the squares and integrating by parts to obtain

F_{red}(ϕ, χ) = F_1(ϕ, χ) + F_2(ϕ), (5.6.2)

where

F_1(ϕ, χ) ≡^1_2 ρ^{−1}‖g_c‖^2 +^1_2 I^{−1}_1 ‖χ_c‖^2, (5.6.3) g_c(ϕ, χ) ≡ ḡ + Λ̃^′(ϕ, χ) + cρ(d_3 − e_1), (5.6.4) χ_c(ϕ, χ) ≡ χ + d_2 · Λ̃(ϕ, χ) + cI_1ϕ^′, (5.6.5) and F_2(ϕ) = ∫_∞ −∞ {_1

2 (K_1 − c^2I_1)ϕ^′(s)^2 −^1_2 c^2ρ|d_3 − e_1|^2 − cḡ · (d_3 − e_1) } ds. (5.6.6)

Because a solitary wave profile (ϕ̄, χ̄) satisfies the extremal conditions (5.5.8) and (5.5.9) and the inextensibility condition (5.5.10), we see that g_c(ϕ̄, χ̄) = 0 and χ_c(ϕ̄, χ̄) = 0. Therefore (ϕ̄, χ̄) minimizes F_1.

We now show that ϕ̄ minimizes F_2. First observe that because (ϕ̄, χ̄) is by definition an extremal of F_{red}, and it was just shown that (ϕ̄, χ̄) is an extremal of F_1, it follows from equation (5.6.2) that ϕ̄ must also be an extremal of F_2. The expression (2.5.1) and (5.5.23) for d_3 and ḡ allow us to rewrite F_2 more simply as

F_2(ϕ) = (K_1 − c^2I_1) ∫_∞ −∞ {_1

2 ϕ^′(s)^2 +^1_{a2} [1 − e_1 · d_3(s)] } ds = (K_1 − c^2I_1) ∫_∞ −∞ {_1

2 ϕ^′(s)^2 +^1_{a2} [1 − cos ϕ(s)] } ds. (5.6.7)

Using the Taylor series expansion of cos ϕ, F_2 can now be expanded, to order ϵ^2 terms, as

F_2(ϕ̄ + ϵδϕ) = F_2(ϕ̄) +^1_2 ϵ^2⟨δϕ, δ^2F_2(ϕ̄) δϕ⟩ + ϵ^3r(δϕ), (5.6.8)

where we have taken ‖δϕ‖_H1 = 1. (Here and in the remainder of this section, ‖ · ‖ denotes the standard L^2(R) norm, and ‖δϕ‖_H1 ≡ (‖δϕ‖^2 + ‖δϕ^′‖^2)^{1/2}). In (5.6.8),

⟨δϕ, δ^2F_2(ϕ̄) δϕ⟩ = (K_1 − c^2I_1) ∫_∞ −∞ { δϕ^′(s)^2 + 1 a^2 cos ϕ̄(s)δϕ(s)^2 } ds, (5.6.9) and r(δϕ) ≡ − (K_1 − c^2I_1) 6a^2 ∫_∞ −∞ sin ϕ̃(s)δϕ(s)^3 ds, (5.6.10)

where ϕ̃(s) = ϕ̄(s) + ϵτ(s)δϕ(s) for some τ(s) ∈ (0, 1). To analyze the second variation, we first perform an integration by parts to obtain

⟨δϕ, δ^2F_2(ϕ̄) δϕ⟩ = (K_1 − c^2I_1) ∫_∞ −∞ δϕ(s) { −δϕ^{′′}(s) + 1 a^2 cos ϕ̄(s)δϕ(s) } ds. (5.6.11)

Now, to determine the definiteness of δ^2F_2(ϕ̄), we consider the eigenvalue problem [P δϕ] (s) ≡ −δϕ^{′′}(s) + 1 a^2 cos ϕ̄(s)δϕ(s) = μδϕ(s). (5.6.12)

Since cos ϕ̄ → 1 exponentially as s → ±∞, we associate with equation (5.6.12) the constant coefficient eigenvalue problem [P_0δϕ] (s) ≡ −δϕ^{′′}(s) + 1 a^2 δϕ(s) = μδϕ(s). (5.6.13) From standard theory (cf. [27]), the linear operator P_0 has continuous spectrum [^1_{a2} , ∞). Moreover, due to the exponential decay of the solitary wave profile ϕ̄, the operator P − P_0 is a relatively compact perturbation of P_0. It follows (cf. [54], p. 113) that P has the same continuous spectrum as P_0, and P has at most a countable set of simple eigenvalues μ_0 < μ_1 < . . . < 1/a^2, with the property that the eigenfunction corresponding to μ_k has k interior zeroes. Differentiation of the ordinary differential equation for the solitary wave (5.5.19) shows that ϕ̄^′ is an eigenfunction corresponding to eigenvalue zero, and ϕ̄^′ has no interior zeroes. Thus μ_0 = 0, and so ∫_∞ −∞ δϕ(s) [ −δϕ^{′′}(s) + 1 a^2 cos ϕ̄(s)δϕ(s) ] ds (5.6.14) is positive semidefinite. Therefore when K_1 − c^2I_1 > 0, the second variation of δ^2F_2(ϕ̄) is positive semidefinite. In fact we can draw a stronger conclusion. The eigenfunction ϕ̄^′ associated with μ_0 = 0 is simple, and corresponds to an infinitesimal translation of the solitary wave profile. Therefore, for any perturbation δϕ that is orthogonal to ϕ̄^′, ⟨δϕ, P δϕ⟩ ≥ μ_1‖δϕ‖^2, (5.6.15) where μ_1 is the first positive eigenvalue of the operator P (5.6.12). Hence when K_1 −c^2I_1 > 0, the second variation of F_2 is positive definite on variations orthogonal to ϕ̄^′, with

⟨δϕ, δ^2F_2(ϕ̄) δϕ⟩ ≥^1_2 (K_1 − c^2I_1)μ_1‖δϕ‖^2. (5.6.16)

Equation (5.6.16) can also be used to bound the second variation of F_2 below with respect to ‖δϕ‖_H1 . From (5.6.12) and (5.6.15), we find that ⟨δϕ, P δϕ⟩ − C‖δϕ‖^2_H1 = (1 − C) ∫_∞ −∞ ⟨δϕ, P δϕ⟩ + C ∫_∞ −∞ [ 1 a^2 cos ϕ̄(s) − 1 ] δϕ(s)^2 ds ≥ [ (1 − C)μ_1 − C ( 1 a^2 + 1 )] ‖δϕ‖^2. (5.6.17)

Thus for C ≡ [ μ_1 + a^{−2} + 1 ]_{−1} , ⟨δϕ, P δϕ⟩ ≥ C‖δϕ‖^2_{H1} , and ⟨δϕ, δ^2F_2(ϕ̄) δϕ⟩ ≥^1_2 (K_1 − c^2I_1)C‖δϕ‖^2_{H1} . (5.6.18)

Moreover, the remainder term r (5.6.10) can be uniformly bounded as |r(δϕ)| ≤ (K_1 − c^2I_1) 6a^2 ‖δϕ‖_L∞ ‖δϕ‖^2. (5.6.19) Through the inequalities ‖δϕ‖ ≤ ‖δϕ‖_H1 and ‖δϕ‖_L∞ ≤ ‖δϕ‖_H1 , the bound (5.6.19) can be rewritten as |r(δϕ)| ≤ (K_1 − c^2I_1) 6a^2

‖δϕ‖^3_H1 . (5.6.20)

The comparison of equations (5.6.18) and (5.6.20) shows that, if ϵ < ϵ_1 ≡^3_2 a^2C, then ϵ^3r(δϕ) is bounded as |ϵ^3r(δϕ)| ≤ 1 4 ϵ^2⟨δϕ, δ^2F_2(ϕ̄) δϕ⟩. (5.6.21)

The combination of equations (5.6.7) and (5.6.21) implies that

F_2(ϕ̄ + ϵδϕ) − F_2(ϕ̄) ≥ 1 4 ϵ^2⟨δϕ, δ^2F_2(ϕ̄) δϕ⟩ ≥ 1 4 ϵ^2(K_1 − c^2I_1)C‖δϕ‖^2_H1 , (5.6.22)

provided that δϕ is orthogonal to ϕ̄^′ and ‖ϵδϕ‖_H1 < ϵ_1.

We can dispense with the restriction that δϕ be orthogonal to ϕ̄^′ by noting that for any function ϕ such that ϕ − ϕ̄ ∈ L^2 there is a translate of ϕ̄, which we denote by T_τ ϕ̄(s) ≡ ϕ(s + τ), such that ϕ − T_τ ϕ̄ is orthogonal to T_τ ϕ̄^′. (This fact is proven by noting that ϕ − ϕ̄ ∈ L^2 implies there is a minimizer τ of ∫_∞ −∞ [ ϕ(s) − ϕ̄(s + τ) ]_2 ds, (5.6.23)

and then observing that at the minimizer, the derivative of (5.6.23) with respect to τ vanishes.) Therefore, provided that ‖ϕ − T_τ ϕ̄‖ < ϵ_1,

F_2(ϕ) − F_2(ϕ̄) = F_2(ϕ) − F_2(T_τ ϕ̄) ≥^1_4 ⟨(ϕ − T_τ ϕ̄), δ^2F_2(T_τ ϕ̄) (ϕ − T_τ ϕ̄)⟩ ≥^1_4 (K_1 − c^2I_1)C‖ϕ − T_τ ϕ̄‖^2_{H1} . (5.6.24)

Thus ϕ̄ is a local minimizer of F_2 amongst all competitors ϕ for which ϕ − ϕ̄ ∈ H^1.

We can now combine (5.6.24) with equations (5.6.2) and (5.6.3) to show that if ‖ϕ − T_τ ϕ̄‖_H1 < ϵ_1 then

ΔF_{red} ≡ F_{red}(ϕ, χ) − F_{red}(ϕ̄, χ̄) ≥^1_2 ρ^{−1}‖P(ϕ, χ)‖^2 +^1_2 I^{−1}_1 ‖Π(ϕ, χ)‖^2 +^1_4 (K_1 − c^2I_1)C‖ϕ − T_τ ϕ̄‖^2_{H1} . (5.6.25)

The inequality (5.6.25) implies several useful error bounds. We first observe that ‖ϕ − T_τ ϕ̄‖_H1 ≤ C_1 √ ΔF_{red} (5.6.26)

where C_1 ≡ 2/ √ (K_1 − c^2I_1)C, and by applying Taylor’s theorem to d_3(ϕ) we further observe that ‖d_3(ϕ) − T_τ d_3(ϕ̄)‖ ≤ √ 2C_1 √ ΔF_{red}. (5.6.27) From (5.6.26) and (5.6.27), the definitions (5.6.4) and (5.6.5) of P and Π, the extremal conditions (5.5.8) and (5.5.9), and the inequality (5.6.25) we then obtain the additional inequalities

‖I^{−1}_1 (χ + d_2 · Λ̃) − T_τ I^{−1}_1 (χ̄ + d̄_2 · Λ̄)‖ ≤ I^{−1}_1 ‖Π‖ + c‖ϕ^′ − T_τ ϕ̄^′‖ ≤ C_2 √ ΔF_{red}, (5.6.28)

where C_2 ≡ √ 2/I_1 + cC_1, and

‖ρ^{−1}(ḡ + Λ̃^′) − T_τ ρ^{−1}(ḡ + Λ̄^′)‖ ≤ ρ^{−1}‖P‖ + √ 2c‖ϕ^′ − T_τ ϕ̄^′‖ ≤ C_3 √ ΔF_{red}, (5.6.29)

where C_3 ≡ √ 2/ρ + √ 2cρC_1. It should be emphasized that the translation τ appearing in these inequalities is determined entirely by the function ϕ.

We summarize this variational analysis in the following theorem.

Theorem 5.2. Assume that c satisfies K_1 −c^2I_1 > 0. Then the planar solitary wave profile z̄ given by equations (5.5.23), (5.5.27), (5.5.36) and (5.5.44) is a nonisolated minimizer of the invariant of motion F_{red} (5.5.2). Moreover any pair of functions (ϕ, χ) such that ‖ϕ − T_τ ϕ̄‖_H1 < ϵ_1 satisfies the inequalities (5.6.25), (5.6.26), (5.6.28) and (5.6.29) .

Provided that we assume an appropriate existence result for the Cauchy problem of the time dynamics, and that the initial data for (ϕ, χ) are near (in the space X ≡ H^1(R) × L^2(R) ) a translate of the solitary wave profile, our minimization result allows us to deduce the nonlinear, orbital stability of the subsonic solitary waves via a Lyapunov-type argument. To obtain such a stability theorem one requires a local existence result, which need not be in the space X, but which should be accompanied by a continuation result with respect to the norm in X. That is, for all initial data within a certain distance in X from a translate of the solitary wave profile, local existence should be proved on a fixed time interval. The time-invariance of the functional F_{red} is then used with (5.6.25) to extend the existence time to infinity.

To prove orbital stability of the planar solitary wave in the function space X we assume that at time t = 0 the pair (ϕ, ϕ_t) is near (ϕ̄, (ϕ̄)_t) so that F_{red}(ϕ, χ) − F_{red}(ϕ̄, χ̄) is small at t = 0. Specifically, assume

ΔF_{red} ≡ F_{red}(ϕ, χ) − F_{red}(ϕ̄, χ̄) ≤ C^2_1 ϵ^2, (5.6.30)

with ϵ < ϵ_1. Because F_{red} is a conserved quantity, equation (5.6.30) holds for all t > 0. It then follows from the inequalities (5.6.30), (5.6.26) and (5.6.28) equation (5.2.23) for ϕ_t that ‖ϕ − T_τ ϕ̄‖_H1 ≤ ϵ (5.6.31) and ‖ϕ_t − T_τ ϕ̄_t‖ ≤ C_2C_1ϵ (5.6.32) for all t > 0. If we further assume that h satisfies the inextensibility condition at time t = 0, then the bounds (5.6.27) and (5.6.29) and equation (5.2.22) of h_t imply

‖h_s − T_τ h̄_s‖ ≤ √ 2ϵ (5.6.33) and ‖h_t − T_τ h̄_t‖ ≤ C_3C_1ϵ, (5.6.34)

5.7 Validity of Assumptions

To conclude this chapter we reflect on the physical appropriateness of our model and the validity of our assumptions of inextensibility and unshearability of an elastic rod for the solitary wave motions we have analyzed. The analysis here is rigorous only for linearly elastic, homogeneous materials, yet even for nonlinearly elastic materials it gives an indication of the ranges of parameter values for which our model provides an accurate approximation.

To address this question we consider a uniform, isotropic rod with linear stress-strain laws for stretching and shearing, for which the axial stress is given by

λ · t = EAv_3, (5.7.1)

and the shear stress is λ · n = GAv_2. (5.7.2) Here A is the cross-sectional area, E is Young modulus, and G is the shear modulus E/[2(1 + ν)], where ν is the Poisson ratio satisfying 0 ≤ ν < 1/2. For simplicity we will take ν = 0.

Equation (5.5.42) yields the forces: λ · t = K_1 − c^2I_1

a^2 cos ϕ + c^2μA, (5.7.3) λ · n = K_1 − c^2I_1

a^2 sin ϕ, (5.7.4)

where μ is the mass/unit volume of the rod. The material constant in our model can be expressed as ρ = μA, K_1 = EI and I_1 = μI, where I is the geometric moment of inertia of the rod cross-section. If we let d be the cross-sectional radius then to order-of-magnitude A ∼ d^2 and I ∼ d^4. Also note that the critical wave speed c_1 = √ K_1/I_1 = √ E/μ. (In steel for example the Young modulus is approximately 2 · 10^{11} N/m^2 and the density is approximately 7850 kg/m^3, so the critical wave speed is c_1 ≈ 5000 m/sec.)

In the above notation

v_3 ∼ ( d a )_2 [ 1 − ( c c_1

)_2]

cos ϕ + ( c c_1

)_2 (5.7.5) and v_2 ∼ 2 ( d a )_2 [ 1 − ( c c_1

)_2] sin ϕ. (5.7.6)

There are three cases to consider.

For subsonic wave speeds c/c_1 << 1, so

max v_3 ∼ ( d a )_2 + ( c c_1

)_2 (5.7.7) and max v_2 ∼ ( d a )_2

. (5.7.8) Thus for low wave speeds in a relatively thin rod (d/a << 1), inextensibility and unshearability both seem to be reasonable approximations.

For near-sonic wave speeds c/c_1 ∼ 1, so

max v_3 ∼ 1, (5.7.9)

(independent of d/a) while max v_2 ∼ 0. (5.7.10) Thus inextensibility is not a reasonable approximation for near-sonic wave speeds, although unshearability remains reasonable.

For supersonic wave speeds c/c_1 >> 1, so

max v_3 ∼ [( d a )_2 + 1 ] ( c c_1

)_2 (5.7.11) and max v_2 ∼ ( d a )_2 ( c c_1

)_2 . (5.7.12) Thus for extremely high wave speeds both inextensibility and unshearability are unreasonable approximations.

It must be remembered that the conclusions we have drawn apply only to a uniform, isotropic rod. By contrast, one can imagine a rod composed of rubber with Kevlar fibers (which are nearly inextensible) along its length and around its perimeter. Such a rod is distinctly anisotropic and could be considered inextensible and unshearable over a much broader range of values for a and c.

There is a second issue to be considered. In our model we have expressed the total energy as E(ϕ, ϕ_t) =^1_2 ∫_∞ −∞ { ρ|r_t(s)|^2 + I_1ϕ_t(s)^2 + K_1ϕ_s(s)^2 } ds, (5.7.13) in which the three terms in the integrand are respectively the densities of the translational kinetic energy, the rotational kinetic energy and the potential energy. We define the dimensionless variables r̄ ≡ r/a (which is on the order of 1 in magnitude), s̄ ≡ s/L and t̄ ≡ t/T , in which L and T are a length scale and a time scale chosen such that r̄_{t̄}, ϕ_{t̄} and ϕ_{s̄} are also on the order of 1 in magnitude. Then the energy expressed in terms of these dimensionless variables behaves as

E(ϕ, ϕ_t) ∼^1_2^{μa4}_{T 2} ∫_∞ −∞ { |r̄¯_t(s)|^2 + (_δ a )_2

ϕ¯_t(s)^2 + (_{c1T} L )_2 (_δ a )_2

ϕ_{s̄}(s)^2 } ds. (5.7.14)

It is clear from equation (5.7.14) that, for a thin rod, the rotational kinetic energy is small compared to the translational kinetic energy. It is common in linearized models of rod dynamics to use this argument to neglect the rotational kinetic energy. (Cf. [41].) For example Beliaev and Il’ichev [7] neglect the rotational kinetic energy in their model of inextensible and unshearable rods. As a consequence, while they obtained exactly the same solitary waves as we do, the stability analysis presented in [7] is much simpler than the stability analysis presented in this dissertation. In spite this fact, we have instead chosen to retain the rotational kinetic energy in our model for two reasons. First, for a solitary wave motion with speed c the rotational kinetic energy is small compared to the potential energy only when c << c_1. Thus the model in [7] is not valid for solitary waves near the sonic wave speed. More importantly, simply because a term appears small does not necessarily imply that it is negligible, as is apparent in a singular perturbation analysis. The rotational kinetic energy term may in particular be valuable to the proof of existence of solutions for inextensible rod dynamics, which neither this dissertation nor [7] presents. Caflisch and Maddocks [12] present an existence proof for dynamics of a finite rod, and their argument depends heavily on the presence of a nonzero rotary inertia. This suggests that the rotational kinetic energy term is at least beneficial, and possibly essential to an existence proof for the dynamics of infinite rods as well.

CHAPTER 6

THE SPATIAL ELASTICA: EULER PARAMETERS

6.1 Introduction

We now extend the previous analysis to obtain a Hamiltonian formulation describing the three-dimensional motion of an inextensible and unshearable rod, represented in terms of Euler parameters. Models of the dynamics of rigid bodies have often been formulated in terms of Euler parameters. (Cf. e.g. [8], [24], [36].) Their use is especially common in modelling the dynamics of rigid spacecraft. (Cf. [29], [32], [33], [61].) In rod dynamics, Simo & Vu-Quoc [59] used Euler parameters to model three-dimensional motion with finite strain. An unconstrained Hamiltonian formulation in terms of Euler parameters has already been developed by Morton [51] to model the dynamics of a rigid body. Motivated in part by Morton’s work, we here apply the impetus-striction formulation to obtain a Hamiltonian formulation of the three-dimensional motion of an inextensible, unshearable rod. We begin in section 6.2 by deriving a Hamiltonian formulation. Then in section 6.3 the invariants of motion and their associated symmetries are presented, some of which were trivial for planar motion. In section 6.4 it is shown that the planar solitary wave profiles are extrema of an invariant of motion F that is a natural spatial generalization of that given in section 5.5. Finally in section 6.5 we consider the second variation of F with respect to admissible variations, i.e. those variations that preserve the invariants of motion. It is shown that for wave speeds less than a certain critical value c̄, δ^2F_{red} has exactly one negative eigenvalue in the space of admissible variations. We conclude by extending the result of our analysis of an isotropic rod to two related rod problems.

6.2 Hamiltonian Formulation Using Euler Parameters

In this section we obtain a Hamiltonian system describing the three-dimensional motion of an inextensible rod in terms of Euler parameters.

For the three-dimensional dynamics the time derivative of the inextensibility constraint is h_{st} = (d_3)_t = D_3[β]^T β_t (6.2.1) where the matrix D_3[β] is defined in equation (2.6.2.21). In addition to the inextensibility constraint, when employing Euler parameters we must also enforce the time derivative of the constraint (2.6.2.1), namely β · β_t = 0. (6.2.2) Therefore the Lagrangian we consider is L = T (h, ω) − V (u) + ∫_L −L {Λ · (h_{st} − ω × d_3) + κβ · β_t} ds = ∫_L −L {_1 2 ρ|h_t|^2 +^2_|β_{|4} β_t · B[β]^T I B[β]β_t −^2_|β_{|4} β_s · B[β]^T K B[β]β_s } ds + ∫_L −L { Λ · ( h_{st} − D_3[β]^T β_t ) + κβ · β_t } ds (6.2.3)

where the kinetic energy T is given by equation (2.6.2.76) and the potential energy V is given by equation (2.6.2.77). Proceeding as before, we define the impetuses g ≡ δL δh_t = ρh_t − Λ_s (6.2.4) and γ ≡ δL δβ_t = 4 |β|^4 B[β]^T I B[β]β_t − D_3[β]Λ + κβ. (6.2.5) The inverse of equation (6.2.4) is

h_t = ρ^{−1}(g + Λ_s). (6.2.6)

In contrast with the previous formulations, the presence of the norm constraint on β presents the problem of determining an additional multiplier κ. There are various ways of proceeding. It is certainly possible to determine κ using an impetus-striction formulation. However there is a complication because the kinetic energy as it is currently formulated is not strictly convex in β_t. One way around this difficulty is to artificially replace the 3-by-3 matrix I with a 4-by-4 invertible matrix, much as Morton [50] has done in his Hamiltonian formulation of rigid body dynamics. We will avoid this complication and simply solve equations (6.2.2) and (6.2.5) simultaneously for β_t and κ. We first rewrite the pair of equations as ( γ + D_3[β]Λ 0 ) = ( 4B[β]^T I B[β]/|β|^4 β β^T 0 ) ( β_t κ ) . (6.2.7)

The solution of this equation is ( β_t κ ) = (_1 4 B[β]^T I^{−1} B[β] β/|β|^2 β^T /|β|^2 0 ) ( γ + D_3[β]Λ 0 ) , (6.2.8)

which is to say β_t =^1_4 B[β]^T I^{−1} B[β] (γ + D_3[β]Λ) (6.2.9) and κ = β |β|^2 · (γ + D_3[β]Λ) = β · γ |β|^2 , (6.2.10)

where the second equality in (6.2.10) follows from equation (2.6.2.24). By introducing (6.2.10) back into the expression (6.2.5) for γ and rearranging terms, we observe that Π[β]γ = 4 |β|^4 B[β]^T I B[β] β_t − D_3[β]Λ, (6.2.11) where the orthogonal projection operator Π is given by equation (2.6.2.32). Equation (6.2.11) illustrates a symmetry of the Hamiltonian system, whereby any multiple of β may be added to γ without changing the dynamics. In section 6.2 we confirm this symmetry and discuss its consequences.

Using equation (6.2.9) we can express the angular momentum in body coordinates as

π = I ω =^1_2 B[β] (γ + D_3[β]Λ) =^1_2 B[β]γ +^1_2 B[β]D_3[β]Λ̃. (6.2.12)

Using the definition (2.6.2.21) of D_3[β] one can show that the product B[β] D_3[β] has an especially simple form, namely

1 2 B[β] D_3[β] =^1_|β_{|2} −d_2(β)^T d_1(β)^T 0^T

. (6.2.13)

With respect to the observer frame the angular momentum is

π^o = A^T π =^1_2 B^o[β] (γ + D_3[β]Λ) =^1_2 B^o[β]γ + d_3(β) × Λ. (6.2.14)

Equations (6.2.6) and (6.2.9) allow us to formulate the pre-Hamiltonian M(β, g, γ, Λ) = ∫_L −L 1 2 ρ^{−1}|g + Λ_s|^2 ds + ∫_L −L 1 8 B[β](γ + D_3[β]Λ) · I^{−1} B[β](γ + D_3[β]Λ) ds (6.2.15) + ∫_L −L 2 |β|^4 B[β]β_s · K B[β]β_s ds. (6.2.16) In light of equation (6.2.13) we may also express M as M(β, g, γ, Λ) = ∫_L −L 1 2 ρ^{−1}|g + Λ_s|^2 ds + ∫_L −L 1 2 (_1 2 B[β]γ +^1_2 B[β]D_3[β]Λ ) · I^{−1}

(_1 2 B[β]γ +^1_2 B[β]D_3[β]Λ ) ds + ∫_L −L 2B[β]β_s · K B[β]β_s/|β|^4 ds (6.2.17) or M = ∫_L −L 1 2 ρ^{−1}|g + Λ_s|^2 ds + ∫_L −L 1 2 I^{−1}_j

[_1 2 B_jβ · γ + d_j · (d_3 × Λ)

]_2 ds + ∫_L −L 2K_j (B_jβ · β_s)^2/|β|^4 ds. (6.2.18) We require that the striction Λ = Λ̃(z) minimize M for given phase z = (h, β, g, γ), so the striction causes the first variation of M with respect to Λ to vanish. Therefore the striction satisfies 0 = δM δΛ = −ρ^{−1}(g + Λ_s)_s +^1_4 D_3[β]^T B[β]^T I^{−1}B[β](γ + D_3[β]Λ) = −ρ^{−1}(g + Λ_s)_s − I^{−1}_1

(_1 2 B_1β · γ − d_2 · Λ ) d_2 +I^{−1}_2

(_1 2 B_2β · γ + d_1 · Λ ) d_1, (6.2.19)

with the boundary conditions

ρ^{−1}(g + Λ_s) = 0 at s = ±L. (6.2.20)

Here ρ^{−1}(g + Λ_s)_s = h_{st}, (6.2.21)

and from equations (2.6.2.21) and (6.2.9) we see 1 4 D_3[β]^T B[β]^T I^{−1}B[β](γ + D_3[β]Λ) = D_3[β]^T β_t = (d_3)_t , (6.2.22)

so the condition (6.2.19) on the striction is simply an enforcement of the inextensibility constraint −h_{st} + (d_3)_t = 0. (6.2.23)

The proof that the striction Λ̃ exists and is unique in the case of an infinite rod is essentially the same as that presented in section 5.3. (As in the planar case, the proof for the finite rod is much easier.) To show existence we first fix the phase (h, β, g, γ) and define the sequences u^j(s) ≡ g(s) + Λ^j_s(s), (6.2.24)

v^j (s) ≡ γ(s) + D_3[β(s)]Λ^j (s), (6.2.25) and w^j(s) ≡ ∫_s 0 u^j(σ) dσ. (6.2.26)

The arguments in section 5.3 can be used to show that {u^j} and {v^j} converge weakly in L^2, and {w^j } has a convergent subsequence that converges uniformly on bounded sets. If we use equation (6.2.24) to express Λ^j as Λ^j (s) = Λ^j (0) − ∫_s 0 g(σ) dσ + w^j (s), (6.2.27) then it remains only to show that the sequence {Λ^j (0)} converges. We again assume that there exist two points s_k for k = 1 and 2 such that the two vectors {d_3(s_k)} are linearly independent. We can therefore choose smooth scalar functions {η_k} such that η_k has compact support on a neighborhood of s_k, and the vectors t_k ≡ ∫_∞ −∞ η_k(s)d_3(s) ds for k = 1 and 2 (6.2.28) are linearly independent. Equations (6.2.24) - (6.2.27) together with the definition (2.6.2.21) of D_3 can be used to solve for D_3[β]Λ^j (0) and then premultiply by^1_2 |β|^2B^o[β] in order to write

d_3 × Λ^j (0) =^1_2 B^o[β]v^j −^1_2 B^o[β]γ + d_3 × ∫_s 0 g(σ) dσ − d_3 × w^j , (6.2.29) where we have used the identity B^o[β] (B^o[β])^T = |β|^2 1. (6.2.30) If we then multiply equation (6.2.29) by η_k and integrate we obtain t_k × Λ^j(0) = c^j_k for k = 1 and 2, (6.2.31) where c^j_k ≡ ∫_L −L 1 2 η_k(s)B^o[β(s)]v^j(s) ds − ∫_L −L 1 2 η_k(s)B^o[β(s)]γ(s) ds +t_k × ∫_s 0 g(σ) dσ − t_k × w^j . (6.2.32) The linear independence of the vectors t_1 and t_2 implies that the pair of vector equations given by (6.2.31) can be solved for Λ^j(0). For example, the vectors t_1, t_2 and t_3 ≡ t_1 × t_2 form a basis for R^3, with a dual basis we denote by {t^1, t^2, t^3}. We can then express Λ^j(0) as α^j_kt_k, so that equation (6.2.31) is equivalent to the system of scalar equations α^j_1 = −c^j_2 · t^3, (6.2.33) α^j_2 = c^j_1 · t^3, (6.2.34) α^j_3 = −c^j_1 · t^2. (6.2.35)

The argument used in section 5.4 shows that the sequence {c_k} converges. Equations (6.2.33) - (6.2.35) therefore show that the sequence Λ^j (0) converges, so a minimizer of the pre-Hamiltonian M exists. The proof of uniqueness is then essentially as before.

The Hamiltonian then is H(β, g, γ) = ∫_L −L 1 2 ρ^{−1}|g + Λ̃_s|^2 ds + ∫_L −L 1 8 B[β](γ + D_3[β]Λ̃) · I^{−1} B[β](γ + D_3[β]Λ̃) ds (6.2.36) + ∫_L −L 2 |β|^4 B[β]β_s · K B[β]β_s ds, (6.2.37) or H(β, g, γ) = ∫_L −L 1 2 ρ^{−1}|g + Λ̃_s|^2 ds + ∫_L −L 1 2 (_1 2 B[β]γ +^1_2 B[β]D_3[β]Λ̃ ) · I^{−1}

(_1 2 B[β]γ +^1_2 B[β]D_3[β]Λ̃ ) ds + ∫_L −L 2B[β]β_s · K B[β]β_s/|β|^4 ds = ∫_L −L 1 2 ρ^{−1}|g + Λ̃_s|^2 ds + ∫_L −L 1 2 I^{−1}_j

[_1 2 B_jβ · γ + d_j · ( d_3 × Λ̃ )]_2 ds + ∫_L −L 2K_j (B_jβ · β_s)^2/|β|^4 ds. (6.2.38) It follows from equation (6.2.38) that

h_t = δH δg = ρ^{−1}(g + Λ̃_s), (6.2.39)

g_t = − δH δh = 0, (6.2.40) and β_t = δH δγ =^1_4 B[β]^T I^{−1}B[β](γ + D_3Λ̃) =^1_4 I^{−1}_1 (B_1β · γ − 2d_2 · Λ̃)B_1β +^1_4 I^{−1}_2 (B_2β · γ + 2d_1 · Λ̃)B_2β

+^1_4 I^{−1}_3 (B_3β · γ)B_3β, (6.2.41)

as was found in equation (6.2.9).

To obtain an equation for γ_t we first note that the first variation of the kinetic energy with respect to β is δT δβ = −^1_4 I^{−1}_1 (B_1β · γ − 2d_2 · Λ̃)(B_1γ + 2D_2 Λ̃) −^1_4 I^{−1}_2 (B_2β · γ + 2d_1 · Λ̃)(B_2γ − 2D_1 Λ̃) −^1_4 I^{−1}_3 (B_3β · γ)(B_3γ), (6.2.42)

where D_1 and D_2 are given by equations (2.6.2.19) and (2.6.2.20). It will prove convenient to use the explicit forms of D_1 and D_2 to decompose δT/δβ into its components with respect to the basis vectors β, B_1β, B_2β, and B_3β, from which we obtain δT δβ · β =^1_4 I^{−1}_1 (B_1β · γ − 2d_2 · Λ̃)(B_1β · γ) +^1_4 I^{−1}_2 (B_2β · γ + 2d_1 · Λ̃)(B_2β · γ)

+^1_4 I^{−1}_3 (B_3β · γ)(B_3β · γ), (6.2.43) δT δβ · B_1β = −^1_4 I^{−1}_1 (B_1β · γ − 2d_2 · Λ̃)(β · γ + 4d_3 · Λ̃) +^1_4 I^{−1}_2 (B_2β + 2d_1 · Λ̃)(B_3β · γ)

−^1_4 I^{−1}_3 (B_3β · γ)(B_1β · γ), (6.2.44) δT δβ · B_2β = −^1_4 I^{−1}_1 (B_1β · γ − 2d_2 · Λ̃)(B_3β · γ) −^1_4 I^{−1}_2 (B_2β · γ + 2d_1 · Λ̃)(β · γ + 4d_3 · Λ̃) +^1_4 I^{−1}_3 (B_3β · γ)(B_1β · γ), (6.2.45) δT δβ · B_3β =^1_4 I^{−1}_1 (B_1β · γ − 2d_2 · Λ̃)(B_2β · γ + 4d_1 · Λ̃) −^1_4 I^{−1}_2 (B_2β · γ − 2d_1 · Λ̃)(B_1β · γ − 4d_2 · Λ̃) −^1_4 I^{−1}_3 (B_3β · γ)(β · γ). (6.2.46) Through an integration by parts we find the first variation of the potential energy to be δV δβ = − 4 |β|^4 K_j (B_jβ · β_{ss})B_jβ − 8 |β|^4 K_j(B_jβ · β_s)B_jβ_s − 8 |β|^6 (B_jβ · β_s)^2β + 16 |β|^6 K_j(B_jβ · β_s)(β · β_s)B_jβ. (6.2.47) Using the commutation relation (2.6.2.41) to decompose (6.2.47) into components produces δV δβ · β = 0, (6.2.48)

as a consequence of the homogeneity of V in β, and δV δβ · B_1β = − 4 |β|^2 K_1(B_1β · β_{ss}) + 8 |β|^4 (K_2 − K_3)(B_2β · β_s)(B_3β · β_s) + 8 |β|^4 K_1(B_1β · β_s)(β · β_s), (6.2.49) δV δβ · B_2β = − 4 |β|^2 K_2(B_2β · β_{ss}) + 8 |β|^4 (K_3 − K_1)(B_1β · β_s)(B_3β · β_s) + 8 |β|^4 K_2(B_2β · β_s)(β · β_s), (6.2.50) and δV δβ · B_3β = 4 |β|^2 K_3(B_2β · β_{ss}) + 8 |β|^4 (K_1 − K_2)(B_1β · β_s)(B_2β · β_s) − 16 |β|^4 K_3(B_3β · β_s)(β · β_s). (6.2.51) Combining equation (6.2.42) and (6.2.47), the remaining evolution equation for the Hamiltonian system is therefore γ_t = − δH δβ =^1_4 I^{−1}_1 (B_1β · γ − 2d_2 · Λ̃)(B_1γ + 2D_2 Λ̃) +^1_4 I^{−1}_2 (B_2β · γ + 2d_1 · Λ̃)(B_2γ − 2D_1 Λ̃) +^1_4 I^{−1}_3 (B_3β · γ)(B_3γ) + 4 |β|^4 K_j (B_jβ · β_{ss})B_jβ + 8 |β|^4 K_j (B_jβ · β_s)B_jβ_s + 8 |β|^6 K_j (B_jβ · β_s)^2β − 16 |β|^6 K_j (B_jβ · β_s)(β · β_s)B_jβ. (6.2.52)

The Hamiltonian system can be expressed compactly as

z_t = J δH δz , (6.2.53)

in which J is the 14-by-14 skew symmetric matrix given by J = ( 0 1 −1 0 ) , (6.2.54)

where 0 is the 7-by-7 zero matrix, and 1 is the 7-by-7 identity matrix.

6.3 Hamiltonian Form of Conservation Laws

Henceforth in this chapter we assume the rod is infinite and transversely isotropic. In terms of the potential energy (2.6.2.77) this means I_2 = I_1 and K_2 = K_1.

In analogy with the invariant (5.4.12), we again have an infinite set of invariants C(z) ≡ ∫_∞ −∞ Λ^∗(s) · [h_s(s, t) − d_3(s, t) + e_1] ds (6.3.1)

associated with the inextensibility condition. The first variation of C is δC δz = (−(Λ^∗)_s, − ( ∂d_3 ∂β )_T Λ^∗, 0, 0) = (−(Λ^∗)_s, −D_3[β] Λ^∗, 0, 0), (6.3.2) and the generator of the associated symmetry is J δC δz = (0, 0, (Λ^∗)_s, D_3[β] Λ^∗). (6.3.3)

As in the planar case, the translational symmetry of the Hamiltonian with respect to arc-length implies the invariance of the linear impulse, given by I ≡ ∫_∞ −∞ {g · h_s + γ · β_s} ds. (6.3.4) Using the inextensibility condition (2.5.6) and the definitions of g (6.2.4) and γ (6.2.5) we can rewrite the impulse given by (6.3.4) in the form given in Chapter 3: I = ∫_∞ −∞ {( g + Λ̃_s ) · h_s + ( γ + D_3[β] Λ̃ ) · β_s } ds = ∫_∞ −∞ { ρh_t · h_s + 4B[β]^T IB[β]β_t · β_s } ds = ∫_∞ −∞ {p · h_s + π · u} ds (6.3.5)

The first variation of I is δI δz = (−g_s, −γ_s, h_s, β_s). (6.3.6)

As was remarked in Chapter 5, the invariance of the linear impulse is associated with the translational symmetry of the rod with respect to the arc-length s. The infinitesimal generator of this symmetry is J δI δz = (h_s, β_s, g_s, γ_s). (6.3.7)

In addition, we obtain several other invariants which were discussed in Chapter 3 for the isotropic three-dimensional Hamiltonian system governing the dynamics of the rod, namely the isotropic angular momentum A, the total angular momentum, and the transverse components of linear momentum. These invariants were not discussed in the planar case because they were not pertinent to the development of the stability result. Also in the planar case we assumed zero twist, which implies that the isotropic angular momentum is identically zero.

Using the expression (6.2.12) for the angular momentum we find that the isotropic angular momentum A takes a simple form in terms of the Hamiltonian state variables, namely A ≡ ∫_∞ −∞ e_3 · I ω ds =^1_2 ∫_∞ −∞ e_3 · B[β] ( γ + D_3[β] Λ̃ ) ds =^1_2 ∫_∞ −∞ B_3β · ( γ + D_3[β]Λ̃ ) ds =^1_2 ∫_∞ −∞ B_3β · γ ds, (6.3.8) where the last equality is a consequence of the identity (2.6.2.23). The first variation of A is δA δz = (0, −^1_2 B_3γ, 0,^1_2 B_3β). (6.3.9)

The invariance of the isotropic angular momentum A is related to the symmetry of an isotropic rod with respect to rotation about the tangent vector d_3. This can be seen in several ways. First, the infinitesimal generator of the symmetry associated with A is J δA δz = (0,^1_2 B_3β, 0,^1_2 B_3γ), (6.3.10)

which generates the transformation group (h, Q_3 β, g, Q_3 γ) where Q_3 = exp(^1_2 ϵB_3) . Moreover, one can exploit equations (2.6.2.42) and (2.6.2.43) to show that under this transformation group

B_1Q_3β · Q_3γ − 2d_2[Q_3β] · Λ̃ B_2Q_3β · Q_3γ + 2d_1[Q_3β] · Λ̃ B_3Q_3β · Q_3γ

= cos(ϵ) sin(ϵ) 0 − sin(ϵ) cos(ϵ) 0

0 0 1 B_1β · γ − 2d_2[β] · Λ̃ B_2β · γ + 2d_1[β] · Λ̃ B_3β · γ , (6.3.11)

and B_1Q_3β · Q_3β_s B_2Q_3β · Q_3β_s B_3Q_3β · Q_3β_s = cos(ϵ) sin(ϵ) 0 − sin(ϵ) cos(ϵ) 0 0 0 1 B_1β · β_s B_2β · β_s B_3β · β_s , (6.3.12)

so the pre-Hamiltonian M (6.2.18) remains invariant. The striction Λ̃, which is defined in terms of M, therefore remains invariant also, as does the Hamiltonian.

We denote the total angular momentum about the origin by Ω ≡ ∫_∞ −∞ {π + r × p} ds (6.3.13) and let Ω^o_k ≡ Ω · e_k. In terms of the Hamiltonian variables

Ω^o = ∫_∞ −∞ {_1 2 B^o[β] ( γ + D_3[β]Λ̃ ) + (h + se_1) × (g + Λ̃_s) } ds = ∫_∞ −∞ {_1 2 B^o[β]γ + d_3 × Λ̃ + (h + se_1) × (g + Λ̃_s) } ds, (6.3.14)

which may be rewritten through an integration by parts and the inextensibility condition as Ω^o = ∫_∞ −∞ {_1 2 B^o[β]γ + (h + se_1) × g + (d_3 − e_1 − h_s) × Λ̃ } ds = ∫_∞ −∞ {_1 2 B^o[β]γ + (h + se_1) × g } ds, (6.3.15) so Ω^o_k = ∫_∞ −∞ {_1

2 B^o_kβ · γ + [(h + se_1) × g] · e_k } ds. (6.3.16) The first variation of Ω^o_k is therefore δΩ^o_k δz = ( −e_k × g, −^1_2 B^o_k γ, e_k × (h + se_1),^1_2 B^o_k β ) . (6.3.17)

The associated infinitesimal generator is J δΩ^o_k δz = ( e_k × (h + se_1),^1_2 B^o_kβ, e_k × g,^1_2 B^o_kγ ) , (6.3.18)

which generates the transformation group (Q̃^o_k (h+se_1), Q^o_k β, Q̃^o_k g, Q^o_k γ), where Q̃^o_k is the rotation in R^3 associated with the transformation Q^o_k which was described in section 2.6.2. The invariance property (2.6.2.54) of the B_k matrices is essential to the demonstration of this symmetry for the energy H. Under this transformation group the striction becomes Q^o_k Λ̃.

It is apparent from equation (6.2.40) that the three components of the total linear impetus G_k ≡ ∫_∞ −∞ g · e_k ds, k = 1, 2, 3 (6.3.19) are invariants of motion. Because the transverse forces vanish at the ends of the rod, it follows that the transverse components of linear momentum

P^o_2 ≡ ∫_∞ −∞ ρh_t · e_2 ds (6.3.20) and P^o_3 ≡ ∫_∞ −∞ ρh_t · e_3 ds (6.3.21) are also conserved, because

P^o_2 = ∫_∞ −∞ (g + Λ̃_s) · e_2 ds = G_2 + Λ̃ · e_2|^∞_{−∞} = G_2, (6.3.22) and P^o_3 = G_3 + Λ̃ · e_3|^∞_{−∞} = G_3. (6.3.23) However, the longitudinal component of linear momentum is not conserved in general, because the forces at s = −∞ and s = ∞ may not be equal. The first variations of the invariants G_k are δG_k δz = (0, 0, e_k, 0) for k = 2, 3, (6.3.24) which correspond to the generators J δG_k δz = (e_k, 0, 0, 0) (6.3.25) of the translational symmetry groups (h + ϵe_k, 0, 0, 0). The striction is unchanged under these symmetries.

All of the above invariants of motion have a physical interpretation in terms of Lagrangian variables. There are other invariants which arise in this Euler parameter formulation that have no such interpretation. In particular, as a consequence of the pointwise constraint β(s) · β(s) = 1 on the Euler parameters there is an infinite set of invariants described by N(ν) ≡^1_2 ∫_∞ −∞ ν(s)[β(s) · β(s) − 1] ds, (6.3.26) where ν is an arbitrary smooth function. It was noted in the previous section that for each function ν, the Hamiltonian is invariant under to the transformation γ → γ + νβ, whose infinitesimal generator is J δN δz = (0, 0, 0, −νβ). (6.3.27) This symmetry is directly analogous to that for the spherical pendulum observed in section 2.3 This Hamiltonian system has another infinite set of invariants, namely Z(ζ) ≡ ∫_∞ −∞ ζ(s) β(s) · γ(s) ds (6.3.28) where ζ is an arbitrary smooth function. The invariance of Z follows directly from equations (6.2.41) and (6.2.52) which imply β_t · γ + γ_t · β = 0. (6.3.29) For equation (6.3.29) to hold it is essential that the potential energy be homogeneous with degree zero in the Euler parameters. In fact one of our primary reasons for homogenizing the kinetic and potential energies was to obtain this family of invariants. The symmetry associated with Z is given by the group of transformations β^ϵ ≡ (1 + ϵ)β and γ^ϵ ≡ (1 + ϵ)^{−1}γ. To see that this is truly a symmetry of the Hamiltonian system, first observe that the products B[β]γ and B[β]D_3[β] are unchanged under this transformation, and so the striction given by equation (6.2.19) is also unchanged this transformation. Therefore the Hamiltonian H is invariant under the transformation β^ϵ, γ^ϵ as well. In order to simplify the analysis we assume henceforth that the initial data satisfy the orthogonality condition γ(s) · β(s) = 0. (6.3.30) In a Hamiltonian system, it is often useful to determine whether the invariants of motion commute. Two functions F and G are said to commute, or to be in involution, if the Poisson bracket {F, G} vanishes, where {F, G} ≡ ∫_∞ −∞ δF δz · J δG δz ds (6.3.31)

and the skew symmetric operator J is given by equation (6.2.54). The Poisson bracket is a bilinear and skew-symmetric, and satisfies the Jacobi identity {{F, G}, K} + {{G, K}, F } + {{K, F }, G} = 0. (6.3.32) In the case K = H, the Jacobi identity implies that the Poisson bracket of two invariants of motion F and G must again be an invariant of motion. In finite dimensional Hamiltonian systems the existence of k independent invariants in involution implies that the dimension of the system can in principle be reduced by 2k. In an infinite dimensional system the significance of invariants in involution is less clear. For the purposes of this section it is most important to note a geometrical interpretation: two functions F and G commute if F is invariant under the transformation group generated by J δG/δz, and conversely G is invariant under the transformation group generated by J δF/δz. In particular, all invariants of motion commute with the Hamiltonian H.

Rather than explicitly calculate the Poisson brackets for all 55 pairings of the 11 invariants ( C, I, A, Ω^o_1, Ω^o_2, Ω^o_3, G_1, G_2, G_3, N, and Z ) that we have discussed in this section, I will summarize the results. The linear impulse I, the invariant C associated with inextensibility and the isotropic angular momentum A commute with all of the invariants. (That A commutes with all three components of the total angular momentum follows from the symmetry of the matrices B_3 B^o_k = −D^k_3 .)

However, the components of the total angular momentum Ω^o do not commute with each other. A detailed calculation shows that

{Ω^o_j , Ω^o_k} = ϵ_{ijk}Ω^o_i . (6.3.33)

In the particular case of the solitary wave Ω^o_3 ≠ 0, so the pairs (Ω^o_2, Ω^o_3) does not commute. In addition the components of Ω do not commute with the transverse components of linear impetus. Instead {Ω^o_j , G_k} = ϵ_{ijk}G_i. (6.3.34) The transverse components of linear momentum do however commute with all of the other invariants.

Finally the invariants N and Z, associated respectively with the constancy of |β| and β · γ, commute with all of the invariants of motion except each other, because {N(ν), Z(ζ)} = ∫_∞ −∞ ν(s)ζ(s)|β(s)|^2 ds (6.3.35) does not always vanish.

In closing we remark that, if as before we choose the linear impulse g to be constant in s as well as t, then we can go to a reduced Hamiltonian dynamical system involving only the variables β and γ. In the reduced system the associated linear impulse

I_{red} ≡ ∫_∞ −∞ γ · β_s ds (6.3.36) is again a conserved quantity.

6.4 A Variational Characterization of Solitary Waves

In this section we show that each planar solitary wave profile is a critical point of the invariant F = H + cI +^1_2 ∫_∞ −∞ μ(s)|β(s)|^2 ds, (6.4.1) for an appropriate choice of the function μ. We begin by writing the general equations for a critical point, but then specialize to the planar case. We express the variations with respect to β and γ in terms of their components relative to β, B_1β, B_2β, and B_3β by exploiting equations (6.2.41), (6.2.43) – (6.2.46) and (6.2.48) – (6.2.51). The extremals of F are given by 0 = δF δh = −cḡ^′, (6.4.2) 0 = δF δg = ρ^{−1} ( ḡ + Λ̄^′ ) + ch̄^′, (6.4.3)

0 = δF δβ · β̄ =^1_4 I^{−1}_1 ( B_1β̄ · γ̄ − 2d̄_2 · Λ̃ ) ( B_1β̄ · γ̄ )

+^1_4 I^{−1}_2 ( B_2β̄ · γ̄ + 2d̄_1 · Λ̃ ) ( B_2β̄ · γ̄ ) +^1_4 I^{−1}_3 ( B_3β̄ · γ̄ ) ( B_3β̄ · γ̄ ) −cγ̄^′ · β̄ + μ|β̄|^2, (6.4.4)

0 = δF δβ · B_1β̄ = −^1_4 I^{−1}_1 ( B_1β̄ · γ̄ − 2d̄_2 · Λ̃ ) ( β̄ · γ̄ + 4d_3 · Λ̃ )

+^1_4 I^{−1}_2 ( B_2β̄ · γ̄ + 2d̄_1 · Λ̃ ) ( B_3β̄ · γ̄ ) −^1_4 I^{−1}_3 ( B_3β̄ · γ̄ ) ( B_2β̄ · γ̄ ) −cγ̄^′ · B_1β̄ − 4 |β̄|^2 K_1 ( B_1β̄ · β̄^{′′} )

+ 8 |β̄|^4 (K_2 − K_3) ( B_2β̄ · β̄^′ ) ( B_3β̄ · β̄^′ )

+ 8 |β̄|^4 K_1 ( B_1β̄ · β̄^′ ) ( β̄ · β̄^′ ) , (6.4.5) 0 = δF δβ · B_2β̄ = −^1_4 I^{−1}_1 ( B_1β̄ · γ̄ − 2d̄_2 · Λ̃ ) ( B_3β̄ · γ̄ )

−^1_4 I^{−1}_2 ( B_2β̄ · γ̄ + 2d_1 · Λ̃ ) ( β̄ · γ̄ + 4d̄_3 · Λ̃ ) +^1_4 I^{−1}_3 ( B_3β̄ · γ̄ ) ( B_1β̄ · γ̄ ) −cγ̄^′ · B_2β̄ − 4 |β̄|^2 K_2 ( B_2β̄ · β̄^{′′} )

+ 8 |β̄|^4 (K_3 − K_1) ( B_1β̄ · β̄^′ ) ( B_3β̄ · β̄^′ )

+ 8 |β̄|^4 K_2 ( B_2β̄ · β̄^′ ) ( β̄ · β̄^′ ) , (6.4.6)

0 = δF δβ · B_3β̄ =^1_4 I^{−1}_1 ( B_1β̄ · γ̄ − 2d̄_2 · Λ̃ ) ( B_2β̄ · γ̄ + 4d̄_1 · Λ̃ )

−^1_4 I^{−1}_2 ( B_2β̄ · γ̄ + 2d_1 · Λ̃ ) ( B_1β̄ · γ̄ − 4d̄_2 · Λ̃ ) −^1_4 I^{−1}_3 ( B_3β̄ · γ̄ ) ( β̄ · γ̄ ) −cγ̄^′ · B_3β̄ − 4 |β̄|^2 K_3 ( B_3β̄ · β̄^{′′} )

+ 8 |β̄|^4 (K_1 − K_2) ( B_1β̄ · β̄^′ ) ( B_2β̄ · β̄^′ )

+ 8 |β̄|^4 K_3 ( B_3β̄ · β̄^′ ) ( β̄ · β̄^′ ) , (6.4.7)

0 = δF δγ · β̄ = cβ̄ · β̄^′, (6.4.8) 0 = δF δγ · B_1β̄ =^1_4 I^{−1}_1 ( B_1β̄ · γ̄ − 2d̄_2 · Λ̄ ) |β̄|^2 + cB_1β̄ · β̄^′, (6.4.9) 0 = δF δγ · B_2β̄ =^1_4 I^{−1}_2 ( B_2β̄ · γ̄ + 2d̄_1 · Λ̄ ) |β̄|^2 + cB_2β̄ · β̄^′, (6.4.10)

0 = δF δγ · B_3β̄ =^1_4 I^{−1}_3 ( B_3β̄ · γ̄ ) |β̄|^2 + cB_3β̄ · β̄^′. (6.4.11) Equations (6.4.8) - (6.4.11) can be expressed collectively as 0 = δF δγ =^1_4 B[β]^T I^{−1}I^{−1}_3 B[β] ( γ + D_3[β]Λ̃ ) + cβ̄^′. (6.4.12)

Equation (6.4.2) implies g is constant, and one can solve the second equation (6.4.3) for Λ̄^′ to obtain Λ̄^′ = −ḡ − cρh̄^′. (6.4.13)

In addition to the above first-order conditions we have the equation governing Λ̄, namely

0 = −ρ^{−1}(ḡ + Λ̄^′)^′ +^1_4 D_3[β̄]^T B[β̄]^T I^{−1}B[β̄](γ̄ + D_3[β̄]Λ̄). (6.4.14)

From equation (6.4.2) it is apparent that ḡ is a constant. By combining equations (6.4.3), (6.4.9) – (6.4.11) and (A.4.9) we obtain

ch̄^{′′} − cD_3[β̄]^T ϕ̄^′ = c(h̄^′ − d̄_3)^′ = 0, (6.4.15)

which together with boundary conditions implies h̄^′ = d̄_3 − e_1, (6.4.16)

Thus both h̄ and Λ̄ will be determined when ḡ and β̄ are found.

Equations (6.4.9) - (6.4.11) can be solved to obtain γ̄ · B_1β̄ = −4cI_1 1 |β̄|^2 B_1β̄ · β̄^′ + 2d̄_2 · Λ̄, (6.4.17) γ̄ · B_2β̄ = −4cI_2 1 |β̄|^2 B_2β̄ · β̄^′ − 2d̄_1 · Λ̄, (6.4.18) γ̄ · B_3β̄ = −4cI_3 1 |β̄|^2 B_3β̄ · β̄^′. (6.4.19) Equations (6.4.8) and (6.4.17) – (6.4.19) can next be exploited to rewrite equations (6.4.4) – (6.4.7) more simply as 0 = −cγ̄^′ · β̄ − c ( γ̄ · B_jβ̄ ) B_jβ̄ · β̄^′ |β̄|^2 + μ|β̄|^2, (6.4.20)

0 = −cγ̄^′ · B_1β̄ + c ( γ̄ · β̄ ) ( B_1β̄ · β̄^′ ) |β̄|^2 −4K_1 ( B_1β̄ · β̄^{′′} ) |β̄|^2 −4c^2(I_2 − I_3) ( B_2β̄ · β̄^′ ) |β̄|^2 ( B_3β̄ · β̄^′ ) |β̄|^2 +8(K_2 − K_3) ( B_2β̄ · β̄^′ ) |β̄|^2 ( B_3β̄ · β̄^′ ) |β̄|^2 +4cΛ̃ · d̄_3 ( B_1β̄ · β̄^′ ) |β̄|^2 − 2cΛ̃ · d̄_1 ( B_3β̄ · β̄^′ ) |β̄|^2 , (6.4.21)

0 = −cγ̄^′ · B_2β̄ + c ( γ̄ · β̄ ) ( B_2β̄ · β̄^′ ) |β̄|^2 −4K_2 ( B_2β̄ · β̄^{′′} ) |β̄|^2 −4c^2(I_3 − I_1) ( B_3β̄ · β̄^′ ) |β̄|^2 ( B_1β̄ · β̄^′ ) |β̄|^2 +8(K_3 − K_1) ( B_3β̄ · β̄^′ ) |β̄|^2 ( B_1β̄ · β̄^′ ) |β̄|^2 +4cΛ̃ · d̄_3 ( B_2β̄ · β̄^′ ) |β̄|^2 − 2cΛ̃ · d̄_2 ( B_3β̄ · β̄^′ ) |β̄|^2 , (6.4.22) and 0 = −cγ̄^′ · B_3β̄ + c ( γ̄ · β̄ ) ( B_3β̄ · β̄^′ ) |β̄|^2 −4K_3 ( B_3β̄ · β̄^{′′} ) |β̄|^2 −4c^2(I_1 − I_2) ( B_1β̄ · β̄^′ ) |β̄|^2 ( B_2β̄ · β̄^′ ) |β̄|^2 +8(K_1 − K_2) ( B_1β̄ · β̄^′ ) |β̄|^2 (B_2β̄ · β̄^′) |β̄|^2 −4cΛ̃ · d̄_1 ( B_1β̄ · β̄^′ ) |β̄|^2 − 4cΛ̃ · d̄_2 ( B_2β̄ · β̄^′ ) |β̄|^2 . (6.4.23) Equation (6.4.8) implies that |β̄| is constant, which by the constraint (2.6.2.1) must be |β̄| = 1. (6.4.24)

It also follows from (6.4.8) that so β̄^′ = ( B_kβ̄ · β̄^′ ) B_kβ̄. (6.4.25)

Equation (6.4.20), (6.4.24) and (6.4.25) together yield the expression for the multiplier μ,

namely μ = γ̄ · β̄^′ + γ̄^′ · β̄ = ( γ̄ · β̄ )_′ . (6.4.26)

Equations (6.4.17) - (6.4.25) can be manipulated to produce a system of differential

equations governing β̄. Through a long sequence of calculations we will derive an expression

for (B_1β̄ · β̄^′)^′, from which the expressions for (B_2β̄ · β̄^′)^′ and (B_3β̄ · β̄^′)^′ can be obtained in

a similar manner. We first note that equation (6.4.25) implies c ( γ̄ · B_1β̄ )_′ = cγ̄^′ · B_1β̄ + cγ̄ · B_1β̄^′ = cγ̄^′ · B_1β̄ − c ( γ̄ · B_1β̄ ) ( B_1β̄ · β̄^′ ) −c ( γ̄ · B_3β̄ ) ( B_2β̄ · β̄^′ ) + c(γ̄ · B_2β̄) ( B_3β̄ · β̄^′ ) , (6.4.27)

into which we can introduce equations (6.4.18), (6.4.19) and (6.4.21) to obtain c(γ̄ · B_1β̄)^′ = −4K_1 ( B_1β̄ · β̄^{′′} ) +8 [( K_2 − c^2I_2 ) − ( K_3 − c^2I_3 )] ( B_2β̄ · β̄^′ ) ( B_3β̄ · β̄^′ ) +4cΛ̃ · d̄_3 ( B_1β̄ · β̄^′ ) − 4cΛ̃ · d̄_1 ( B_3β̄ · β̄^′ ) . (6.4.28)

Alternatively, one can express c ( γ̄ · B_1β̄ )_′ by differentiating equation (6.4.17) and multi-

plying by c, which produces c ( γ̄ · B_1β̄ )_′ = −4c^2I_1 ( B_1β̄ · β̄^{′′} ) + 2cd̄_2 · Λ̄^′ + 2c (¯ d_2 )_′ · Λ̄. (6.4.29)

Equation (6.4.13) and the identity (¯ d_2 )_′ = 2 ( B_1β̄ · β̄^′ ) d̄_3 − 2 ( B_3β̄ · β̄^′ ) d̄_1, (6.4.30)

which follows from the kinematic equation (2.2.2) and the expression (2.6.2.15) for the

strain u, can be used to rewrite equation (6.4.29) as c(γ̄ · B_1β̄)^′ = −4c^2I_1 ( B_1β̄ · β̄^{′′} ) − 2cd̄_2 · (ḡ − cρe_1)

+4cΛ̃ · d̄_3 ( B_1β̄ · β̄^′ ) − 4cΛ̃ · d̄_1 ( B_3β̄ · β̄^′ ) . (6.4.31)

The comparison of equations (6.4.28) and (6.4.31) yields the differential equation 2 ( K_1 − c^2I_1 ) B_1β̄ · β̄^{′′} = 4 [( K_2 − c^2I_2 ) − ( K_3 − c^2I_3 )] ( B_2β̄ · β̄^′ ) ( B_3β̄ · β̄^′ ) −cd̄_2 · (ḡ − cρe_1) . (6.4.32)

The analogous equations for B_2β̄ · β̄^′ and B_3β̄ · β̄^′ are 2 ( K_2 − c^2I_2 ) B_2β̄ · β̄^{′′} = 4 [( K_3 − c^2I_3 ) − ( K_1 − c^2I_1 )] ( B_3β̄ · β̄^′ ) ( B_1β̄ · β̄^′ ) +cd̄_1 · (ḡ − cρe_1) (6.4.33) and 2 ( K_3 − c^2I_3 ) B_3β̄ · β̄^{′′} = 4 [( K_1 − c^2I_1 ) − ( K_2 − c^2I_2 )] ( B_1β̄ · β̄^′ ) ( B_2β̄ · β̄^′ ) . (6.4.34)

Note that if we now multiply equations (6.4.32) - (6.4.34) by ( B_1β̄ · β̄^′ ) , ( B_2β̄ · β̄^′ ) , and ( B_3β̄ · β̄^′ ) respectively and sum, the cross terms cancel and we obtain 2 ( K_j − c^2I_j ) ( B_jβ̄ · β̄^′ ) ( B_jβ̄ · β̄^{′′} ) = −c (ḡ − cρe_1) [( B_1β̄ · β̄^′ ) d̄_2 − ( B_2β̄ · β̄^′ ) d̄_1 ] = −^1_2 c (ḡ − cρe_1) D_3[β̄]^T β̄^′

= −^1_2 c (ḡ − cρe_1) (d̄_3)^′, (6.4.35)

where we have exploited the expression (2.6.2.21) for D_3[β] to simplify the right hand side.

The boundary conditions imply that

ḡ = ḡ_1e_1 (6.4.36)

for some ḡ_1. Therefore equation (6.4.35) takes the form of an exact derivative with the

first integral ( K_j − c^2I_j ) ( 2B_jβ̄ · β̄^′ )_2

= c (ḡ_1 − cρ) ( 1 − e_1 · d̄_3 ) . (6.4.37)

In the case of planar dynamics, the Euler parameters were found in equation (2.6.2.14)

to be β̄ = 1_2 ( − sin

(_1 2 ϕ̄ ) , cos

(_1 2 ϕ̄ ) , sin

(_1 2 ϕ̄ ) , cos

(_1 2 ϕ̄ )) . (6.4.38)

Consequently β̄^′ = 1_{√2} ( − cos

(_1 2 ϕ̄ ) , − sin

(_1 2 ϕ̄ ) , cos

(_1 2 ϕ̄ ) , − sin

(_1 2 ϕ̄ ))_1 2 ϕ̄^′ (6.4.39)

= −^1_2ϕ̄^′B_1β̄, (6.4.40)

which implies B_2β̄ · β̄^′ = 0 = B_3β̄ · β̄^′. The system (6.4.32) - (6.4.34) then reduces to the

single differential equation

(K_1 − c^2I_1)B_1β̄ · β̄^{′′} = c(ḡ_1 − cρ) (¯ β_1β̄_2 − β̄_3β̄_4 ) . (6.4.41)

Introducing equation (6.4.38) into (6.4.41) reproduces equation (5.5.19) from section 5.5.

Using the calculations from that section, we then conclude that ḡ is given by equation

(5.5.23),

sin(^1_2 ϕ̄) = − tanh(s/a) (6.4.42) and cos(^1_2 ϕ̄) = sech(s/a), (6.4.43)

up to translation in s, as was already seen in equations (5.5.28) and (5.5.29). As a conse-

quence of equations (6.4.38) - (6.4.40),

B_1β̄ =^{1√}_2 ( cos (_1 2 ϕ ) , sin

(_1 2 ϕ ) , − cos

(_1 2 ϕ ) , sin

(_1 2 ϕ )) , (6.4.44)

B_2β̄ =^{1√}_2 ( − sin

(_1 2 ϕ ) , cos

(_1 2 ϕ ) , − sin

(_1 2 ϕ ) , − cos

(_1 2 ϕ )) , (6.4.45)

B_3β̄ =^{1√}_2 ( cos (_1 2 ϕ ) , sin

(_1 2 ϕ ) , cos

(_1 2 ϕ ) , − sin

(_1 2 ϕ )) (6.4.46) and B_1β̄^′ =^1_2ϕ̄^′β̄, (6.4.47)

B_2β̄^′ = −^1_2ϕ̄^′B_3β̄, (6.4.48)

B_3β̄^′ =^1_2ϕ̄^′B_2β̄. (6.4.49)

Equations (6.4.42) and (6.4.43) show that the trigonometric functions of ϕ̄/2 take a very

simple form in this problem, which suggests that Euler parameters are a natural choice of

coordinates here.

Finally, it follows from equations (6.4.17) - (6.4.19) that the impetus is given by γ̄ = 2cI_1ϕ̄^′B_1β̄ − D_3[β̄]Λ̄ + κβ̄ = 2 ( cI_1ϕ̄^′ + d̄_2 · Λ̄ ) B_1β̄ − 2(d̄_1 · Λ̄)B_2β̄ + κβ̄, (6.4.50)

where κ = γ̄ · β̄ is an arbitrary scalar function.

6.5 Analysis of the Second Variation for Planar Solitary Waves

We now analyze the second variation of the invariant F_{red} on the planar solitary wave with

respect to admissible variations. An admissible variation is defined to be a variation of the

state variables which preserves to first order all the known invariants of motion. That is

to say, for each invariant of motion the linearization about the solitary wave must vanish.

A particular challenge is the choice of variations in the Euler parameters which satisfy

the linearization of the normalization constraint (2.6.2.1). Fortunately the algebra of the

quaternions provides an elegant means to handle this constraint. In contrast with the

results of section 5.6, it is demonstrated here that the planar solitary wave with sufficiently

samll wave speed is not a minimizer of the functional F_{red} amongst admissible variations.

Rather, for wave speeds less than a critical value c̄ in an isotropic rod the second variation

of F_{red} has a single negative eigenvalue. We close with some remarks on the implications of

our analysis upon the second variation of F_{red} for an isotropic rod under different boundary

conditions and for anisotropic rods.

6.5.1 Parametrization of Variations We begin by presenting a parametrization of the admissible variations (δh, δβ, δg, δγ). The variations δβ in the Euler parameters must satisfy the linearized constraint β · δβ = 0. (6.5.1.1) The fact that the rows {β, B_1β, B_2β, B_3β} of the matrix R[β] (2.6.2.28) form an orthogonal basis^1 for R^4 suggests that we parametrize δβ by the triple of functions ζ ≡ (ζ_1, ζ_2, ζ_3) such that δβ =^1_2 B[β]^T ζ =^1_2 ζ_1B_1β̄ +^1_2 ζ_2B_2β̄ +^1_2 ζ_3B_3β̄. (6.5.1.2)

The parametrization (6.5.1.2) is closely associated with the constraint that the directors {d_k} have unit length. Specifically equation (6.5.1.2) can be rewritten as ζ = 2B[β]δβ, (6.5.1.3) which in direct analogy with equations (2.2.2) and (2.6.2.15) can also be expressed as

δd_k = z × d_k, (6.5.1.4)

where z ≡ ζ_kd_k. Thus the vector z represents an infinitesimal rotation of the directors. The parameters ζ_j have an especially simple interpretation for the planar solitary wave. Equation (6.5.1.4) is equivalent to the system of three equations

δd_1 = −ζ_2d_3 + ζ_3d_2, (6.5.1.5) δd_2 = ζ_1d_3 − ζ_3d_1, (6.5.1.6) δd_3 = −ζ_1d_2 + ζ_2d_1. (6.5.1.7)

If instead the variations in the directors are computed in terms of Euler angles using equation (2.6.1.1), taking advantage of the facts that θ = π/2 and ψ = 0 on the planar solitary wave, one obtains

δd_1 = −δθd_3 + δψd_2, (6.5.1.8) δd_2 = −δϕd_3 − δψd_1, (6.5.1.9) δd_3 = δϕd_2 + δθd_1. (6.5.1.10)

1The existence of this orthonormal basis demonstrates that the sphere S^3 is parallelizable, i.e. there exist three linearly independent, nonvanishing vector fields tangent to S^3. It is a remarkable theorem proven by Milnor in 1958 [48] that S^1, S^3, and S^7 are the only spheres which are parallelizable. The parallelizability of these spheres is closely associated with the algebra of the complex numbers, the quaternions and the Cayley numbers in R^2, R^4 and R^8 respectively. (Cf. [6].)

Comparing equations (6.5.1.5) - (6.5.1.7) with equations (6.5.1.8) - (6.5.1.10) it is apparent that for our geometry

ζ_1 = −δϕ, (6.5.1.11) ζ_2 = δθ, (6.5.1.12) ζ_3 = δψ. (6.5.1.13)

We make use of this correspondence to relate the variational analysis in this section with the analysis in terms of Euler angles in section A.5. However for a more complex, nonplanar configuration in which all three of the Euler angles vary, equations (6.5.1.8) – (6.5.1.10) no longer hold, and must be replaced by the more general equations (A.5.24) – (A.5.26). The difficulty is that the three Euler angles describe a sequence of rotations about three distinct sets of axes. By contrast the Euler parameters describe a single net rotation to the basis {d_k}, so equations (6.5.1.5) – (6.5.1.7) always hold. Thus a representation of the directors in terms of Euler parameters is no more complicated for variational analysis than the analogous representation in terms of Euler angles, and is potentially much simpler.

Because the boundary conditions (2.5.14) – (2.5.16) on h must hold for all configurations, the variations in the configuration variables must satisfy δh|^∞_{−∞} = ∫_∞ −∞ δh^′(s) ds = 0. (6.5.1.14)

In addition, the linearized constraint on the inextensibility condition ∫_∞ −∞ Λ^∗(s) · (δh^′(s) − δd_3(s)) ds = 0, (6.5.1.15)

or equivalently δh^′ = δd_3 = D_3[β]^T δβ. (6.5.1.16) From equation (6.5.1.7) and the form of the solitary wave the perturbation in d_3 takes the form

δd_3 = −ζ_1d̄_2 − ζ_2e_3 = sin ϕ̄ ζ_1 − cos ϕ̄ ζ_1 −ζ_2 , (6.5.1.17)

so from equation (6.5.1.16)

δh(s) = ∫_s −∞ −ζ_1(u)d̄_2(u) du−e_3 ∫_s −∞ ζ_2(u) du = ∫_s −∞ sin ϕ̄(u)ζ_1(u) du − ∫_s −∞ cos ϕ̄(u)ζ_1(u) du − ∫_s −∞ ζ_2(u) du . (6.5.1.18)

Letting s → ∞ in equation (6.5.1.18) we see that the linearized constraint (6.5.1.14) implies three linearized constraints, namely ∫_∞ −∞ sin ϕ̄(s) ζ_1(s) ds = 0, (6.5.1.19)

∫_∞ −∞ cos ϕ̄(s) ζ_1(s) ds = 0, (6.5.1.20) and ∫_∞ −∞ ζ_2(s) ds = 0. (6.5.1.21) The remaining invariants involve the impetuses g and γ and the striction Λ̃. The variations in these variables are related by the linearization of the elliptic equation (6.2.19) governing Λ̃, namely

0 = −ρ^{−1}(δg + δΛ̃^′)^′ +^1_4 δD_3[β]^T B[β̄]^T I^{−1}B[β̄](γ̄ + D_3[β̄]Λ̄) +^1_4 D_3[β̄]^T B[δβ]^T I^{−1}B[β̄](γ̄ + D_3[β̄]Λ̄) +^1_4 D_3[β̄]^T B[β̄]^T I^{−1}B[δβ](γ̄ + D_3[β̄]Λ̄) +^1_4 D_3[β̄]^T B[β̄]^T I^{−1}B[β̄](δγ + δD_3[β]Λ̄ + D_3[β̄]δΛ̃), (6.5.1.22)

where

δD_3[β] = 2B_2δβ ⊗ d̄_1 − 2B_1δβ ⊗ d̄_2 +2B_2β̄ ⊗ δd_1 − 2B_1β̄ ⊗ δd_2 (6.5.1.23)

is the variation of D_3[β] (2.6.2.21). In addition δγ must satisfy the linearization of equation (6.3.30), namely δγ · β̄ + γ̄ · δβ = 0. (6.5.1.24) Note that the variations in g and γ appear only in the combinations δg + δΛ̃^′ and δγ + δD_3[β]Λ̄ + D_3[β̄]δΛ̃, because these variations exhibit the same gauge freedom in δΛ̃ that arises for the striction. To be specific we set δg = 0. Note also that the term δγ is premultipled by B[β] in equation (6.5.1.22). Thus δγ ·β̄ may be chosen to satisfy (6.5.1.24) by letting ( δγ + δD_3[β]Λ̄ + D_3[β̄]δΛ̃ ) · β̄ = − ( γ̄ + D_3[β̄]Λ̄ ) · δβ = −ζ_1cI_1ϕ̄^′β̄, (6.5.1.25)

where we have used equation (6.4.50) for γ̄.

For our analysis we represent δg + δΛ̃^′ and δγ + δD_3[β]Λ̄ + D_3[β̄]δΛ̃ by

δg(s) + δΛ̃^′(s) = ρcζ_1(s)d̄_2(s) − ρ ∫_s −∞ ( η_1(u) + cζ^′_1(u) )¯ d_2(u) du +ρ ∫_s −∞ η_2(u)d̄_1 du (6.5.1.26) and δγ(s) + δD_3[β(s)]Λ̄(s) + D_3[β̄(s)]δΛ̃(s) = 2I_1η_1(s)B_1β̄(s) + { 2I_1 [ η_2(s) − cϕ̄^′(s)ζ_3(s) ] + cI_1ϕ̄^′(s)ζ_3(s) } B_2β̄(s) + { 2I_3 [ η_3(s) + cϕ̄^′(s)ζ_2(s) ] − cI_1ϕ̄^′(s)ζ_2(s) } B_3β̄(s) −cI_1ϕ̄^′(s)ζ_1(s)β̄(s). (6.5.1.27)

In equations (6.5.1.26) and (6.5.1.27) the parameters η_1, η_2 and η_3 correspond to (ζ_1)_t, (ζ_2)_t and (ζ_3)_t respectively. The motivation for these representations is discussed in Appendix C. Here we simply remark that equations (6.5.1.26) and (6.5.1.27) define a completely general representation for solutions of equations (6.5.1.22) and (6.5.1.24).

By inserting these representations into the linearizations of the invariants, one characterize the admissible variations. These rather involved calculations are relegated to Appendix C. The ten linearized constraints are given by equations (6.5.1.19) – (6.5.1.21) involving the configuration variables only, and equations (C.3.12), (C.3.17), (C.3.30) – (C.3.32), (C.3.35), and (C.3.36).

6.5.2 Analysis of Second Variation We now proceed to analyze the second variation of the reduced Lyapunov function

F_{red} = H + cI_{red} +^1_2 ∫_∞ −∞ μ(s)|β|^2, (6.5.2.1) where the reduced impulse can be rewritten as

I_{red} = ∫_∞ −∞ γ · β_s ds = ∫_∞ −∞ γ · 1 |β|^2 (B[β]^T B[β] + β ⊗ β)β̄^′ ds = ∫_∞ −∞ { B[β]γ · B[β]β̄^′ |β|^2 + (γ · β) (β · β^′) |β|^2 } ds. (6.5.2.2)

We begin by calculating the second variation of F_{red}. Through an integration by parts, the third term in F_{red} can also be rewritten as 1 2 ∫_∞ −∞ μ(s)|β(s)|^2 ds = − ∫_∞ −∞ ( γ̄ · β̄ ) (β · β_s) ds. (6.5.2.3) Using equations (6.5.2.2) and (6.5.2.3) and a completion of squares, F_{red} can then be decomposed as F_{red} = F_1 + F_2, (6.5.2.4) where

F_1 ≡^1_2 ∫_∞ −∞ { ρ^{−1}|g_c(s)|^2 +^1_4 I^{−1}_j (B_jβ · γ_c)^2 } ds, (6.5.2.5) g_c ≡ g + Λ̃^′ + ρc (d_3 − e_1) , (6.5.2.6) γ_c ≡ γ + D_3[β]Λ̃ + 4cB[β]^T IB[β]β^′/|β|^2, (6.5.2.7) and F_2 ≡ 2 ∫_∞ −∞ B[β]β^′ |β|^2 · (K − c^2I) B[β]β^′ |β|^2 ds + ∫_∞ −∞ { −cḡ · (d_3 − e_1) −^1_2 c^2ρ|d_3 − e_1|^2 } ds + ∫_∞ −∞ { −cΛ̃^′ · (d_3 − e_1) − cB[β]D_3[β]Λ̃ · B[β]β^′/|β|^2 } ds +c ∫_∞ −∞ { (β · γ) |β|^2 − ( β̄ · γ̄ )} (β · β^′) ds. (6.5.2.8) The expression for F_2 can be greatly simplified. From the identities |d_3| = 1 and |e_1| = 1 and the expression for ḡ we find that

−cḡ · (d_3 − e_1) −^1_2 c^2ρ|d_3 − e_1|^2 = −cḡ · (d_3 − e_1) + c^2ρe_1 · (d_3 − e_1) = − K_1 − c^2I_1 a^2 e_1 · (d_3 − e_1) = K_1 − c^2I_1 a^2

(1 − e_1 · d_3). (6.5.2.9)

Using the definition (2.6.2.9) of d_3 one can rewrite

1 − e_1 · d_3 = { β^2_1 + β^2 + β^2_3 + β^2_4 − 2(β_1β_3 − β_2β_4) } /|β|^2 = [ (β_1 − β_3)^2 + (β_2 − β_4)^2 ] /|β|^2. (6.5.2.10) Through an integration by parts we can rewrite − ∫_∞ −∞ Λ̃^′ · (d_3 − e_1) ds = ∫_∞ −∞ Λ̃ · d^′_3 ds, (6.5.2.11)

and through the properties of B and D_3 we also find that B[β]D_3[β]Λ̃ · B[β]β^′/|β|^2 = Λ̃ · D_3[β]^T B[β]^T B[β]β^′/|β|^2 = Λ̃ · D_3[β]^T Π[β]β^′ = Λ̃ · D_3[β]^T β^′ = Λ̃ ·

∂d_3 ∂β β^′ = Λ̃ · d^′_3. (6.5.2.12)

Equations (6.5.2.11) and (6.5.2.9) imply that ∫_∞ −∞ { −cΛ̃^′ · (d_3 − e_1) − cB[β]D_3[β]Λ̃ · B[β]β^′/|β|^2 } ds = 0. (6.5.2.13)

Inserting equations (6.5.2.9), (6.5.2.10) and (6.5.2.13) into equation (6.5.2.8), we can rewrite the functional F_2 more simply as

F_2 ≡ 2 ∫_∞ −∞ (K_j − c^2I_j) 1 |β|^4 ( B_jβ · β^′ )_2 ds + K_1 − c^2I_1 a^2 ∫_∞ −∞ 1 |β|^2 [ (β_1 − β_3)^2 + (β_2 − β_4)^2 ] ds +c ∫_∞ −∞ { (β · γ) |β|^2 − ( β̄ · γ̄ )} (β · β^′) ds. (6.5.2.14) The second variation δ^2F_2 is computed in section C.4. The result, which appears in equation (C.4.23), can be rewritten as

δ^2F_2 = (K_1 − c^2I_1)⟨ζ_1, P (ζ_1)⟩ (6.5.2.15) +(K_1 − c^2I_1)⟨ζ_2, S(ζ_2)⟩ (6.5.2.16) + { (K_2 − c^2I_2) − (K_1 − c^2I_1) } ∫ ∞ −∞ (ζ^′_2 + ϕ̄^′ζ_3)^2 ds (6.5.2.17)

+(K_3 − c^2I_3) ∫_∞ −∞ (ζ^′_3 − ϕ̄^′ζ_2)^2 ds, (6.5.2.18)

where P is the operator defined in equation (5.6.12) and S is given by S(f) ≡ −f^{′′} + ( 1 a^2 cos ϕ̄ − ϕ̄^{′2} ) f. (6.5.2.19)

Using the equation (5.5.25) for ϕ̄^′, S may be rewritten as S(f) ≡ −f^{′′} + 1 a^2 ( 3 cos ϕ̄ − 2 ) f. (6.5.2.20)

In the expression (6.5.2.15) – (6.5.2.18) for the second variation of F_2, one can identify the term (6.5.2.16) with the effect of planar variations, the term (6.5.2.16) with the effect of out of plane variations, the term (6.5.2.17) with the effect of anisotropy, and the term (6.5.2.18) with the effect of twist variations.

The main goal of this section is to show that, for sufficiently small wave speeds, the second variation of F_{red} has exactly one negative eigenvalue amongst admissible variations. Specifically we assume the wave speed c satisfies |c| < c̄ where

c̄ ≡ min (c_1, c_3) , (6.5.2.21)

c_1 = √ K_1 I_1

(6.5.2.22)

is the critical propagation speed of infinitesimal transverse vibrations which was defined earlier, and c_3 ≡ √ K_3 I_3

(6.5.2.23)

is the critical propagation speed of infinitesimal torsional vibrations. Before proceeding, a remark about the magnitude of c_3 is appropriate. If the rod is homogeneous, then from section 5.7 we have K_1 = EI and I_1 = μI, where μ is the mass/unit volume of the rod, I is the geometric moment of inertia of the rod cross-section, and E is Young modulus. From equation (2.3.4) we also have the relation I_3 = I_1 + I_2 = 2I_1. Finally, the resistance to twist is given by K_3 = GI_3, in which the shear modulus G = E/[2(1 + ν)], and ν is the Poisson ratio satisfying 0 ≤ ν < 1/2. Therefore c_1 = √ E/μ and c_3 = √ G μ = √ E/μ 2(1 + ν)

< c_0. (6.5.2.24)

Thus in the special case of a homogeneous rod, the critical wave speed c̄ (6.5.2.21) is less than the speed of sound c_1. More precisely, because 0 ≤ ν < 1/2 the critical speed c̄ is bounded by c_1/ √ 3 < c̄ ≤ c_1/ √ 2. From equations (6.4.3), (6.4.12) and (6.4.16) we observe that the terms g_c (6.5.2.6) and γ_c (6.5.2.7) in F_1 vanish on a solitary wave profile. Thus F_1 is minimized at the solitary wave profile, and so δ^2F_1 is positive semidefinite. In the second variation of F_2 given by (6.5.2.15) – (6.5.2.18), we have restricted our attention to the case of an isotropic rod, so the anisotropy term (6.5.2.17) vanishes identically. Moreover the term (6.5.2.15) representing the effect of planar perturbations on the second variation of F_2 was shown in the previous chapter to be nonnegative for all subsonic wave speeds. Under the assumption |c| < c̄, the term (6.5.2.18) is also nonnegative. (By contrast, if |c| > c̄ then the term (6.5.2.18) is negative semidefinite and the second variation of F_{red} is infinitely indefinite.) Thus the term (6.5.2.16) is the only component which could make δ^2F_{red} negative. For this reason our analysis focuses on the behavior of the operator S. It is first shown that S has one negative eigenvalue, so for |c| < c̄ the second variation δ^2F_{red} has at most one negative eigenvalue. Then by a particular choice of variations, constructed to satisfy the linearized constraints, we show that δ^2F_{red} has at least one negative eigenvalue. It follows that δ^2F_{red} has at exactly one negative eigenvalue amongst the admissible variations for wave speeds satisfying |c| < c̄ .

We begin by establishing some information about the spectrum of the operator S. Maddocks [42] observed that ζ_2 = ϵ sin ϕ̄ (6.5.2.25)

is an eigenfunction of S, with S(sin ϕ̄) = 0. (6.5.2.26)

For the variation (6.5.2.25) about the solitary wave we use equations (5.5.37) and (5.5.24) to write y(s) = ȳ(s) + O(ϵ^2) = a^2ϕ̄^′(s) + O(ϵ^2) (6.5.2.27) and z(s) = − ∫_s −∞ ζ_2(u) du = ϵ ∫_s −∞ sin ϕ̄(u) ds + O(ϵ^2) = −ϵa^2ϕ̄^′(s) + O(ϵ^2) (6.5.2.28)

Thus to first order in ϵ the rod lies in the plane z = −ϵy, so geometrically the variation (6.5.2.25) corresponds to a rotation of the rod about the x-axis.

Since sin ϕ̄ has exactly one zero, the spatial operator S must have exactly one negative eigenvalue which has no interior zeroes. (Cf. [46], p. 877, Lemma 2.2.) Specifically,

S(1 − cos ϕ̄) = − 3 a^2

(1 − cos ϕ̄). (6.5.2.29)

Consequently δ^2F_{red} can have at most one negative eigenvalue.

We now construct an admissible set of variations for which δ^2F_{red} is negative. From the existence of a negative direction one can infer through the Rayleigh quotient the existence of at least one negative eigenvalue, which together with our analysis of the operator S implies that δ^2F_{red} has constrained index one.

In order to make the planar term (6.5.2.15) in δ^2F_2 vanish, we set

ζ_1 ≡ 0. (6.5.2.30)

By also setting η_1 ≡ 0, (6.5.2.31)

the six linearized constraints on x (6.5.1.19), y (6.5.1.20), the impulse (C.3.12), the zcomponent of angular momentum (C.3.32) and the y-component of linear momentum (C.3.35) are all satisfied. In order to make the twist term (6.5.2.18) also vanish we set

ζ_3(s) = ∫_s −∞ ϕ̄^′(u)ζ_2(u) du. (6.5.2.32)

By simultaneously choosing η_3 = −cζ^′_3 = −cϕ̄^′ζ_2, (6.5.2.33)

the linearized constraint (C.3.17) on isotropic angular momentum is satisfied. Finally if we set η_2 = −cζ^′_2, (6.5.2.34)

then the constraint (C.3.30) becomes identical to constraint (6.5.1.21), and the second variation of F_1 (C.4.3) vanishes.

The remaining three linearized constraints (6.5.1.21), (C.3.30) and (C.3.31) can be written as ∫_s −∞ ζ_2(s) ds = 0, (6.5.2.35) 2cI_1 ∫_∞ −∞ ζ^′_2(s) sin ϕ̄(s) ds + 2cρ ∫_∞ −∞ ȳ(s)ζ_2(s) ds = 0 (6.5.2.36) and 2cI_1 ∫_∞ −∞ ζ^′_2(s) cos ϕ̄(s) ds + cρ ∫_∞ −∞ ∫_s −∞ ζ_2(u) du ds +2cρ ∫_∞ −∞ x̄(s)ζ_2(s) ds = 0. (6.5.2.37)

Using equation (5.5.37), the identity x̄^′(s) = cos ϕ̄(s) and integration by parts, equations (6.5.2.36) and (6.5.2.37) may be rewritten as ∫_∞ −∞ ζ_2(s) [ I_1a cos ϕ̄(s)ϕ̄^′(s) − ρa^2aϕ̄^′(s) ] ds = 0 (6.5.2.38) and 2cI_1 ∫_∞ −∞ ζ_2(s) sin ϕ̄(s)ϕ̄^′(s) ds + cρ ∫_∞ −∞ ∫_s −∞ ζ_2(u) du ds −2cρ ∫_∞ −∞ cos ϕ̄(s) ∫_s −∞ ζ_2(u) du ds = 0. (6.5.2.39)

For the particular choice of variations (6.5.2.30) - (6.5.2.34),

δ^2F_1 = 0 (6.5.2.40) and δ^2F_2 = (K_1 − c^2I_1)⟨ζ_2, S(ζ_2)⟩. (6.5.2.41)

We now show that there exist a function ζ_2 such that the constraints (6.5.2.35), (6.5.2.38) and (6.5.2.39) are satisfied and ⟨ζ_2, S(ζ_2)⟩ < 0. (6.5.2.42)

It will then follow that δ^2F_{red} < 0 for all wave speeds satisfying |c| < c̄. It is apparent from equation (6.5.2.29) that the eigenfunction 1 − cos ϕ̄ satisfies the inequality (6.5.2.42), but this function violates the linearized constraint (6.5.1.21). A search for a function ζ_2 which is both admissible and satisfies (6.5.2.42) led us to consider linear combinations of the functions f_1 = a cos ϕ̄ ϕ̄^′ (6.5.2.43) and f_2 = 2aϕ̄^′ − π ( 1 − cos ϕ̄ ) . (6.5.2.44)

These functions are of interest because

⟨f_1, S(f_1)⟩ = − 64 35a ≈ − 1.83 a (6.5.2.45) and ⟨f_2, S(f_2)⟩ = −

256 − 24π^2 3a ≈ − 6.38 a , (6.5.2.46)

so f_1 and f_2 define two independent directions along which S is negative. Because ∫_s −∞ f_1(u) du = a sin ϕ̄(s) (6.5.2.47)

and ∫_s −∞ f_2(u) du = 2aϕ̄(s) − 2π [ 1 − cos(ϕ̄(s)/2) ] , (6.5.2.48)

we see that f_1 and f_2 satisfy the constraint (6.5.2.35). Moreover both f_1 and f_2 are even functions while sin ϕ̄ ϕ̄^′ is odd, so ∫_∞ −∞ f_j(s) sin ϕ̄(s)ϕ̄^′(s) ds = 0, (6.5.2.49)

and similarly both ∫_s −∞ f_1 and ∫_s −∞ f_2 are odd functions while cos ϕ̄ is even, so ∫_∞ −∞ ∫_s −∞ f_j(u) du ds = 0 (6.5.2.50)

and ∫_∞ −∞ cos ϕ̄(s) ∫_s −∞ f_j(u) du ds = 0. (6.5.2.51)

It follows from equations (6.5.2.49) – (6.5.2.51) that f_1 and f_2 also satisfy the constraint (6.5.2.39). And while neither f_1 nor f_2 satisfies the remaining constraint (6.5.2.38), there is a linear combination of f_1 and f_2 which does satisfy (6.5.2.38), namely

ζ_2 = f_2 + mf_1 (6.5.2.52)

in which m is given by m = − ρa^2⟨f_1, f_3⟩ − I_1⟨f_1, f_1⟩ ρa^2⟨f_2, f_3⟩ − I_1⟨f_2, f_1⟩

, (6.5.2.53)

and f_3 ≡ aϕ̄^′. The inner products appearing in equation (6.5.2.53) are

⟨f_1, f_1⟩ = 56a 15 ≈ 3.73a, (6.5.2.54)

⟨f_1, f_3⟩ = − 8a 3 ≈ −2.67a, (6.5.2.55)

⟨f_2, f_1⟩ = ( π^2 − 16 3 ) ≈ 4.54a, (6.5.2.56)

⟨f_2, f_3⟩ = −2 ( π^2 − 8 ) a ≈ −3.74a. (6.5.2.57)

Because I_1 and ρa^2 are positive, the ratio m (6.5.2.53) lies between − ⟨f_1, f_3⟩ ⟨f_2, f_3⟩

≈ −0.475 (6.5.2.58) and − ⟨f_1, f_1⟩ ⟨f_2, f_1⟩

≈ −0.823 (6.5.2.59)

It remains to show that ⟨ζ_2, S(ζ_2)⟩ < 0 for the variation ζ_2 defined in equation (6.5.2.52). To do so we note that the quadratic form

⟨ζ_2, S(ζ_2)⟩ = ⟨f_2, S(f_2)⟩ + 2m⟨f_1, S(f_2)⟩ + m^2⟨f_1, S(f_1)⟩ (6.5.2.60)

is positive only if m lies between the roots

m_1 =

−⟨f_1, S(f_2)⟩ + √ ⟨f_1, S(f_2)⟩^2 − ⟨f_1, S(f_1)⟩⟨f_2, S(f_2)⟩ ⟨f_1, S(f_1)⟩

(6.5.2.61) and m_2 = −⟨f_1, S(f_2)⟩ − √ ⟨f_1, S(f_2)⟩^2 − ⟨f_1, S(f_1)⟩⟨f_2, S(f_2)⟩ ⟨f_1, S(f_1)⟩

. (6.5.2.62)

Utilizing equations (6.5.2.45) and (6.5.2.46) together with

⟨f_1, S(f_2)⟩ = −

15π^2 − 128 5a ≈ − 4.01 a , (6.5.2.63)

we find that m_1 ≈ −1.048 and m_2 ≈ −3.326. Therefore the inequality (6.5.2.42) holds for the variation ζ_2 defined by (6.5.2.52), so the second variation δ^2F_{red} < 0 at wave speeds for the variations specified above. Based on our ealier remarks, we conclude that δ^2F_{red} has exactly one negative eigenvalue amongst admissible variations.

It is enlightening to consider the physical deformation to which the variation (6.5.2.52) corresponds. In view of equations (6.5.1.18), (6.5.2.47) and (6.5.2.48), the out-of-plane deformation is z(s) = − ∫_s −∞ ζ_2 du = −2aϕ̄ + 2π [ 1 − cos(ϕ̄/2) ] + ma sin ϕ̄. (6.5.2.64)

Because the deformation z is an odd function of s, we see that ζ_2 corresponds to an out of plane twisting of the solitary wave about its axis of symmetry of the loop.

It closing we consider the implications of our variational analysis upon some closely related rod problems. Notice first that equation (6.5.2.29) implies a lower bound on ⟨ζ_2, Sζ_2⟩, namely ⟨ζ_2, Sζ_2⟩ > − 3 a ‖ζ_2‖^2. (6.5.2.65)

In our analysis we have assumed boundary conditions which allow free rotation of the rod about the e_1 axis at its ends, as if it were in a sleeve. Thus we were able to assume the variation (6.5.2.32) in ζ_3 which eliminates the twist term (6.5.2.18) in the second variation of F_2. If instead a boundary condition were specified on the twist so that ζ_3 = 0 at the ends, then the integral appearing in the twist term (6.5.2.18) will in general be positive. It follows that for K_3 sufficiently large, there is a range of wave speeds c for which the total second variation of F_2 is positive, so that the planar solitary wave is a minimizer of F_{red}.

Alternatively, suppose the rod is anisotropic with I_2 > I_1 and K_2 > K_1. (For example, think of a rod with elliptic cross-section for which the semimajor axis is orthogonal to the plane of the solitary wave.) The inequality K_2 > K_1 means that the solitary wave lies in the plane of minimum stiffness of the rod. If K_2 − K_1 is sufficiently large, then for small wave speeds c the total second variation of F_2 must be positive, so the planar solitary wave is a minimizer of F_{red}. If on the other hand I_2 < I_1 and K_2 < K_1, then the solitary wave lies in the plane of maximum stiffness of the rod, and the anisotropic term in the second variation is negative for wave speed c such that (K_2 − c^2I_2) < (K_1 − c^2I_1). For example, for the variations ζ_1 = 0, ζ_2 = sin ϕ̄, with ζ_3 = 1 − cos ϕ̄ in accordance with (6.5.2.32), we obtain ζ^′_2 + ϕ̄^′ζ_3 = ϕ̄^′ and ζ^′_3 − ϕ̄^′ζ_2 = 0, and so

δ^2F_2 =^1_2 { (K_2 − c^2I_2) − (K_1 − c^2I_1) } ∫_∞ −∞ ϕ̄^{′2} ds (6.5.2.66)

That is to say, the variation ζ_2 = sin ϕ̄ which describes an out of plane rotation of the solitary wave tends to decrease F_2. In this case the second variation of F_2 is infinitely indefinite, so the the planar solitary wave is not a minimizer of F_2.

CHAPTER 7

CONCLUSION AND DISCUSSION

In this dissertation I have described a new and quite general procedure, called the impetusstriction formulation, for the derivation of an unconstrained Hamiltonian system describing constrained Lagrangian dynamics. This formulation has some unusual features, such as a gauge freedom and consequent partial unobservability of the state variables, but it has proved useful in analyzing infinite dimensional systems governed by partial differential equations. In Chapter 5 the formulation was used to obtain a Hamiltonian evolutionary system governing the planar twist-free motion of an inextensible and unshearable elastic rod. For this planar model the directors d_k(s, t) at time t and arclength s are parameterized by a single angle ϕ(s, t), and the displacement of each material point at s from the reference configuration is given by h(s, t). These variables are illustrated in Figure 1. The Hamiltonian for this model (in the case of a rod with finite length L) is H(h, ϕ, g, χ) = ∫_L −L 1 2 { ρ^{−1}|g + Λ̃_s|^2 + I^{−1}_1 [χ + d_2 · Λ̃]^2 + K_1ϕ^2_s } ds, (7.1) where g and χ are the impetuses conjugate to h and ϕ, respectively. The two components of the striction Λ̃ are determined through a minimization by which one obtains the elliptic equation ρ^{−1}(g + Λ_s)_s − I^{−1}_1 (χ + d_2 · Λ)d_2 = 0, (7.2)

subject to the boundary conditions

ρ^{−1}(g + Λ_s) = 0 at s = ±L. (7.3)

The vector equation (7.2) governing the striction is equivalent to the inextensibility and unshearability conditions, which are therefore invariants of motion under the impetusstriction formulation.

Because the displacement h does not appear explicitly in the Hamiltonian H, the associated impetus g is constant in time. We were therefore able to fix g, eliminating the gauge freedom, and go to a rather simple reduced system involving only the two variables ϕ and χ, namely

ϕ_t = δ_χH = I^{−1}_1 ( χ + d_2 · Λ̃ ) , (7.4) χ_t = −δϕH = I^{−1}_1 ( χ + d_2 · Λ̃ ) (d_3 · Λ̃) + K_1ϕ_{ss}, (7.5)

where again Λ̃ is defined by equation (7.2).

The rod model was then extended in Chapter 6 to describe general three-dimensional motions. The directors were parameterized there using a set of four Euler parameters, whose properties are outlined in section 2.6. In this model the associated Hamiltonian is given by equation (6.2.38), in which three components of the striction Λ̃ are determined by the elliptic equation (6.2.19) with boundary conditions (6.2.20). Once again one can go to a reduced system (6.2.41) and (6.2.52), in this case involving the four Euler parameters and their four associated impetuses. In Appendix A an analogous Hamiltonian system involving a set of three Euler angles is also presented. A comparison of the two models demonstrates the utility and in many respects the superiority of Euler parameters, which involve only polynomial and rational functions and do not exhibit the singularities inherent to an Euler angle representation.

The Hamiltonian formulation was developed in order to analyze the stability properties of planar solitary waves in an infinite, isotropic rod. This analysis employed a new conservation law for rod dynamics, which together with the specified boundary conditions imply the invariance of the linear impulse I (3.2.14). The solitary wave profile was first characterized as a critical point of the invariant F = H + cI, where c is the wave speed, and the solitary wave profile (5.5.27) for arbitrary wave speed was constructed explicitly. Among planar, twist-free variations with subsonic wave speed (K_1 − c^2I_1 > 0), it was demonstrated that the solitary wave profile is actually a minimizer of the invariant of motion F_{red} (5.6.1) associated with the reduced dynamical system. Provided that we assume appropriate existence and continuation results for the associated Cauchy problem for the full time dynamics, we may conclude nonlinear, orbital stability of the subsonic solitary waves via a Lyapunov-type argument in the planar rod model. The analysis in [12] does include an existence result for the Cauchy problem for the Lagrangian dynamics of a finite rod subject to certain sets of boundary conditions, but I have not yet attempted to adapt that approach to the precise boundary-value problem of interest here in either the finite or infinite arc-length cases.

In addition to the inextensibility and unshearability conditions and the linear impulse discussed in the context of the planar model, several other invariants and their associated symmetries were described for the three-dimensional motion of a rod. In the particular case of an isotropic rod, the isotropic angular momentum A (6.3.8) was shown to be conserved.

The other invariants presented which have physical significance are the three components of angular momentum and the two transverse components of linear momentum. Because the longitudinal forces at the two ends of the rods need not be equal, the longitudinal component of linear momentum is in general not conserved. Nevertheless, the longitudinal component of the linear impetus g is conserved, corresponding to the translational symmetry of the rod along the e_1 axis. Finally there are two invariants of motion, namely |β|^2 and γ ·β, which have no physical interpretations but instead arise through the parameterization chosen for the directors.

In a variational analysis with respect to spatial perturbations, the examination of the special case of an isotropic rod whose ends are free to rotate provided the essential information. For this model, amongst the class of all spatial variations which preserve the invariants of motion, the subsonic wave profile was shown not to be a minimizer of F_{red}. In fact, for the spatial analysis the critical speed is in general not the speed of sound c_1, but rather the speed c̄ given by equation (6.5.2.21) which is in general less than c_1. For wave speeds c less than c̄, the second variation of F_{red} has index one; otherwise the second variation of F_{red} is infinitely indefinite. The variational analysis focused on a study of the behavior of the differential operators P and S given by (5.6.12) and (6.5.2.20) which respectively describe the influence of planar and nonplanar perturbations upon the second variation of F_{red}. For our analysis only partial information regarding of the spectra of these operators was required in order to determine the index of the second variation of F_{red} at the planar solitary wave profile. In fact the expression (5.5.31) for cos ϕ̄ may be used to rewrite these operators as P (f)(s) ≡ −f^{′′}(s) + 1 a^2 [ 1 − 2 sech^2 ( s a )] f(s) (7.6) and S(f)(s) ≡ −f^{′′}(s) + 1 a^2 [ 1 − 6 sech^2 ( s a )] f(s). (7.7)

It is possible to determine the complete spectra of operators in the above form through an appropriate change of variables presented by Morse & Feshbach ([49], p. 768).

Finally, the variational analysis of an isotropic rod with freely rotating ends may be used to show that the planar solitary wave profile is a minimizer of F_{red} for two closely related rod problems, namely where the solitary waves lies in the plane of minimum stiffness of a sufficiently anisotropic rod, and where the twist is fixed at the ends of a rod with sufficient resistance to twist deformations.

The results in this dissertation suggest several directions for further research. For example, the fact that the second variation of F_{red} has odd index suggests that the subsonic solitary wave may be unstable. Although I have not attempted to prove an instability result in this case, there are several promising approaches. For example, Pego & Weinstein [53] have developed a technique using Evans functions to prove instability which might be applicable.

Similarly, it is apparent from (5.6.2), (5.6.3) and (5.6.9) that for planar motions the second variation of F_{red} switches from positive semidefiniteness for subsonic wave speeds to complete indefiniteness for supersonic wave speeds. Thus supersonic solitary waves are not minima of any obvious variational principle. This leaves open the question of whether or not a supersonic solitary wave is dynamically stable. Preliminary numerical studies by Xu [63] suggest that supersonic solitary waves may actually be stable. These results are based upon a numerical scheme and associated error estimates which Xu [62] and Falk & Xu [23] have developed for the integration of the planar rod dynamics considered in [12] and [13] (i.e. the Lagrangian version of the dynamics considered here) subject to periodic boundary conditions (of possibly very large period). Attempts to prove or disprove instability for supersonic waves have been unsuccessful so far.

For the boundary conditions appropriate to the infinite rod there can be no component of shear force at infinity, i.e. the end load must be tangential. Accordingly, while the focus here has been on the distinction of subsonic versus supersonic waves, it is also reasonable to consider the separate distinction between waves for which the rod is in tension or compression at its ends. The expression (5.5.43) for the end load in a solitary wave motion shows that the transition from the tensile to compressive case does not correspond to the transition from subsonic to supersonic wave speeds. For subsonic and slightly supersonic waves the rod must be in tension at its ends, but for sufficiently fast supersonic waves the rod is in compression at its ends. It is perhaps of interest to note from equation (5.5.42) that at the critical speed c_1, the force in the solitary wave profile is everywhere tangential so there is no shear force at any arc-length s.

Using essentially the same analysis as above, one can also consider the existence and stability of solitary wave solutions when a nonlinear constitutive law for bending is assumed. If a strictly convex bending energy is assumed, then solitary wave solutions exist, but in general the amplitude of the wave depends upon the wave speed. Moreover, there exists a critical speed, c_0 say, such that a solitary wave whose speed satisfies |c| ≤ c_0 can be characterized as a minimizer. However, any associated dynamical stability result must be interpreted carefully. For with a nonlinear bending law, the governing equation is in general replaced by a fully nonlinear hyperbolic equation, so shocks must be anticipated.

We conclude with a discussion of the relations between the results presented in this dissertation and prior work.

Chapter 2 contains an essentially standard review of the director theory of rods. The one unusual feature is the representation of the directors in terms of Euler parameters. While Euler parameters have often been utilized in models of rigid body mechanics, particularly in spacecraft dynamics, the only prior application we are aware of in the context of rod dynamics is in the work of Simo & Vu-Quoc [59].

In Chapter 3 I have discussed conservation laws in rod dynamics. Each conservation law necessarily generates an integral of the corresponding system of ordinary differential equations describing the equilibrium configurations. Thus it is not coincidental that the symmetries that are here used to generate conservation laws for the dynamics are exactly cases in which integrals of the static equations are known. Similarly the special cases of the conservation laws (3.2.9) and (3.3.19) that arise for the system of ordinary differential equations describing travelling waves in a rod were previously found by Antman & Liu ([4], eqs. (3.8) and (3.13)). Because of these relations to known special cases, it was comparatively easy to conjecture the appropriate form of the conservation laws for the case of general dynamics. Accordingly it was simpler to couch the presentation in terms of the a posteriori verification of various identities. Nevertheless it should be recognized that one can exploit Noether’s Theorem to find the conservation laws (3.2.9) and (3.3.19) constructively, as was done in Chapter 5.

Despite the above remarks, to my knowledge neither of the conservation laws (3.2.9) and (3.3.19) have been described previously for the generality of dynamic rod models that are adopted here. However each conservation law certainly has its antecedents in the literature. For a hyperelastic, shearable, extensible rod, Simo et al. ([58], eq. (6.26)) found the conserved quantity (3.3.25) as a consequence of their Hamiltonian formulation of rod dynamics. The direct derivation employed here for the conservation law (3.3.19) and associated integral (3.3.25) is slightly more general because we need not assume hyperelasticity, which is required for the Hamiltonian formulation to be valid. Perhaps more relevantly, this derivation also implies (3.3.19) in the case of an inextensible, unshearable rod. It is a somewhat surprising fact that while the system governing the statics of an inextensible, unshearable rod is a considerable simplification of the system governing the statics of an extensible, shearable rod, the dynamics in the supposedly special case are in many ways much more complicated. The difficulty is associated with the fact that the net force λ is no longer determined via a constitutive relation, but instead plays the role of an additional dependent variable (or Lagrange multiplier maintaining the constraints of inextensibility and absence of shear), with no explicit equation governing its time evolution. (Cf. [12], [13], [14], [17], [23], and [62].) We also record the fact that Coleman et al. [14] independently discovered conservation of isotropic angular momentum for an inextensible, unshearable, linearly elastic rod using a formulation of the rod dynamics in terms of a set of Euler angles different from the one we employ in this dissertation.

The terminology ‘impulse’ for the conserved quantity associated with translation in arc-length is motivated by analogy with similar problems arising in the analysis of onedimensional wave motions in fluid mechanics. (Cf. [10].) Subsequently the particular form (3.4.33) of the impulse conservation law for three-dimensional motion within the context of a certain string model was discovered by Healey [26] and was exploited in the analysis of relative equilibria. In the case of these classic string dynamics some simplifications arise, cf. the two expressions (3.2.14) and (3.4.34) for the impulse. Generalization from the planar case also led Coleman et al. [14] (independently of this work) to discovery of the impulse for three-dimensional motions of an inextensible, unshearable, linearly elastic rod, again using their analysis involving Euler angles. It seems almost certain that the impulse (3.2.14) will prove useful in the variational characterization and stability analysis of steady motions of rods in three dimensions, (such as the three-dimensional travelling waves that have been discussed in [4] and more recently in [15]).

The development in Chapter 4 of the impetus-striction formulation has its roots in the the vakonomics mechanics of Kozlov [5]. However vakonomics deals primarily with nonholonomic constraints, where vakonomic mechanics gives rise to dynamics distinct from those produced by the D’Alembert-Lagrange principle. The impetus-striction formulation treats only holonomic constraints, which avoids the question of the validity of the equations of motion. In addition, vakonomics is developed in the context of ordinary differential equations, but the minimization procedure at the foundation of the impetus-striction formulation permits us to extend to quite general infinite dimensional systems involving partial differential equations as well. Maddocks & Pego [44] have already shown this formulation to be useful in modelling incompressible fluid flow.

Dirac [18] also developed a detailed theory concerning constrained dynamical systems. He considered unconstrained Lagrangian dynamics in which the Lagrangian is convex in the velocity, but not strictly convex, and obtained a constrained Hamiltonian formulation in which the Hamiltonian is strictly convex in the momentum variables. In the impetusstriction formulation we instead considered a constrained Lagrangian system in which the Lagrangian is strictly convex in the velocity, and obtain an unconstrained Hamiltonian formulation in which the Hamiltonian is convex, but not strictly convex, in the impetuses. In this sense, the impetus-striction formulation is dual to the Dirac theory.

Chapters 5 and 6 have focused on the analysis of solitary waves. There have been many prior discussions of travelling waves in rods. My interest in the stability of solitary waves in an infinite rod was largely sparked by the recent work of Coleman & Dill [13]. Subsequently, Coleman & Xu [16] performed numerical studies which show that the interaction of solitary waves differ qualitatively at subsonic and supersonic wave speeds, and Coleman et al. [14] presented explicit representations of spatial travelling waves by means of Euler angles. From their formulæ it is apparent that for a solitary wave which is not planar, the twist density b^3(ϕ) · ϕ_s = cos θ ϕ_s + ψ_s (7.8)

approaches a nonzero constant, and so the term 1 2 K_3 ∫_∞ −∞ b^3(ϕ(s)) · ϕ_s(s) ds (7.9) in the potential energy (2.6.1.29) is infinite. Hence the methods developed in this dissertation would need to be adapted in order to analyze the stability properties of nonplanar solitary waves.

Somewhat remarkably, the family of functions that are here studied as solitary wave profiles of our dynamic rod model have previously arisen in several other contexts. First, with the appropriate re-identification of parameters, the solitary wave profiles are also equilibria of an infinite elastica and as such were described by Euler [21]. See also Love [41], pp. 402-405. Second, the family of solitary waves for our dynamical system exactly coincides with that for the sine-Gordon equation (see, e.g. [20]), and stability of the solitary wave family within the context of the much simpler sine-Gordon dynamics has been examined previously [28]. It should be emphasized that there is some subtlety in the necessary reidentification of parameters in the two contexts. For example in the sine-Gordon equation the natural choice of physical parameters leads to a coupling between the amplitude and wave speed of the solitary wave, whereas the amplitude is naturally decoupled from the wave speed in the context of our rod model.

The same family of solution profiles was also found by Konno, Ichikawa & Wadati [37] to be solitary waves for an approximate model of a “stretched rope.” Their model was first proposed in [31] as an approximation for the nonlinear transverse oscillation of an elastic beam under tension, and was further studied in [60], [38] and [39]. The basic system that arises is a single partial differential equation whose highest order derivatives are second order in time, and fourth order in space. A stretching is introduced which restricts attention to uni-directional propagation, and it is concluded that the amplitude of the solitary wave decreases with increasing wave speed. This stands in direct contradiction to the conclusions I draw, which discrepancy can be explained by the following crucial differences in modelling. The rod model I have used allows the tension, or force, acting across each cross-section of the rod to vary as a function of both space and time. Consequently the Lagrangian form of our dynamical system comprises a system of three partial differential equations which express balance of two components of linear acceleration with force, and angular acceleration with bending moment. In contrast, in [31] the force is assumed to be constant both in space and time, which seems an inappropriate approximation for large amplitude solitary waves. As a consequence of this last hypothesis their governing system is a single partial differential equation expressing moment balance.

The existence of solitary waves within the rod model studied in this dissertation follows immediately and trivially from a simple phase plane analysis. Thus the focus of my work falls upon the consideration of solitary waves as special solutions of the full dynamical system. This emphasis stands in contrast to that adopted by Antman & Liu [4] who considered the existence of solitary waves in more sophisticated rod models that encompass effects of shear, compression, and viscosity, but who did not discuss issues of stability in the full dynamics. Simo et al. [58] have formulated a Hamiltonian system describing the dynamics of such unconstrained rods. Their formulation of the dynamics for this more intricate constitutive model is in some ways simpler than the system derived here, because there are no constraints. But I find no straightforward generalization of their system to the dynamics of an infinite rod subject to the constraints of inextensibility and unshearability. In any case, a stability analysis of travelling waves in extensible and shearable rods remains an open problem.

Appendix A

THE SPATIAL ELASTICA: EULER ANGLES

A.1 Introduction

In Chapter 6 we formulated the dynamics of three-dimensional motion for an inextensible, unshearable rod in terms of Euler parameters. A parallel development in terms of Euler angles is presented here for comparison. The Hamiltonian system derived in section A.2 is a natural generalization of the planar dynamics involving a single angle obtained in Chapter 5. The invariants of motion and associated symmetries are delineated in section A.3. Finally, the variational analysis of a planar solitary wave profile appearing in sections A.4 and A.5 is directly analogous to the calculations appearing in sections 6.4 and 6.5.

A.2 Hamiltonian Formulation Using Euler Angles

For the three-dimensional dynamics the time derivative of the inextensibility constraint (2.5.6) is given by h_{st} = (d_3)_t = D_3[ϕ]^T ϕ_t (A.2.1)

where the matrix D_3[ϕ] is given by equation (2.6.1.19). Using (A.2.1), the action principle can be expressed as L ≡ T − V + ∫_L −L Λ · { h_{st} − D_3[ϕ]^T ϕ_t } ds, (A.2.2)

where the kinetic energy T is given by equation (2.6.1.27) and the potential energy V is given by equation (2.6.1.29). Once again we define the impetuses g ≡ δL δh_t = ρh_t − Λ_s (A.2.3) and χ ≡ δL δϕ_t = I_B[ϕ] · ϕ_t − D_3[ϕ]Λ. (A.2.4) We next invert the relations (A.2.3) and (A.2.4) to obtain h_t and ϕ_t as function of (g, ϕ, χ, Λ): h_t = ρ^{−1}(g + Λ_s) (A.2.5) and ϕ_t = I_B [ϕ]^{−1} (χ + D_3[ϕ]Λ) , (A.2.6) where

I_B [ϕ]^{−1} = 1 s^2θ

I^{−1}_1 c^2ψ + I^{−1}_2 s^2ψ (I^{−1}_2 − I^{−1}_1 )sψcψsθ −(I^{−1}_1 c^2ψ + I^{−1}_2 s^2ψ)cθ

· (I^{−1}_1 s^2ψ + I^{−1}_2 c^2ψ)s^2θ (I^{−1}_2 − I^{−1}_1 )sψcψcθ

· · (I^{−1}_1 c^2ψ + I^{−1}_2 s^2ψ)c^2θ +I^{−1}_3 s^2θ

.

(A.2.7) From equation (A.2.7) we observe that it must be assumed sin θ ≠ 0 for the inverse (A.2.6) of (A.2.4) to be well-defined. This condition is certainly satisfied for planar motion where θ = π/2. Equation (A.2.6) implies that the angular momentum is given by π = I ω = I B[ϕ]ϕ_t = B[ϕ]^{−T} [χ + D_3[ϕ]Λ] = B[ϕ]^{−T} χ + B[ϕ]^{−T} D_3[ϕ]Λ, (A.2.8) in which B^{−T} ≡ (B^T )^{−1}. Using the definition (2.6.1.19) of D_3[ϕ] one can show that the product B[ϕ]^{−T} D_3[ϕ] has an especially simple form, namely

B[ϕ]^{−T} D_3[ϕ] = −d_2(ϕ)^T d_1(ϕ)^T 0^T

. (A.2.9)

We next define the pre-Hamiltonian to be the Legendre transform of L. Due to the specific form of L, the pre-Hamiltonian is the sum of the kinetic and potential energies, expressed in terms of Hamiltonian variables using equations (A.2.5) and (A.2.6). Thus the pre-Hamiltonian is M(g, ϕ, χ, Λ) =^1_2 ∫_L −L { ρ^{−1}|g + Λ_s|^2 + (χ + D_3[ϕ]Λ) · I_B [ϕ]^{−1} (χ + D_3[ϕ]Λ) } ds +^1_2 ∫_L −L ϕ_s · K_B [ϕ]ϕ_s ds. (A.2.10) However, in light of equation (A.2.9) it might be simpler to express M as M(g, ϕ, χ, Λ) =^1_2 ∫_L −L { ρ^{−1}|g + Λ_s|^2 } ds +^1_2 ∫_L −L { I^{−1}_1 (b_1(ϕ) · χ − d_2 · Λ)^2 + I^{−1}_2 (b_2(ϕ) · χ + d_1 · Λ)^2 + I^{−1}_3 (b_3(ϕ) · χ)^2 } ds +^1_2 ∫_L −L K_j (b^j [ϕ] · ϕ_s)^2, (A.2.11)

where the vectors {b_j(ϕ)} and {b^j(ϕ)} are defined in equations (2.6.1.22) and (2.6.1.12) - (2.6.1.14).

The striction Λ is defined to be the minimizer of the pre-Hamiltonian M, and is again denoted by Λ̃. Hence the striction must satisfy the first variation condition δM δΛ = −ρ^{−1}(g + Λ_s)_s + D_3[ϕ]^T I_B [ϕ]^{−1} (χ + D_3[ϕ]Λ) = 0 (A.2.12)

with the boundary conditions

ρ^{−1}(g + Λ_s)_s = 0 at s = ±L. (A.2.13)

Here ρ^{−1}(g + Λ_s)_s = h_{st} (A.2.14) and D_3[ϕ]^T I_B[ϕ]^{−1}(χ + D_3[ϕ]Λ) = D_3[ϕ]^T ϕ_t = (d_3)_t, (A.2.15) so the condition (A.2.12) on the striction is simply an enforcement of the inextensibility constraint, as in the planar formulation. The proof of the existence and uniqueness of the striction is virtually the same as that given in section 6.2.

We now define the Hamiltonian H(g, ϕ, χ) ≡ M(g, ϕ, χ, Λ̃) =^1_2 ∫_L −L{ρ^{−1}|g + Λ̃_s|^2 + (χ + D_3[ϕ]Λ) · I_B [ϕ]^{−1} (χ + D_3[ϕ]Λ)} ds +^1_2 ∫_L −L ϕ_s · K_B[ϕ]ϕ_s ds =^1_2 ∫_L −L ρ^{−1} | | |g + Λ̃_s | | |^2 ds +^1_2 ∫_L −L { I^{−1}_1 ( b_1(ϕ) · χ − d_2 · Λ̃ )_2 + I^{−1}_2 ( b_2(ϕ) · χ + d_1 · Λ̃

)_2} ds +^1_2 ∫_L −L I^{−1}_3 (b_3(ϕ) · χ)^2 ds +^1_2 ∫_L −L K_j(b^j[ϕ] · ϕ_s)^2, (A.2.16)

It remains to determine the Hamiltonian dynamical system. It is a straightforward calculation to show g_t = − δH δh = 0, (A.2.17)

h_t = δH δg = ρ^{−1}(g + Λ̃_s), (A.2.18) and ϕ_t = δH δχ = I^{−1}_B [ϕ] ( χ + D_3[ϕ]Λ̃ ) . = I^{−1}_1 b_1(ϕ) ( b_1(ϕ) · χ − d_2 · Λ̃ ) +I^{−1}_2 b_2(ϕ) ( b_2(ϕ) · χ + d_1 · Λ̃ ) +I^{−1}_3 b_3(ϕ) (b_3(ϕ) · χ) (A.2.19)

Through an integration by parts we also find χ_t = − δH δϕ = I^{−1}_1 ( b_1(ϕ) · χ − d_2 · Λ̃ ) [( ∂b_1 ∂ϕ )_T χ − D_2(ϕ) Λ̃ ]

+I^{−1}_2 ( b_2(ϕ) · χ + d_1 · Λ̃ ) [( ∂b_2 ∂ϕ )_T χ + D_1(ϕ) Λ̃ ]

+K_j ( b^j(ϕ) · ϕ_s ) ( ∂b^j(ϕ) ∂ϕ )_T − ( ∂b^j (ϕ) ∂ϕ ) ϕ_s −K_j [ b^j (ϕ) · ϕ_s ] s b^j(ϕ), (A.2.20)

where

∂b_1 ∂ϕ = 0 cψcθ/s^2θ sψ/sθ 0 0 cψ 0 −cψ/s^2θ −sψcθ/sθ , (A.2.21)

∂b_2 ∂ϕ = 0 −sψcθ/s^2θ cψ/sθ 0 0 −sψ 0 sψ/s^2θ −cψcθ/sθ , (A.2.22)

∂b_3 ∂ϕ = 0 0 0 0 0 0 0 0 0

, (A.2.23)

∂b^1 ∂ϕ = 0 −cψcθ sψsθ 0 0 cψ 0 0 0

, (A.2.24)

∂b^2 ∂ϕ = 0 sψcθ cψsθ 0 0 −sψ 0 0 0

, (A.2.25) and ∂b^1 ∂ϕ = 0 −cψcθ sψsθ 0 0 cψ 0 0 0

, (A.2.26)

so ( ∂b^1 ∂ϕ ) − ( ∂b^1 ∂ϕ )_T = b^2(ϕ) ⊗ b^3(ϕ) − b^3(ϕ) ⊗ b^2(ϕ), (A.2.27) ( ∂b^2 ∂ϕ ) − ( ∂b^2 ∂ϕ )_T = b^3(ϕ) ⊗ b^1(ϕ) − b^1(ϕ) ⊗ b^3(ϕ), (A.2.28)

and ( ∂b^3 ∂ϕ ) − ( ∂b^3 ∂ϕ )_T = b^1(ϕ) ⊗ b^2(ϕ) − b^2(ϕ) ⊗ b^1(ϕ). (A.2.29)

Notice from equation (2.6.1.22) that b_3(ϕ) = e_3, so equations (A.2.21) and (A.2.22) imply ∂b_1 ∂ϕ b_3(ϕ) = b_2(ϕ) (A.2.30) and ∂b_2 ∂ϕ b_3(ϕ) = −b_1(ϕ). (A.2.31)

There does not seem to be a simple representation of the vectors c_{jk}(ϕ) ≡ ∂b_j ∂ϕ b_k(ϕ) (A.2.32)

in terms of the basis {b^j(ϕ)} when neither j nor k is 3, although the relationship

c_{21}(ϕ) = c_{12}(ϕ) + b_3(ϕ) (A.2.33)

is useful in our variational analysis. By contrast, in Euler parameters the basis vectors B_jβ are linear in β, so the direct analog of equations (A.2.30) - (A.2.32) is the relatively simple commutation relation (2.6.2.41).

It is convenient for our variational analysis to decompose δH/δχ into its components with respect to the basis b_j(ϕ). By taking inner products of (A.2.19) with the vectors b^j (ϕ) and utilizing the identity (2.6.1.20) for dual bases, we find δH δχ · b^1(ϕ) = I^{−1}_1 [ b_1(ϕ) · χ − d_2 · Λ̃ ] , (A.2.34) δH δχ · b^2(ϕ) = I^{−1}_2 [ b_2(ϕ) · χ + d_1 · Λ̃ ] , (A.2.35) δH δχ · b^3(ϕ) = I^{−1}_3 b_3(ϕ) · χ. (A.2.36)

In the same way we can express δH/δϕ with respect to the basis b^j(ϕ) by taking inner products of (A.2.20) with b_j (ϕ). Exploiting equations (A.2.27) – (A.2.29) and (A.2.30) – (A.2.32) together with the definitions (2.6.1.17) and (2.6.1.18) of D_1[ϕ] and D_2[ϕ] and the identity (2.6.1.20), we find δH δϕ · b_1(ϕ) = I^{−1}_1 [ b_1(ϕ) · χ − d_2(ϕ) · Λ̃ ] [ c_{11}(ϕ) · χ − d_3(ϕ) · Λ̃ ]

+I^{−1}_2 [ b_2(ϕ) · χ + d_1(ϕ) · Λ̃ ] [c_{21}(ϕ) · χ] + (K_2 − K_3) [ b^2(ϕ) · ϕ_s ] [ b^3(ϕ) · ϕ_s ] −K_1 [ b^1(ϕ) · ϕ_s ] s , (A.2.37) δH δϕ · b_2(ϕ) = I^{−1}_1 [ b_1(ϕ) · χ − d_2(ϕ) · Λ̃ ] [c_{12}(ϕ) · χ] +I^{−1}_2 [ b_2(ϕ) · χ + d_1(ϕ) · Λ̃ ] [ c_{22}(ϕ) · χ + d_3(ϕ) · Λ̃ ] + (K_3 − K_1) [ b^3(ϕ) · ϕ_s ] [ b^1(ϕ) · ϕ_s ] −K_2 [ b^2(ϕ) · ϕ_s ] s , (A.2.38) and δH δϕ · b_3(ϕ) = I^{−1}_1 [ b_1(ϕ) · χ − d_2(ϕ) · Λ̃ ] [ b^2(ϕ) · χ + d_1(ϕ) · Λ̃ ]

+I^{−1}_2 ( b_2(ϕ) · χ + d_1 · Λ̃ ) [ −b_1(ϕ) · χ − d_2(ϕ) · Λ̃ ] + (K_1 − K_2) [ b^1(ϕ) · ϕ_s ] [ b^2(ϕ) · ϕ_s ] −K_3 [ b^3(ϕ) · ϕ_s ] s . (A.2.39)

One advantage of formulating the dynamics using Euler angles is that the Hamiltonian system takes a particularly simple form in the isotropic case, where I_1 = I_2 and K_1 = K_2. The matrix D_3 (2.6.1.19) is always independent of the angle ψ, but in the isotropic case the matrices I_B and K_B are also independent of ψ. This is attributable to the fact that the angle ψ describes the rotational symmetry about the axis d_3(ϕ). Specifically,

I_B =

I_1s^2θ + I_3c^2θ 0 I_3cθ · I_1 0 · · I_3 , (A.2.40)

and K_B =

K_1s^2θ + K_3c^2θ 0 K_3cθ

· K_1 0 · · K_3 . (A.2.41)

The kinetic and potential energies in this case are

T =^1_2 ∫_L −L I_1(sin^2 θ ϕ^2_t + θ^2_t ) + I_3(cos θ ϕ_t + ψ_t)^2 (A.2.42) and V =^1_2 ∫_L −L I_1(sin^2 θ ϕ^2_s + θ^2_s ) + I_3(cos θ ϕ_s + ψ_s)^2, (A.2.43) so δV δϕ = −K_1 ( sin^2 θ ϕ_s ) s − K_3 {cos θ(cos θ ϕ_s + ψ_s)}_s , δV δθ = K_1 ( sin θ cos θ ϕ^2_s − θ_{ss} ) − K_3 {sin θ(cos θ ϕ_s + ψ_s)ϕ_s} , δV δψ = −K_3(cos θ ϕ_s + ψ_s)_s. (A.2.44)

The equation for (χ_3)_t is therefore especially simple, namely

(χ_3)_t = K_3(cθ ϕ_s + ψ_s)_s, (A.2.45)

which is in the form of a conservation law.

In the reduced system, the angles ϕ, θ, ψ are subject to the constraints ∫_∞ −∞ (1 − x_s) ds = ∫_∞ −∞ (1 − sin θ cos ϕ) ds = 4a, (A.2.46)

∫_∞ −∞ y_s ds = ∫_∞ −∞ sin θ sin ϕ ds = 0, (A.2.47) and ∫_∞ −∞ z_s ds = cos θ ds = 0, (A.2.48)

A.3 Hamiltonian Form of Conservation Laws

Henceforth in this appendix we assume the rod is infinite and transversely isotropic.

In analogy with the invariant (5.4.12), we again have an infinite set of invariants C(z) ≡ ∫_∞ −∞ Λ^∗(s) · [h_s(s, t) − d_3(s, t) + e_1] (A.3.1)

associated with the inextensibility condition. The first variation of C is δC δz = (−(Λ^∗)_s, − ( ∂d_3 ∂ϕ )_T Λ^∗, 0, 0) = (−(Λ^∗)_s, −D_3[ϕ] Λ^∗, 0, 0), (A.3.2)

and the generator of the associated gauge symmetry is J δC δz = (0, 0, (Λ^∗)_s, D_3[ϕ] Λ^∗). (A.3.3)

As in the planar case, the translational symmetry of the Hamiltonian with respect to arc-length implies the invariance of the linear impulse, given by I ≡ ∫_∞ −∞ {g · h_s + χ · ϕ_s} ds. (A.3.4) Using the inextensibility condition (2.5.6) and the definitions of g (A.2.3) and χ (A.2.4) we can rewrite the impulse given by (A.3.4) in the form given in Chapter 3: I = ∫_∞ −∞ {( g + Λ̃_s ) · h_s + ( χ + D_3[ϕ] Λ̃ ) · ϕ_s } ds = ∫_∞ −∞ { ρh_t · h_s + B[ϕ]^T IB[ϕ] ϕ_t · ϕ_s } ds = ∫_∞ −∞ {p · h_s + π · u} ds (A.3.5)

The first variation of I is δI δz = (−g_s, −χ_s, h_s, ϕ_s). (A.3.6) The invariance of the linear impulse is associated with the translational symmetry of the rod with respect to the arc-length s. The infinitesimal generator of this symmetry is J δI δz = (h_s, ϕ_s, g_s, χ_s). (A.3.7)

Using the expression (A.2.8) for the angular momentum together with the fact that

B[ϕ]^{−1} e_3 = b_3(ϕ) = e_3 (A.3.8) as a consequence of equations (2.6.1.21) and (2.6.1.22), the isotropic angular momentum A takes an extremely simple form in terms of the Hamiltonian state variables, namely A ≡ ∫_∞ −∞ I ω · e_3 = ∫_∞ −∞ e_3 · B[ϕ]^{−T} ( χ + D_3[ϕ] Λ̃ ) ds = ∫_∞ −∞ b_3(ϕ) · ( χ + D_3[ϕ] Λ̃ ) ds = ∫_∞ −∞ e_3 · (χ + D_3[ϕ] Λ̃) ds = ∫_∞ −∞ e_3 · χ ds, (A.3.9)

where the last equality follows from equation (2.6.1.23). The first variation of A is δA δz = (0, 0, 0, e_3). (A.3.10)

That A in its Hamiltonian form is conserved can now be seen readily from the conservation law (A.2.45) found in the last section. We reach the same conclusion through Noether’s Theorem by noting that the Hamiltonian system for the isotropic rod is invariant under the transformation ψ → ψ + ϵ, whose infinitesimal generator is J δA δz = (0, e_3, 0, 0). (A.3.11)

We denote the total angular momentum about the origin by Ω ≡ ∫_∞ −∞ {π + r × p} ds (A.3.12) and let Ω^o_k ≡ Ω · e_k. In terms of the Hamiltonian variables

Ω^o = ∫_∞ −∞ { (B_o)^{−T} [ϕ] ( χ + D_3[ϕ]Λ̃ ) + (h + se_1) × (g + Λ̃_s) } ds = ∫_∞ −∞ { (B_o)^{−T} [ϕ]χ + d_3 × Λ̃ + (h + se_1) × (g + Λ̃) } ds (A.3.13)

which may be rewritten through an integration by parts and the inextensibility condition as Ω^o = ∫_∞ −∞ { (B_o[ϕ])^{−T} χ + (h + se_1) × g + (d_3 − e_1 − h_s) × Λ̃ } ds = ∫_∞ −∞ { (B_o[ϕ])^{−T} χ + (h + se_1) × g } ds. (A.3.14)

We define the vectors b^o_j (ϕ) ≡ B^o[ϕ]^{−T} e_j (A.3.15) in analogy with the vectors B^o_jβ used for Euler parameters, so that the components of angular momentum can be written as

Ω^o_k = ∫_∞ −∞ { b^o_j (ϕ) · γ + [(h + se_1) × g] · e_k } ds. (A.3.16)

The first variation of Ω^o_k is therefore δΩ^o_k δz = −e_k × g, − ( ∂b^o_j ∂ϕ )_T γ, e_k × (h + se_1), b^o_j (ϕ)

. (A.3.17)

The associated infinitesimal generator is J δΩ^o_k δz = e_k × (h + se_1), b^o_j (ϕ), e_k × g, ( ∂b^o_j ∂ϕ )_T γ , (A.3.18)

which generates the rotation about the e_k axis.

The transverse components of linear momentum

P^o_2 ≡ ∫_∞ −∞ ρh_t · e_2 ds (A.3.19) and P^o_3 ≡ ∫_∞ −∞ ρh_t · e_3 ds (A.3.20)

are also conserved. In terms of the Hamiltonian variables, these can be written as

P^o_2 = ∫_∞ −∞ (g + Λ̃_s) · e_2 ds = ∫_∞ −∞ g · e_2 ds + Λ̃ · e_2|^∞_{−∞} (A.3.21) and P^o_3 = ∫_∞ −∞ g · e_3 ds + Λ̃ · e_3|^∞_{−∞}. (A.3.22)

The first variations therefore are δP^o_k δz = (0, 0, e_k, 0) for k = 2, 3, (A.3.23)

which correspond to the generators J δP^o_k δz = (e_k, 0, 0, 0) (A.3.24)

of the translational symmetry groups (h + ϵe_k, 0, 0, 0). The striction is unchanged under these symmetries.

The commutation relations among these invariants are the same as those described in section 6.3. For the reduced system, provided we choose the linear impulse g to be constant in s as we as t, the associated linear impulse

I_{red} ≡ ∫_∞ −∞ χ · ϕ_s ds (A.3.25) remains a conserved quantity.

A.4 A Variational Characterization of Solitary Waves

Once again, we determine the extremals of the invariant F = H + cI and show that they

are the travelling waves solutions. The development is essentially the same as in section

5.5, so we only outline the argument in this section. The equations for an extremal of F are 0 = δF δh = −cḡ^′, (A.4.1) 0 = δF δg = ρ^{−1}(ḡ + Λ̄^′) + ch̄^′, (A.4.2) 0 = δF δχ · b̄^1 = I^{−1}_1 ( b̄_1 · χ̄ − d̄_2 · Λ̄ ) + cb̄^1 · ϕ̄^′, (A.4.3) 0 = δF δχ · b̄^2 = I^{−1}_2 ( b̄_2 · χ̄ + d̄_1 · Λ̄ ) + cb̄^2 · ϕ̄^′, (A.4.4) 0 = δF δχ · b̄^3 = I^{−1}_3 b̄_3 · χ̄ + cb̄^3 · ϕ̄^′, (A.4.5)

0 = δF δϕ · b̄_1 = I^{−1}_1 ( b̄_1 · χ̄ − d̄_2 · Λ̄ ) ( c̄_{11} · χ̄ − d̄_3 Λ̄ )

+I^{−1}_2 ( b̄_2 · χ̄ + d̄_1 · Λ̄ ) (c̄_{21} · χ̄)

+ (K_2 − K_3) ( b̄^2 · ϕ̄^′ ) ( b̄^3 · ϕ̄^′ ) −K_1 ( b̄^1 · ϕ̄^′ )_′ −cb̄_1 · χ̄^′, (A.4.6)

0 = δF δϕ · b̄_2 = I^{−1}_1 ( b̄_1 · χ̄ − d̄_2 · Λ̄ ) (c̄_{12} · χ̄)

+I^{−1}_2 ( b̄_2 · χ̄ + d̄_1 · Λ̄ ) ( c̄_{22} · χ̄ + d̄_3 Λ̄ ) + (K_3 − K_1) ( b̄^3 · ϕ̄^′ ) ( b̄^1 · ϕ̄^′ ) −K_2 ( b̄^2 · ϕ̄^′ )_′ −cb̄_2 · χ̄^′, (A.4.7) and 0 = δF δϕ · b̄_3 = I^{−1}_1 ( b̄_1 · χ̄ − d̄_2 · Λ̄ ) ( χ̄ · b̄^2 + d̄_1 · Λ̄ )

+I^{−1}_2 ( b̄_2 · χ̄ + d̄_1 · Λ̄ ) ( −χ̄ · b̄_1 − d̄_2 · Λ̄ ) + (K_1 − K_2) ( b̄^1 · ϕ̄^′ ) ( b̄^2 · ϕ̄^′ ) −K_3 ( b̄^3 · ϕ̄^′ )_′ −cb̄_3 · χ̄^′, (A.4.8)

In addition we have the equation governing Λ̄,

0 = −ρ^{−1} ( ḡ + Λ̄^′ )_′ + D_3[ϕ̄]^T B[ϕ̄]^{−1}I^{−1}B[ϕ̄]^{−T} ( χ̄ + D_3[ϕ̄]Λ̄ ) . (A.4.9)

From equation (A.4.1) we see that ḡ is a constant. By combining equations (A.4.2), (A.4.3)

- (A.4.5) and (A.4.9) we obtain

ch̄^{′′} − cD^T_3 ϕ̄^′ = c(h̄^′ − d̄_3)^′ = 0, (A.4.10)

which together with boundary conditions implies

h̄^′ = d̄_3 − e_1, (A.4.11)

We next solve equation (A.4.2) for Λ̄^′ and exploit (A.4.11) to obtain

Λ̄^′ = −ḡ − cρ(d̄_3 − e_1). (A.4.12)

Thus both h̄ and Λ̄ are determined when we find ḡ and ϕ.

Equations (A.4.3) - (A.4.5) can be solved to obtain

b̄_1 · χ̄ = −cI_1b̄^1 · ϕ̄^′ + d̄_2 · Λ̄, (A.4.13)

b̄_2 · χ̄ = −cI_2b̄^2 · ϕ̄^′ − d̄_1 · Λ̄, (A.4.14)

b̄_3 · χ̄ = −cI_3b̄^3 · ϕ̄^′. (A.4.15)

Equations (A.4.13) – (A.4.15) can next be exploited to rewrite equations (A.4.6) – (A.4.8)

more simply as cb̄_1 · χ̄^′ = −cI_1 ( b̄^1 · ϕ̄^′ ) ( c̄_{11} · χ̄ − d̄_3 Λ̄ ) −cI_2 ( b̄^2 · ϕ̄^′ ) (c̄_{21} · χ̄)

+ (K_2 − K_3) ( b̄^2 · ϕ̄^′ ) ( b̄^3 · ϕ̄^′ ) −K_1 ( b̄^1 · ϕ̄^′ )_′ , (A.4.16) cb̄_2 · χ̄^′ = −cI_1 ( b̄^1 · ϕ̄^′ ) (c̄_{12} · χ̄) −cI_2 ( b̄^2 · ϕ̄^′ ) ( c̄_{22} · χ̄ + d̄_3 Λ̄ ) + (K_3 − K_1) ( b̄^3 · ϕ̄^′ ) ( b̄^1 · ϕ̄^′ ) −K_2 ( b̄^2 · ϕ̄^′ )_′ , (A.4.17) and cb̄_3 · χ̄^′ = −cI_1 ( b̄^1 · ϕ̄^′ ) ( χ̄ · b̄^2 + d̄_1 · Λ̄ ) −cI_2 ( b̄^2 · ϕ̄^′ ) ( −χ̄ · b̄_1 − d̄_2 · Λ̄ ) + (K_1 − K_2) ( b̄^1 · ϕ̄^′ ) ( b̄^2 · ϕ̄^′ ) −K_3 ( b̄^3 · ϕ̄^′ )_′ . (A.4.18)

On the other hand one can differentiate equations (A.4.13) - (A.4.15) to obtain cb̄_1 · χ̄^′ = −c (¯ b_1 )_′ · χ̄^′ − c^2I_1 ( b̄^1 · ϕ̄^′ )_′ +ϕ̄^′ · D_2[ϕ̄]Λ̄ + d̄_2 · Λ̄^′, (A.4.19) cb̄_2 · χ̄^′ = −c (¯ b_2 )_′ · χ̄^′ − c^2I_2 ( b̄^2 · ϕ̄^′ )_′ −ϕ̄^′ · D_1[ϕ̄]Λ̄ − d̄_1 · Λ̄^′, (A.4.20) cb̄_3 · χ̄^′ = −c (¯ b_3 )_′ · χ̄^′ − c^2I_3 ( b̄^3 · ϕ̄^′ )_′ . (A.4.21)

In order to produce a system of equations governing ϕ̄, one can first equate the pairs of

equations (A.4.16) and (A.4.13), (A.4.17) and (A.4.14) and (A.4.18) and (A.4.15). If one

then utilizes equations (A.2.30) – (A.2.33), (A.4.12) and the identity

ϕ̄^′ = b̄_1 ( b̄^1 · ϕ̄^′ ) + b̄_2 ( b̄^2 · ϕ̄^′ ) + b̄_3 ( b̄^3 · ϕ̄^′ ) . (A.4.22)

Ultimately one obtains the system of differential equations ( K_1 − c^2I_1 ) ( b̄^1 · ϕ̄^′ )_′ = [( K_2 − c^2I_2 ) − ( K_3 − c^2I_3 )] ( b̄^2 · ϕ̄^′ ) ( b̄^3 · ϕ̄^′ ) +cd̄_2 · (ḡ − cρe_1) , (A.4.23) ( K_2 − c^2I_2 ) ( b̄^2 · ϕ̄^′ )_′ = [( K_3 − c^2I_3 ) − ( K_1 − c^2I_1 )] ( b̄^1 · ϕ̄^′ ) ( b̄^3 · ϕ̄^′ ) −cd̄_1 · (ḡ − cρe_1) , (A.4.24) and ( K_3 − c^2I_3 ) ( b̄^3 · ϕ̄^′ )_′ = [( K_1 − c^2I_1 ) − ( K_2 − c^2I_2 )] ( b̄^1 · ϕ̄^′ ) ( b̄^2 · ϕ̄^′ ) . (A.4.25)

For an isotropic rod equation (A.4.25) can be rewritten simply as

(K_3 − c^2I_3) (¯ ψ^′ + cos θ̄ ϕ̄^′ )_′ = 0 (A.4.26)

Thus if K_3 − c^2I_3 ≠ 0 we conclude from the boundary conditions that

ψ̄^′ + cos θ̄ ϕ̄^′ = ψ^′(±∞), (A.4.27)

which shows that the twist rate must be constant. If the twist rate is nonzero, it follows

that the potential energy (2.6.1.29) is infinite.

If equations (A.4.23) – (A.4.25) are multiplied by b̄^1 · ϕ̄^′, b̄^2 · ϕ̄^′ and b̄^3 · ϕ̄^′ respectively

and summed, the cross terms cancel and one obtains ( K_j − c^2I_j ) ( b̄^j · ϕ̄^′ ) ( b̄^j · ϕ̄^′ )_′ = −c (ḡ − cρe_1) · [( b̄^1 · ϕ̄^′ ) d̄_2 − ( b̄^2 · ϕ̄^′ ) d̄_1 ] = −c (ḡ − cρe_1) D_3[ϕ̄]^T ϕ̄^′

= −c (ḡ − cρe_1) (d̄_3)^′, (A.4.28) where we have exploited the expression (2.6.1.19) for D_3[ϕ] to simplify the right hand side. The boundary conditions imply that

ḡ = ḡ_1e_1 (A.4.29)

for some ḡ_1. Therefore equation (A.4.28) takes the form of an exact derivative with first integral 1 2 ( K_j − c^2I_j ) (¯ b^j · ϕ̄^′ )_2

= c (ḡ_1 − cρ) ( 1 − e_1 · d̄_3 ) . (A.4.30) In the case of planar dynamics we fix θ̄ = π/2 and ψ̄ = 0. Under these assumptions ϕ̄ = ϕ̄ e_1, b̄^1 = −e_1, b̄^2 = e_2 and b̄^3 = e_3. Therefore the system of equations (A.4.23) - (A.4.25) reduces to a single equation, which can be written in the form (5.5.19). Thus the planar solitary wave is a critical point of F with respect to spatial variations.

A.5 Analysis of the Second Variation for Planar Solitary Waves

In this section we compute the second variation of the functional F_{red}, for the purpose of comparison with the calculation in section 6.5. The variational analysis is based upon the function F_{red} ≡ H_{red} + cI_{red}, (A.5.1) where H_{red} is the reduced Hamiltonian defined in section 5.3, I is the linear impulse as in Chapter 3, I ≡ ∫_∞ −∞ { g · h^′ + χ · ϕ^′ } ds (A.5.2) and I_{red} is its reduced form I_{red} ≡ ∫_∞ −∞ χ · ϕ^′ ds. (A.5.3) We reiterate that the rod is henceforth assumed to be isotropic.

As before we rewrite F_{red} by completing squares as

F_{red} ≡ F_1 + F_2. (A.5.4)

Here F_1(ϕ, χ) ≡^1_2 ∫_∞ −∞ { ρ^{−1}|g_c(s)|^2 + χ_c · B[ϕ]^{−1} I^{−1}B[ϕ]^{−T} χ_c } ds, (A.5.5) g_c(ϕ, χ) ≡ ḡ + Λ̃^′(ϕ, χ) + cρ(d_3 − e_1), (A.5.6) χ_c(ϕ, χ) ≡ χ + D_3[ϕ]Λ̃ + cB[ϕ]^T IB[ϕ]ϕ^′, (A.5.7) and F_2(ϕ) = ∫_∞ −∞ {_1 2 ϕ^′ · B[ϕ]^T (K − c^2I)B[ϕ]ϕ^′ −^1_2 c^2ρ|d_3 − e_1|^2 − cḡ · (d_3 − e_1) } ds. (A.5.8)

By inserting the expression (5.5.23) for ḡ into equation (A.5.8) and using the fact that |d_3| = 1 = |e_1| we can rewrite F_2 more simply as F_2(ϕ) = ∫_∞ −∞ {_1

2 ϕ^′ · B[ϕ]^T (K − c^2I)B[ϕ]ϕ^′ +^{(K1−c2I1)}_{a2} e_1 · (d_3 − e_1) } ds (A.5.9) It remains to calculate the second variation of F_2. The second variation of the term 1 2 ϕ^′ · B[ϕ]^T (K − c^2I)B[ϕ]ϕ^′ (A.5.10) is (K_1 − c^2I_1) { δϕ̄^{′2} − 2ϕ̄^′δψδθ^′ − ϕ̄^{′2}(δψ^2 + δθ^2) } +(K_2 − c^2I_2)(δθ^{′2} + ϕ̄^′δψ)^2

+(K_3 − c^2I_3)(δψ^′ − ϕ̄^′δθ)^2, (A.5.11) which can be rewritten as (K_1 − c^2I_1) { δϕ̄^{′2} − (δθ^′ + ϕ̄^′δψ)^2 + δθ^{′2} − ϕ̄^{′2}δθ^2 } +(K_2 − c^2I_2)(δθ^{′2} + ϕ̄^′δψ)^2

+(K_3 − c^2I_3)(δψ^′ − ϕ̄^′δθ)^2. (A.5.12) The second variation of the term (K_1 − c^2I_1)

a^2 e_1 · (d_3 − e_1) (A.5.13) is (K_1 − c^2I_1)

a^2 cos ϕ̄(δϕ^2 + δθ^2). (A.5.14) Thus the second variation of F_2 is δ^2F_2 = (K_1 − c^2I_1)(δϕ̄^{′2} + 1 a^2 cos ϕ̄δϕ^2) +(K_1 − c^2I_1) { δθ^{′2} + ( 1 a^2 cos ϕ̄ − ϕ̄^{′2})δθ^2 }

+ { (K_2 − c^2I_2) − (K_1 − c^2I_1) } (δθ^′ + ϕ̄^′δψ)^2 +(K_3 − c^2I_3)(δψ^′ − ϕ̄^′δθ)^2, (A.5.15) which can be rewritten as δ^2F_2 = (K_1 − c^2I_1)⟨δϕ, P (δϕ)⟩ (A.5.16) +(K_1 − c^2I_1)⟨δθ, S(δθ)⟩ (A.5.17) + { (K_2 − c^2I_2) − (K_1 − c^2I_1) } ∫ ∞ −∞ (δθ^′ + ϕ̄^′δψ)^2 ds (A.5.18) +(K_3 − c^2I_3) ∫_∞ −∞ (δψ^′ − ϕ̄^′δθ)^2 ds (A.5.19)

Here P is the operator define in equation (5.6.12) and S is given by S(f) ≡ −f^{′′} + ( 1 a^2 cos ϕ̄ − ϕ̄^{′2})f. (A.5.20)

Using the equation (5.5.25) for ϕ̄^′, S may also be written as S(f) ≡ −f^{′′} + 1 a^2

(3 cos ϕ̄ − 2)f. (A.5.21)

Before closing, the problem of performing a variational analysis in terms of Euler angles for a more general configuration deserves some discussion. It was pointed out in section 6.5 that a variational analysis in terms of δϕ, δθ and δψ would be awkward for a configuration which is nonplanar or has twist because equations (6.5.1.8) - (6.5.1.10) would not apply. However one could imitate equation (6.5.1.2) and parameterize δϕ as

δϕ = ζ_1b_1(ϕ) + ζ_2b_2(ϕ) + ζ_3b_3(ϕ), (A.5.22)

where ζ_j = b^j(ϕ) · δϕ. (A.5.23) Of course the primary motivation for a three-dimensional parameterization of δβ was to enforce the linearized constraint (6.5.1.1). But the particular choice of parameterizations in equation (A.5.22) implies

δd_1 = −ζ_2d_3 + ζ_3d_2, (A.5.24) δd_2 = ζ_1d_3 − ζ_3d_1, (A.5.25) δd_3 = −ζ_1d_2 + ζ_2d_1, (A.5.26)

so ζ_j again has the geometric interpretation as an infinitesimal rotation about d_j . But as always, the configuration under examination must satisfy sin θ ≠ 0 for the singularity to be avoided and the vectors b_j (ϕ) (2.6.1.22) to be defined.

Appendix B

A NONLOCAL HAMILTONIAN FORMULATION FOR THE FINITE PLANAR ELASTICA

In this appendix we present an alternative Hamiltonian formulation for the dynamics of a planar elastica of finite length and without twist. This formulation predates the impetusstriction formulation. Instead it is built upon the analysis in [12] where a Lagrangian formulation was used to prove that the buckled equilibria of a finite, planar, inextensible rod that minimize the potential energy are in fact dynamically stable in the sense of Lyapunov. However because this model does not appear to carry over to the case of an infinite rod, we were motivated to develop the impetus-striction formulation.

This Hamiltonian evolutionary system has several distinctive features. First the Hamiltonian density is nonlocal in the sense that the integrand appearing in the Hamiltonian is itself an integral over the real line. Second there are constraints on the phase space in the sense that the functions of arc-length s that determine the configuration of the rod at any time t must satisfy certain integral side constraints. Such constrained Hamiltonian systems appear frequently and are well understood in finite-dimensional phase space associated with time evolution arising from ordinary differential equations, but we are unaware of many other physical examples involving partial differential equations.

The motion of the rod is governed by the following system of partial differential equations for the unknowns λ(s, t), ν(s, t) and ϕ(s, t) λ_s = −ρ∂_{tt}{ ∫_s −L cos ϕ(u, t) du} ( = −ρ∂_{tt}x) , (B.1) ν_s = ρ∂_{tt}{ ∫_s −L sin ϕ(u, t) du} ( = ρ∂_{tt}y) , (B.2) and (K_1ϕ_s)_s + λ sin ϕ + ν cos ϕ = I_1ϕ_{tt}. (B.3) These equations express the balance between the two components of linear acceleration and force, and angular acceleration and moment, respectively. As before ρ is the mass per unit length of the rod, I_1 is the axial moment of inertia of the cross-section, and (λ(s, t), −ν(s, t)) are the components of force exerted across the cross-section of the rod at s. It will be assumed throughout that the moment M(s) across the cross-section at s is related to the deformation at s through the linear constitutive law M(s) = K_1ϕ_s(s), where K_1 is the bending stiffness. In order to later obtain solitary waves in an infinite rod, we restrict our attention to the uniform case in which ρ, I_1 and K_1 are constants.

In addition to (2.5.26) and (2.5.26), which imply y(−L, t) = 0, and x(−L, t) = −L+2a, we impose the following additional boundary conditions: First, the moment vanishes at either end of the rod, and second, the end at s = L remains on the y-axis, with fixed displacement R from its reference location at L, so ϕ_s(−L, t) = 0, (B.4) ϕ_s(L, t) = 0, (B.5) y(L, t) = 0, (B.6) x(L, t) = L + 2a. (B.7) Equations (2.5.26) and (2.5.26) for x(s, t) and y(s, t) taken together with boundary conditions (B.6), (B.7) imply that ∫_L −L sin ϕ(u, t) du = 0, (B.8) and ∫_L −L [1 − cos ϕ(u, t)] du = 4a. (B.9) We also have the constraints on ϕ_t arising from the time derivatives of (B.8) and (B.9), namely ∫_L −L cos ϕ(u, t) ϕ_t(u, t) du = 0, (B.10) ∫_L −L sin ϕ(u, t) ϕ_t(u, t) du = 0. (B.11) The kinetic energy is T (ϕ) =^1_2 ∫_L −L { I_1ϕ_t(s)^2 + ρ|r_t(s)|^2 } ds (B.12) where the dependence of ϕ upon t has been suppressed for brevity. In our model, the rod is fixed at both ends, and we choose a nonlocal representation of the kinetic energy in terms of the variable ϕ which reflects this symmetry. From equations (2.5.26) and (B.6), we can express y_t in two ways,

y_t = ∫_s −L ∂_t sin ϕ(u)du = − ∫_L s ∂_t sin ϕ(u)du, (B.13) with similar expressions for x_t, so that

|r_t(s)|^2 = − ∫_s −L ∂_t cos ϕ(u)du ∫_L s ∂_t cos ϕ(u)du − ∫_s −L ∂_t sin ϕ(u)du ∫_L s ∂_t sin ϕ(u)du. (B.14)

After substitution of (B.14) for |r_t(s)|^2 and a change in order of integration, (B.12) can be rewritten in the form

T (ϕ) =^1_2 ∫_L −L { I_1ϕ_t(s)^2 + ∫_L −L k(s, u) cos [ϕ(s) − ϕ(u)] ϕ_t(u)ϕ_t(s) du } ds, (B.15)

where the kernel k(s, u) is defined by

k(s, u) = −^1_2 ∫_{max(s,u)} min(s,u) ρ dv = − 1 2 ρ|s − u|. (B.16) The potential energy corresponding to a linear bending law is

V (ϕ) =^1_2 K_1 ∫_L −L ϕ_s(s)^2 ds. (B.17)

The equations of motion can be obtained from Hamilton’s principle, which states that the action ∫_{t1}

t_0 {T (ϕ) − V (ϕ)} dt (B.18) is stationary for all t_0 and t_1, among admissible variations of ϕ. The admissible variations are those satisfying the constraints, (B.8) and (B.9). By the Lagrange multiplier rule, Hamilton’s principle can be rewritten as the requirement that the modified action ∫_{t1} t_0 { T (ϕ) − V (ϕ) + ν̂(t)y(L, t) + λ̂(t)x(L, t) } dt (B.19)

is stationary for all t_0 and t_1. (It is not necessary to include the constraints (B.10) and (B.11) in Hamilton’s principle (B.19), since these constraints are null Lagrangians.) Now the admissible variations need only satisfy the boundary conditions (B.4) and (B.5), which are natural and so need not be imposed in (B.19). With T given by (B.12), Hamilton’s principle leads to equations (B.1) – (B.3) (cf. [12], p. 4). However, using the nonlocal form (B.15) for the kinetic energy yields a more useful form of the dynamical system in which the variables λ(s, t) and ν(s, t) do not appear, namely the integro-partial differential equation for λ̂(t) =^1_2 [λ(−L, t) + λ(L, t)], ν̂(t) =^1_2 [ν(−L, t) + ν(L, t)], and ϕ(s, t)

K_1ϕ_{ss} + λ̂(t) sin ϕ + ν̂(t) cos ϕ = I_1ϕ_{tt} + ∫_L −L k(s, u) cos [ϕ(s) − ϕ(u)] ϕ_{tt}(u) du + ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] ϕ_t(u)^2 du. (B.20)

In (B.20), λ̂(t) and ν̂(t) are time-dependent Lagrange multipliers representing unknown reactions of the end supports. They are determined (in principle) by the requirement that constraints (B.8) and (B.9) hold for all times t > 0. At the end of the next section, we show how to obtain explicit closed form expressions for λ̂(t) and ν̂(t) in terms of ϕ(s, t) and ϕ_t(s, t).

It is worth noting that the form of the kernel k and the interpretation of the Lagrange multipliers depend heavily upon our formulation of the kinetic energy in (B.12), where we have invoked constraints at both ends of the rod. There are two other natural formulations. We could instead formulate the kinetic energy using the constraint that the end at s = −L is fixed, through the substitution of

|r_t(s)|^2 = [∫_s −L ∂_t cos ϕ(u)du ]_2 + [∫_s −L ∂_t sin ϕ(u)du ]_2 (B.21)

into (B.12) (Cf. [12]). The associated kernel in the nonlocal formulation analogous to (B.15) would be k(s, u) = −ρmax(s, u), and the Lagrange multipliers in (B.19) are given by λ̂(t) = λ(L, t) and ν̂(t) = ν(L, t). Alternatively, we could use the constraint that the end at s = L is fixed, through the substitution of

|r_t(s)|^2 = [∫_L s ∂_t cos ϕ(u)du ]_2 + [∫_L s ∂_t sin ϕ(u)du ]_2 (B.22)

into (B.12). Then the associated kernel in the nonlocal formulation (B.15) would be k(s, u) = ρmin(s, u), and the Lagrange multipliers in (B.19) are given by λ̂(t) = λ(−L, t) and ν̂(t) = ν(−L, t). We remark that the above dynamical system, albeit for slightly different boundary and side conditions, was first examined in [12]. Closely related systems have also been studied by Coleman and Dill [13] and by Xu [62].

Define the operator L_ϕ by

L_ϕf(s) ≡ f(s) + I_1^{−1} ∫_L −L k(s, u) cos [ϕ(s) − ϕ(u)] f(u) du. (B.23) By an argument in [12] (p. 16), with appropriate modifications for the new kernel defined by (B.16), one can show that the operator L_ϕ is (formally) self-adjoint and invertible, so that we may define K_ϕ ≡ L^{−1}_ϕ . (B.24) The kinetic energy in (B.15) can now be rewritten as

T (ϕ) =^1_2 I_1 ∫_L −L ϕ_t(s) [L_ϕϕ_t] (s) ds, (B.25)

and the equation of motion (B.20) can then be rewritten in the form

K_1ϕ_{ss} + λ̂ sin ϕ + ν̂ cos ϕ = I_1L_ϕϕ_{tt} + ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] ϕ_t(u)^2 du. (B.26)

Accordingly we define a variable χ(s, t) conjugate to ϕ(s, t) by

χ ≡ I_1L_ϕϕ_t. (B.27)

Notice that, like the kinetic energy T , the conjugate variable χ is defined nonlocally. Inversion of (B.27) using (B.24) yields ϕ_t = I_1^{−1}K_ϕχ. (B.28) After inserting (B.28) into the constraints (B.10) and (B.11) on ϕ_t, we find the following constraints on p ∫_L −L cos ϕ(u, t) K_ϕχ(u, t) du = 0, (B.29) ∫_L −L sin ϕ(u, t) K_ϕχ(u, t) du = 0. (B.30) Now from (B.27) and (B.23),

χ_t = I_1L_ϕϕ_{tt}(s) − ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] [ϕ_t(s) − ϕ_t(u)] ϕ_t(u) du, (B.31) so I_1L_ϕϕ_{tt} + ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] ϕ_t(u)^2 du = χ_t + ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] ϕ_t(u)ϕ_t(s) du. (B.32) Substitution of (B.32) into the equation of motion (B.26) yields χ_t = K_1∂_{ss}ϕ + λ̂ sin ϕ + ν̂ cos ϕ − ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] ϕ_t(u)ϕ_t(s) du = K_1∂_{ss}ϕ + λ̂ sin ϕ + ν̂ cos ϕ −I_1^{−2}K_ϕχ(s) ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] K_ϕχ(u) du, (B.33) where the second identity follows after two applications of (B.28).

In terms of ϕ and χ, the kinetic energy given in (B.25) takes the form T (ϕ, χ) =^1_2 I_1^{−1} ∫_L −L χ(s)K_ϕχ(s) ds, (B.34) so the total energy is H(ϕ, χ) =^1_2 ∫_L −L [ I_1^{−1}χ(s)K_ϕχ(s) + K_1ϕ_s(s)^2 ] ds. (B.35) We next compute the first variations of the energy H. First note that from the expression for the kinetic energy (B.34), T (ϕ + ϵζ, p + ϵη) =^1_2 I_1^{−1} ∫_L −L(χ + ϵη)(s) [K_{ϕ+ϵζ} )(χ + ϵη)] (s) ds =^1_2 I_1^{−1} ∫_L −L χ(s) [K_ϕχ] (s) ds +^1_2 I_1^{−1} ∫_L −L χ(s) [(K_{ϕ+ϵζ} − K_ϕ)χ] (s) ds +ϵI_1^{−1} ∫_L −L χ(s) [K_ϕη] (s) ds +O(ϵ^2). (B.36)

From the definition of K_ϕ in (B.24), the identity K_ϕL_ϕ = 1 = L_ϕK_ϕ and so K_ψ − K_ϕ = −K_ϕ(L_ψ − L_ϕ)K_ψ . (B.37) By a Taylor series expansion, [L_{ϕ+ϵζ} f] (s) = [L_ϕf] (s) + ϵ [ L^{(1)}_ϕ (ζ)f ] (s) + O(ϵ^2), (B.38) where [ L^{(1)}_ϕ (ζ)f ] (s) ≡ −I_1^{−1} ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] [ζ(s) − ζ(u)]f(u) du. (B.39) Combining (B.36)-(B.39), we can expand T in powers of ϵ as T (ϕ + ϵζ, χ + ϵη) = T (ϕ, χ) −^1_2 ϵI_1^{−1} ∫_L −L χ(s) [ K_ϕL^{(1)}_ϕ (ζ)K_ϕχ ] (s) ds +ϵI_1^{−1} ∫_L −L χ(s) [K_ϕη] (s) + O(ϵ^2). (B.40) From the order ϵ terms in (B.40), we find that the variation of the kinetic energy with respect to p satisfies δ_χT (ϕ, χ) = I_1^{−1}K_ϕχ(s). (B.41) The calculation of the ϕ variation is more complicated. Using (B.39) in (B.40), we find that 2I^2_1 ⟨δ_ϕT (ϕ, p), ζ⟩ = ∫_L −L ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] (ζ(s) − ζ(u))K_ϕχ(u)K_ϕχ(s) du ds = ∫_L −L ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] ζ(s)K_ϕχ(u)K_ϕχ(s) du ds − ∫_L −L ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] ζ(u)K_ϕχ(u)K_ϕχ(s) du ds, (B.42) where ⟨·, ·⟩ denotes the usual L^2 inner product. Reversing the roles of s and u in the second integral, and using the symmetry of k(s, u) shows that the two integrals on the right hand side of (B.42) are equal. Consequently it may be concluded that δ_ϕT (ϕ, χ) = I_1^{−2}K_ϕχ(s) ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] K_ϕχ(u) du. (B.43) A similar, but much simpler, expansion of the potential energy produces V (ϕ + ϵζ) = V (ϕ) + ϵK_1 ∫_L −L ϕ_s(s)ζ_s(s) ds + O(ϵ^2), (B.44) so δ_ϕV (ϕ) = −K_1ϕ_{ss}, (B.45) δ_χV (ϕ) = 0. (B.46)

Then, combining equations (B.41), (B.43), (B.45) and (B.46) for the first variations in T and V , we obtain

δ_ϕH = I_1^{−2}K_ϕχ(s) ∫_L −L k(s, u) sin [ϕ(s) − ϕ(u)] K_ϕχ(u) du, −K_1ϕ_{ss} (B.47) δ_χH = I_1^{−1}K_ϕχ(s). (B.48) Comparing equation (B.28) for ϕ_t with equation (B.48) for δ_χH(ϕ, χ), and equation (B.33) for χ_t with equation (B.47) for δ_χH(ϕ, χ) , we find that ϕ_t = δ_χH(ϕ, χ), (B.49) χ_t = −δ_ϕH(ϕ, χ) + λ̂ sin ϕ + ν̂ cos ϕ. (B.50) We now turn to an explanation of the sense in which equations (B.49) and (B.50) can be interpreted as a constrained Hamiltonian system. Using (B.48), the constraints (B.29) and (B.30) can be expressed as ∫_L −L sin ϕ(s)H_χ(s) ds = 0, (B.51) ∫_L −L cos ϕ(s)H_χ(s) ds = 0, (B.52) where H_χ denotes δ_χH(ϕ, χ). Then the the action ∫_T 0 [⟨χ, ϕ_t⟩ − H(ϕ, χ)] dt (B.53) can be made stationary amongst all pairs (ϕ, χ) in the submanifold of phase space defined by the four constraints (B.8), (B.9), (B.51) and (B.52) by making ∫_T 0 { ⟨p, ϕ_t⟩ − H(ϕ, χ) + ∫_L −L [μ_1 sin ϕ + μ_2(1 − cos ϕ) + μ_3 cos ϕH_χ + μ_4 sin ϕH_χ] ds } dt (B.54) stationary amongst all pairs (ϕ, χ). The associated first order conditions are ϕ_t = H_p − μ_3 cos ϕH_{χχ} − μ_4 sin ϕH_{χχ}, (B.55) χ_t = −H_ϕ + μ_1 cos ϕ + μ_2 sin ϕ + μ_3(cos ϕH_{χϕ} + sin ϕH_χ)

+μ_4(sin ϕH_{χϕ} + cos ϕH_χ), (B.56) where μ_1, μ_2, μ_3 and μ_4 are time dependent Lagrange multipliers. But in light of the constraints (B.51) and (B.52), the time derivative of the constraints (B.8) and (B.9), and the fact that the operator H_{χχ} ≡ K_ϕ (B.57) is positive definite, the L^2 inner-products of (B.55) with sin ϕ and cos ϕ provide a system of two scalar equations which imply that μ_3(t) ≡ μ_4(t) ≡ 0. This result is the Hamiltonian manifestation of an observation that was previously made in the context of the Lagrangian form of the stationary action principle, namely that the time derivatives of the constraints (B.8) and (B.9) are null Lagrangians.

Equations (B.49) and (B.50) can now be recognized as being of the form (B.55) and (B.56) with μ_1 = ν̂, μ_2 = λ̂, and μ_3 = μ_4 = 0. However equations (B.49) and (B.50) do not form a well-posed evolutionary system in phase-space until the multipliers λ̂ and ν̂ are determined in terms of the phase space variables (ϕ, χ). The conditions to obtain such a relationship are that the dynamics must remain on the manifold defined by the four constraints (B.8), (B.9), (B.51) and (B.52). The explicit calculations are as follows.

Assume that the initial data for ϕ and χ lie on the constraint manifold. We shall obtain expressions for λ̂(t) and ν̂(t) such that the time derivatives of (B.51) and (B.52) are identically zero. It then follows that (B.51) and (B.52) hold for all t > 0. Since (B.29) and (B.30) are the statements that the time derivatives of (B.8) and (B.9) are themselves zero, (B.8) and (B.9) must then hold for all t > 0 also. Setting the time derivative of (B.51) to zero implies ∫_L −L cos ϕ(s)ϕ_t(s)H_χ(s) ds + ∫_L −L sin ϕ(s) (H_{χχ}(s) χ_t(s) + H_{χϕ}(s) ϕ_t(s)) ds = 0. (B.58)

Inserting the time evolution (B.49) and (B.50) into (B.58) and rearranging terms, we obtain λ̂ ∫_L −L sin ϕ H_{χχ} sin ϕ ds + ν̂ ∫_L −L cos ϕ H_{χχ} sin ϕ ds = ∫_L −L sin ϕ (H_{χχ}H_ϕ − H_{χϕ}H_χ) ds − ∫_L −L H_χ cos ϕH_χ ds. (B.59)

Operating similarly on (B.52), and collecting the resulting equation with (B.59) produces the system of equations M · ( λ̂(t) ν̂(t) ) = b (B.60)

where M = ( ∫_L −L sin ϕ H_{χχ} sin ϕ ds ∫_L −L cos ϕ H_{χχ} sin ϕ ds ∫_L −L sin ϕ H_{χχ} cos ϕ ds ∫_L −L cos ϕ H_{χχ} cos ϕ ds ) (B.61) and b = ( ∫_L −L sin ϕ (H_{χχ}H_ϕ − H_{χϕ}H_χ) ds − ∫_L −L H_χ cos ϕH_χ ds. ∫_L −L cos ϕ (H_{χχ}H_ϕ − H_{χϕ}H_χ) ds + ∫_L −L H_χ sin ϕH_χ ds ) . (B.62)

Since H_{χχ} = K_ϕ is positive and self-adjoint, we see by the Cauchy-Schwartz inequality that the matrix M in (B.61) is invertible, and so equation (B.60) can be solved to obtain formulæ for λ̂(t) and ν̂(t) in terms of ϕ and χ as desired.

Appendix C DETAILED CALCULATIONS IN THE SPATIAL VARIATIONAL ANALYSIS

C.1 Introduction

This appendix contains some of the lengthy calculations required for the spatial variational analysis in Chapter 6. In section C.2 we discuss the motivation for the parametrizations of the variations use in Section 6.4. In sections C.3 and C.4 calculate of the linearized constraints and the second variation, respectively.

C.2 Motivation of Parametrization

The parametrization we used in Section 6.4 was motivated by the expression of the linearized inextensibility constraint in terms of Lagrangian variables. Taking the time derivative of (6.5.1.16), the perturbation must therefore satisfy

δh_{st} = δD_3[β]^T β̄_t + D_3[β̄]^T δβ_t. (C.2.1)

From equations (6.2.6) and (6.2.9) the perturbations in the Hamiltonian variables are related to the perturbations in the Lagrangian variables by

δh_t = ρ^{−1}(δg + δΛ̃_s) (C.2.2) and δβ_t =^1_4 B[δβ]^T I^{−1} B[β̄] (γ̄ + D_3[β̄]Λ̄) +^1_4 B[β̄]^T I^{−1} B[δβ] (γ̄ + D_3[β̄]Λ̄) 1 4 B[β̄]^T I^{−1} B[β̄] (δγ + δD_3[β]Λ̄ + D_3[β̄]δΛ̃), (C.2.3)

or equivalently δγ + δD_3[β]Λ̄ + D_3[β̄]δΛ̃ = 4B[δβ]^T I B[β̄] (γ̄ + D_3[β̄]Λ̄) 4B[β̄]^T I B[δβ] (γ̄ + D_3[β̄]Λ̄) 4B[β̄]^T I B[β̄] δβ_t. (C.2.4)

We differentiate δβ (6.5.1.2) and use the relation β_t = −cβ_s (C.2.5) to find δβ_t =^1_2 (ζ_1)_tB_1β̄ +^1_2 (ζ_2)_tB_2β̄ +^1_2 (ζ_3)_tB_3β̄ −^1_2 cζ_1B_1β̄_s −^1_2 cζ_2B_2β̄_s −^1_2 cζ_3B_3β̄_s =^1_2 (ζ_1)_tB_1β̄ +^1_2 [ (ζ_2)_t −^1_2 cϕ̄^′ζ_3 ] B_2β̄ +^1_2 [ (ζ_3)_t +^1_2 cϕ̄^′ζ_2 ] B_3β̄ −^1_4 cϕ̄_sζ_1β̄ (C.2.6) Inserting equation (C.2.6) into (C.2.4) and simplifying we obtain δγ + δD_3[β]Λ + D_3[β]δΛ = 2I_1 [(ζ_1)_t − c(ζ_1)_s] B_1β̄ +2I_1 [ (ζ_2)_t − cϕ̄_sζ_3 ] B_2β̄ − cI_1ϕ̄^′ζ_3B_2β̄ +2I_3 [ (ζ_3)_t + cϕ̄_sζ_2 ] B_3β̄ + cI_1ϕ̄^′ζ_2B_3β̄ −ζ_1cI_1ϕ̄^′β̄, (C.2.7) which also satisfies the linearized constraint namely δγ · β + γ · δβ = 0. (C.2.8) We next differentiate equation (6.5.1.18) with respect to time we obtain δh_t = ∫_s −∞ [−ζ_1(u)d̄_2(u)]_t du − e_3 ∫_s −∞ η_2(u) du. (C.2.9) Because (d̄_2)_t = −c(d̄_2)_s, (C.2.10) equation (C.2.9) can be rewritten through an integration by parts as δh_t(s) = cζ_1(s)d̄_2(s) − ∫_s −∞ [(ζ_1)_t(u) + c(ζ_1)_s(u)]d̄_2(u) du, −e_3 ∫_s −∞ (ζ_2)_t(u) du. (C.2.11) It follows from equations (C.2.2) and (C.2.11) that

δg + δΛ_s = −ρ ∫_s −∞ (ζ_1)_t(u)d̄_2(u) du + ρ ∫_s −∞ (ζ_2)_t(u)d̄_1(u) du −ρc ∫_s −∞ ϕ̄_sζ_1(u)d̄_3(u) du. (C.2.12) Finally by identifying (ζ_k)_t as η_k in equations (C.2.7) and (C.2.12) we obtain the desired equations (6.5.1.27) and (6.5.1.26).

C.3 Linearized Constraints

We now compute the linearized constraints involving g and γ in terms of the parametriza-

tions (6.5.1.27) and (6.5.1.26). To simplify the presentation we will assume that the lin-

earized constraints (6.5.1.19) – (6.5.1.17) on the configuration are satisfied.

Because the linearizations are about a travelling wave solution, we will repeatedly use

the identities from equations (6.4.3) and (6.4.9) – (6.4.11) which imply

ḡ + Λ̄^′ = −ρch̄^′ (C.3.1) and γ̄ + D_3[β̄]Λ̃ = −cI_1β̄_s =^1_2 cI_1ϕ̄_sB_1β̄. (C.3.2)

We recall from equation (6.3.5) that the linear impulse is I = ∫_∞ −∞ {( g + Λ̃^′ ) · h^′ + ( γ + D_3Λ̃ ) · β^′ } ds (C.3.3)

so the linearized constraint on the impulse is 0 = ∫_∞ −∞ ( δg + δΛ̃^′ ) · h^′ + ( g + Λ̃^′ ) · δh^′ + ∫_∞ −∞ ( δγ + δD_3Λ̃ + D_3δΛ̃ ) · β^′ ds + ( γ + D_3Λ̃ ) · δβ^′ ds (C.3.4) Using the equations (6.4.40), (6.4.50), (C.4.9), and (6.5.1.27) for β̄^′, γ̄, δβ and δγ + δD_3Λ̃ +

D_3δΛ̃ we find ( δγ + δD_3Λ̃ + D_3δΛ̃ ) · β^′ = −I_1ϕ̄^′ ( η_1 − cζ^′_1 ) (C.3.5) and ( δγ + δD_3Λ̃ + D_3δΛ̃ ) · δβ^′ = cI_1ϕ̄^′ζ^′_1. (C.3.6)

Using an integration by parts, the differential equation (5.5.24) for ϕ̄ and the linearized

constraint (6.5.1.19) we can rewrite ∫_∞ −∞ ϕ̄^′ζ^′_1 ds = − 1 a^2 ∫_∞ −∞ sin ϕ̄ζ_1 ds = 0, (C.3.7)

so equations (C.3.5) - (C.3.7) yield ∫_∞ −∞ ( δγ + δD_3Λ̃ + D_3δΛ̃ ) · β^′ ds + ( γ + D_3Λ̃ ) · δβ^′ ds = cI_1 ∫_∞ −∞ ϕ̄^′ζ^′_1 ds. (C.3.8)

In order to simplify the translational part of equation (C.3.4) we first use equation (6.4.3)

to obtain ∫_∞ −∞ ( δg + δΛ̃^′ ) · h^′ + ( g + Λ̃^′ ) · δh^′ = ∫_∞ −∞ h̄^′ · (g + Λ̃^′ − cρδh^′) ds. (C.3.9)

The right hand side of equation (C.3.9) may be simplified by using the constraint (2.5.6) and the linearized constraint (6.5.1.16) to rewrite ∫_∞ −∞ h̄^′ · δh^′ ds = ∫_∞ −∞ d̄_3 · δd_3 − e_1 · δh^′ ds = −e_1 · δh|^∞_{−∞} = 0, (C.3.10)

where the final equality is a consequence of equations (6.5.1.7) and (6.5.1.14). The substitution of equations (C.3.10) and (6.5.1.26) into equation (C.3.9) produces ∫_∞ −∞ {h̄^′ · ( δg + δΛ^′ ) + ( g + Λ^′ ) · δh^′} ds = c ∫_∞ −∞ [d̄_3(s) − e_1] ds · ζ_1(s)d̄_2(s) − ∫_∞ −∞ [d̄_3(s) − e_1] · ∫_s −∞ [η_1(u) + cζ^′_1(u)]d̄_2(u) du ds − ∫_∞ −∞ [d̄_3(s) − e_1] ds · e_3 ∫_s −∞ η_2(u) du = c ∫_∞ −∞ sin ϕ̄(s)ζ_1(s) ds − ∫_∞ −∞ [d̄_3(s) − e_1] · ∫_s −∞ [η_1(u) + cζ^′_1(u)]d̄_2(u) du ds = + ∫_∞ −∞ [cos ϕ̄(s) − 1] ∫_s −∞ [η_1(u) + cζ^′_1(u)] sin ϕ̄(u) du ds − ∫_∞ −∞ sin ϕ̄(s) ∫_s −∞ [η_1(u) + cζ^′_1(u)] cos ϕ̄(u) du ds (C.3.11)

where we have used the identity (d̄_3 − e_1) · e_3 = 0 and the linearized constraint (6.5.1.19). Combining equations (C.3.8) and (C.3.11), the linearized constraint on the impulse becomes

0 = ρ ∫_∞ −∞ [cos ϕ̄(s) − 1] ∫_s −∞ [η_1(u) + cζ^′_1(u)] sin ϕ̄(u) du ds −ρ ∫_∞ −∞ sin ϕ̄(s) ∫_s −∞ [η_1(u) + cζ^′_1(u)] cos ϕ̄(u) du ds −I_1 ∫_∞ −∞ ϕ̄^′η_1 ds. (C.3.12)

We recall from equation (6.3.8) that the isotropic angular momentum can be expressed as A =^1_2 ∫_∞ −∞ B_3β · ( γ + D_3[β]Λ̃ ) ds (C.3.13) so its linearization is

0 =^1_2 ∫_∞ −∞ B_3δβ · ( γ + D_3[β]Λ̃ ) ds +^1_2 ∫_∞ −∞ B_3β̄ · ( δγ + δD_3[β]Λ̃ + D_3[β]δΛ̃ ) ds (C.3.14)

Using the expressions (C.4.8), (6.4.50), (6.5.1.27) and (6.4.40), equation (C.3.14) we find 1 2 ∫_∞ −∞ B_3δβ · ( γ + D_3[β]Λ̃ ) ds = ∫_∞ −∞ 1 2 cI_1ϕ̄^′ζ_2 ds (C.3.15) and 1 2 ∫_∞ −∞ B_3β̄ · ( δγ + δD_3[β]Λ̃ + D_3[β]δΛ̃ ) ds = ∫_∞ −∞ { −^1_2 cI_1ϕ̄^′ζ_2 + I_3 [ η_3 + cϕ̄^′ζ_2 ]} ds, (C.3.16)

so equation (C.3.14) may be rewritten as

0 = I_3 ∫_∞ −∞ [ η_3 + cϕ̄^′ζ_2 ] ds. (C.3.17)

Using equations (6.3.14) and (2.6.2.27), the total angular momentum is given by Ω ≡ ∫_∞ −∞ {_1 2 e_k B^o_kβ · ( γ + D_3[β]Λ̃ ) + ρ(h + se_1) × ( g + Λ̃^′ )} ds, (C.3.18)

so the linearized constraint is 0 = ∫_∞ −∞ {_1 2 e_k B^o_kδβ · ( γ + D_3[β]Λ̃ ) +^1_2 e_k B^o_kβ · ( δγ + D_3[δβ]Λ̃ + D_3[δβ]δΛ̃ )} ds + ∫_∞ −∞ { r̄ × ( δg + δΛ̃^′ ) + δh × ( g + Λ̃^′ )} ds, (C.3.19)

where r̄ ≡ h̄ + se_1 = x̄e_1 + ȳe_2.

To simplify the angular terms in equation (C.3.19) we exploit the multiplicative prop-

erties of the skew matrices B^o_k and B_k and the symmetric matrices D^k_j . Specifically, using

equations (2.6.2.57), (2.6.2.68), (2.6.2.69) and (6.5.1.2) we can rewrite 1 2 e_k B^o_kδβ · ( γ + D_3[β]Λ̃ ) =^1_2 ζ_j [ B_lβ̄ · ( γ + D_3[β]Λ̃ )] ( B^o_kB_jβ̄ · B_lβ̄ ) e_k

= −^1_2 ζ_j [ B_lβ̄ · ( γ + D_3[β]Λ̃ )] ( D^k_j β̄ · B_lβ̄ ) e_k

= −^1_2 ζ_j [ B_lβ̄ · ( γ + D_3[β]Λ̃ )] ( β̄ · Dk_j B_lβ̄ ) e_k

= −^1_2 ζ_j [ B_lβ̄ · ( γ + D_3[β]Λ̃ )] ( δ_{k1}β̄ · B^o_kβ̄ − ϵ_{jli} β̄ · D^k_i β̄ ) e_k

=^1_2 ϵ_{jli} ζ_j [ B_lβ̄ · ( γ + D_3[β]Λ̃ )] ( β̄ · Dk_i β̄ ) e_k

=^1_2 ϵ_{jli} ζ_j [ B_lβ̄ · ( γ + D_3[β]Λ̃ )] (e_k · d_i) e_k

= cI_1ϕ̄^′ (ζ_2d_3 − ζ_3d_2) . (C.3.20)

Similarly we can rewrite ( B_jβ̄ · B^o_kβ̄ ) e_k = − ( β̄ · B_j Bo_kβ̄ ) e_k = ( β̄ · Dk_j β̄ ) e_k = (d_j · e_j) e_k = d_j, (C.3.21)

from which we conclude 1 2 e_k B^o_kβ · ( δγ + δD_3[β]Λ̃ + D_3[β]δΛ̃ ) = I_1 [ η_1 − cζ^′_1 ] d_1 + [ I_1 ( η_2 − cϕ̄^′ζ_3 ) −^1_2 cI_1ϕ̄^′ζ_3 ] d_2 + [ I_3 ( η_3 + cϕ̄^′ζ_2 ) +^1_2 cI_1ϕ̄^′ζ_2 ] d_3. (C.3.22)

Adding equations (C.3.20) and (C.3.22) we obtain 1 2 e_kB^o_kβ · ( γ + D_3[β]Λ̃ ) +^1_2 e_kB^o_kβ · (γ + D_3[β]) = I_1 ( η_1 − cζ^′_1 ) d_1 + I_1 ( η_2 − cϕ̄^′ζ_3 ) d_2

+I_3 ( η_3 + cϕ̄^′ζ_2 ) d_3. (C.3.23)

To simplify the translational terms in (C.3.19), we employ equation (C.3.1) and integrate

by parts to obtain ∫_∞ −∞ { r̄(s) × ( δg(s) + δΛ̃^′(s) ) + δh(s) × ( g(s) + Λ̃^′(s) )} ds = ∫_∞ −∞ { r̄(s) × ( δg(s) + δΛ̃^′(s) ) − ρcδh(s) × h̄^′(s) } ds = −ρc ∫_∞ −∞ e_1 × δh(s) ds + ∫_∞ −∞ { r̄(s) × ( δg(s) + δΛ̃^′(s) ) + ρc(h̄^′ + e_1) × δh } ds = −ρc ∫_∞ −∞ e_1 × δh(s) ds + ∫_∞ −∞ r̄(s) × (δg(s) + δΛ̃^′(s) − ρcδh^′(s)) ds. (C.3.24)

Using equations (6.5.1.16), (6.5.1.18) and (C.2.11) we can write

δg(s) + δΛ̃^′(s) − ρcδh^′(s) = 2ρcζ_1(s)d̄_2(s) − ρ ∫_s −∞ [η_1(u) + cζ^′_1(u)]d̄_2(u) du −ρe_3 ∫_s −∞ [η_2(u) − cζ^′_2(u)] du, (C.3.25)

r̄(s) × d̄_2(u) = [x̄(s) cos ϕ̄(u) + ȳ(s) sin ϕ̄(u)]e_3, (C.3.26)

r̄(s) × e_3 = ȳ(s)e_1 − x̄(s)e_2, (C.3.27) and e_1 × δh(s) = ∫_s −∞ ζ_2(u) due_2 − ∫_s −∞ cos ϕ̄(u) ζ_1(u) due_3. (C.3.28)

Combining equation (C.3.24) - (C.3.27) and rearranging terms we obtain

∫_∞ −∞ { r̄(s) × ( δg(s) + δΛ̃^′(s) ) + δh(s) × ( g(s) + Λ̃^′(s) )} ds = −ρ ∫_∞ −∞ ȳ(s) ∫_s −∞ [η_2(u) − cζ^′_2(u)] du dse_1 −ρc ∫_∞ −∞ ∫_s −∞ ζ_2(u) du dse_2 +ρ ∫_∞ −∞ x̄(s) ∫_s −∞ [η_2(u) − cζ^′_2(u)] du dse_2 +2ρc ∫_∞ −∞ [x̄(s) cos ϕ̄(s) + ȳ(s) sin ϕ̄(s)]ζ_1(s) dse_3 −ρ ∫_∞ −∞ x̄(s) ∫_s −∞ [η_1(u) + cζ^′_1(u)] cos ϕ̄(u) du dse_3 −ρ ∫_∞ −∞ ȳ(s) ∫_s −∞ [η_1(u) + cζ^′_1(u)] sin ϕ̄(u) du dse_3 +ρc ∫_∞ −∞ ∫_s −∞ cos ϕ̄(u)ζ_1(u) du dse_3. (C.3.29) By further combining equations (C.3.23) and (C.3.29), the e_1, e_2 and e_3 components of the linearized constraint on the total angular momentum are respectively 0 = −I_1 ∫_∞ −∞ [η_2(s) − cζ^′_2(s)] sin ϕ̄(s) ds − I_3 ∫_∞ −∞ [η_3(s) + cϕ̄^′(s)ζ_2(s)] cos ϕ̄(s) ds −ρ ∫_∞ −∞ ȳ(s) ∫_s −∞ [η_2(u) − cζ^′_2(u)] du ds, (C.3.30)

0 = I_1 ∫_∞ −∞ [η_2(s) − cζ^′_2(s)] cos ϕ̄(s) ds + I_3 ∫_∞ −∞ [η_3(s) + cϕ̄^′(s)ζ_2(s)] sin ϕ̄(s) ds −cρ ∫_∞ −∞ ∫_s −∞ ζ_2(u) du ds + ρ ∫_∞ −∞ x̄(s) ∫_s −∞ [η_2(u) − cζ^′_2(u)] du ds (C.3.31) and 0 = −I_1 ∫_∞ −∞ η_1(s) ds + cρ ∫_∞ −∞ ∫_s −∞ cos ϕ̄(u)ζ_1(u) du ds +2cρ ∫_∞ −∞ [x̄(s) cos ϕ̄(s) + ȳ(s) sin ϕ̄(s)]ζ_1(s) ds −ρ ∫_∞ −∞ x̄(s) ∫_s −∞ [η_1(u) + cζ^′_2(u)] cos ϕ̄(u) du ds −ρ ∫_∞ −∞ ȳ(s) ∫_s −∞ [η_1(u) + cζ^′_1(u)] sin ϕ̄(u) du ds, (C.3.32) Finally, the linearized constraints on two transverse components of linear momentum are ∫_∞ −∞ e_2 · ( g(s) + Λ̃^′(s) ) ds = 0, (C.3.33) and ∫_∞ −∞ e_3 · ( g(s) + Λ̃^′(s) ) ds = 0. (C.3.34)

Using equation (C.2.12) we can rewrite (C.3.33) as

0 = c ∫_∞ −∞ cos ϕ̄(s) ζ_1(s) ds − ∫_∞ −∞ ∫_s −∞ [η_1(u) + cζ^′_1(u)] cos ϕ̄(u) du ds = − ∫_∞ −∞ ∫_s −∞ [η_1(u) + cζ^′_1(u)] cos ϕ̄(u) du ds, (C.3.35)

where the second equality follows from the linearized constraint (6.5.1.20). Similarly equation (C.3.34) can be written as 0 = ∫_∞ −∞ ∫_s −∞ η_2(u) du ds. (C.3.36)

C.4 Second Variation

Finally we compute the second variations of the functionals F_1 and F_2.

To compute δ^2F_1, we first combine equations (6.5.2.6), (6.5.1.26) and (6.5.1.17) to obtain δg_c = −ρ ∫_s −∞ ( η_1(u) + cζ^′_1(u) )¯ d_2(u) du + ρ ∫_s −∞ ( η_2(u) + cζ^′_2(u) )¯ d_1 du. (C.4.1)

Similarly we can combine equations (6.5.2.7) and (6.5.1.27) to obtain δγ_c = 2I_j B_jβ̄ ( η_j + cζ^′_j ) . (C.4.2)

Differentiating equation (6.5.2.5) and inserting expressions (C.4.1) and (C.4.2), the second variation of F_1 can be written as

δ^2F_1 = ρ ∫_∞ −∞ {∫_s −∞ [η_1(u) + cζ^′_1(u)]d̄_2(u) du

}_2 ds +ρ ∫_∞ −∞ {∫_s −∞ [η_2(u) + cζ^′_2(u)] du

}_2 ds +I_j ∫_∞ −∞ { η_j(s) + cζ^′_j(s)

}_2

ds. (C.4.3)

From equation (6.5.2.14), the second variation of F_2 is given by δ^2F_2(δβ) = 4 ∫_∞ −∞ (K_j − c^2I_j)(B_jβ̄ · δβ^′ + B_jδβ · β̄^′)^2 ds +8 ∫_∞ −∞ (K_1 − c^2I_1)(B_1β̄ · β̄^′)(B_1δβ · δβ^′) ds −32 ∫_∞ −∞ (K_1 − c^2I_1)(B_1β̄ · β̄^′)(B_jβ̄ · δβ^′ + B_jδβ · β̄^′)(β̄ · δβ) ds −8 ∫_∞ −∞ (K_1 − c^2I_1)(B_1β̄ · β̄^′)^2 [ |δβ|^2 − 6(β̄ · δβ)^2 ] ds +2 ∫_∞ −∞ ( K_1 − c^2I_1 ) 1 a^2 [ (δβ_1 − δβ_3)^2 + (δβ_2 − δβ_4)^2 ] ds −16 ∫_∞ −∞ (K_1 − c^2I_1)(β̄_2δβ_2 + β̄_3δβ_3)(β̄ · δβ) ds −2 ∫_∞ −∞ ( K_1 − c^2I_1 ) 1 a^2 [ (β_1 − β_3)^2 + (β_2 − β_4)^2 ] [ |δβ|^2 − 4(β̄ · δβ)^2 ] ds +4 ∫_∞ −∞ ( K_1 − c^2I_1 ) (β̄ · δγ + γ̄ · δβ)(β̄ · δβ)^′ ds, (C.4.4) where we have taken advantage of the fact that B_2β̄ · β̄^′ = 0 = B_3β̄ · β̄^′. Notice that the second variation of F_2 is neutral in the direction β̄, in accordance with the homogeneity of F_2 with respect to β.

From the parametrization (6.5.1.2) of δβ we obtain the following list of identities which we use to simplify the second variation of F_2: 4|δβ|^2 = ( ζ^2_1 + ζ^2_2 + ζ^2_3 ) , (C.4.5)

2B_1δβ = −ζ_1β̄ − ζ_2B_3β̄ + ζ_3B_2β̄, (C.4.6) 2B_2δβ = ζ_1B_3β̄ − ζ_2β̄ − ζ_3B_1β̄, (C.4.7) 2B_3δβ = −ζ_1B_2β̄ + ζ_2B_1β̄ − ζ_3β̄, (C.4.8)

2δβ^′ =^1_2ϕ̄^′ζ_1β̄ + ζ^′_1B_1β̄ + ( ζ^′_2 +^1_2ϕ̄^′ζ_3 ) B_2β̄ + ( ζ^′_3 −^1_2ϕ̄^′ζ_2 ) B_3β̄, (C.4.9) and 2 ( B_1β̄ · δβ^′ + B_1δβ · β̄^′ ) = ζ^′_1, (C.4.10) 2 ( B_2β̄ · δβ^′ + B_2δβ · β̄^′ ) = ζ^′_2 + ϕ̄^′ζ_3, (C.4.11) 2 ( B_3β̄ · δβ^′ + B_3δβ · β̄^′ ) = ζ^′_3 − ϕ̄^′ζ_2, (C.4.12)

2 [ (δβ_1 − δβ_3)^2 + (δβ_2 − δβ_4)^2 ] =^1_2 (1 + cos ϕ̄)ζ^2_1 +^1_2 (1 + cos ϕ̄)ζ^2_2 +^1_2 (1 − cos ϕ̄)ζ^2_3 + sin ϕ̄ζ_2ζ_3. (C.4.13) and 4B_1δβ · δβ_s = −^1_2ϕ̄^′ζ^2_1 +^1_2ϕ̄^′ζ^2_2 +^1_2ϕ̄^′ζ^2_3 − ζ_2ζ^′_3 + ζ_3ζ^′_2. (C.4.14)

The terms in the integrand of δ^2F_2 (C.4.4) can therefore be rewritten as

4(K_1 − c^2I_1)(B_1β̄ · δβ^′ + B_1δβ · β̄^′)^2 = (K_1 − c^2I_1)ζ^{′2}_1 , (C.4.15)

4(K_2 − c^2I_2)(B_2β̄ · δβ^′ + B_2δβ · β̄^′)^2 = (K_2 − c^2I_2) ( ζ^′_2 + ϕ̄^′ζ_3

)_2 , (C.4.16)

4(K_3 − c^2I_3)(B_3β̄ · δβ^′ + B_3δβ · β̄^′)^2 = (K_3 − c^2I_3) ( ζ^′_3 − ϕ̄^′ζ_2

)_2 , (C.4.17) 8 ( B_1β̄ · β̄^′ ) ( B_1δβ · δβ^′ ) − 8 ( B_1β̄ · β̄^′ )_2 |δβ|^2 = −ϕ̄^′ ( ζ^2_2 + ζ^2_3 ) + ϕ̄^′ ( ζ_2ζ^′_3 − ζ_3ζ^′_2 ) , (C.4.18) and 2 [ (δβ_1 − δβ_3)^2 + (δβ_2 − δβ_4)^2 ] −2 [ (β_1 − β_3)^2 + (β_2 − β_4)^2 ] |δβ|^2 = cos ϕ̄ζ^2_1 + cos ϕ̄ζ^2_2 + sin ϕ̄ζ_2ζ_3. (C.4.19)

Combining equations (C.4.15) - (C.4.19) we find that the second variation of F_2 can be

expressed as

δ^2F_2 = ∫_∞ −∞ ( K_1 − c^2I_1 ) ζ^{′2}_1 ds + ∫_∞ −∞ ( K_2 − c^2I_2 ) ( ζ^′_2 + ϕ̄^′ζ_3

)_2 ds + ∫_∞ −∞ ( K_3 − c^2I_3 ) ( ζ^′_3 − ϕ̄^′ζ_2

)_2 ds − ∫_∞ −∞ ( K_1 − c^2I_1 ) ϕ̄^{′2} ( ζ^2_2 + ζ^2_3 ) ds + ∫_∞ −∞ ( K_1 − c^2I_1 ) ϕ̄^′ (ζ_2ζ^′_3 − ζ_3ζ^′_2) ds + ∫_∞ −∞ ( K_1 − c^2I_1 ) 1 a^2 ( cos ϕ̄ζ^2_1 + cos ϕ̄ζ^2_2 + sin ϕ̄ζ_2ζ_3 ) ds. (C.4.20)

We can then expand the second integrand on the right hand side and substitute equation

(5.5.25) for ϕ̄^′ to obtain

δ^2F_2 = ( K_1 − c^2I_1 ) ∫ ∞ −∞ { ζ^{′2}_1 + 1 a^2 cos ϕ̄ζ^2_1 } ds + ( K_1 − c^2I_1 ) ∫ ∞ −∞ { ζ^{′2}_2 + 1 a^2 cos ϕ̄ζ^2_2 − 2 a^2

(1 − cos ϕ̄)ζ^2_2 } ds + ( K_1 − c^2I_1 ) ∫ ∞ −∞ { ϕ̄^′ (ζ_2ζ^′_3 + ζ_3ζ^′_2) + 1 a^2 sin ϕ̄ζ_2ζ_3 } ds + [( K_2 − c^2I_2 ) − ( K_1 − c^2I_1 )] ∫ ∞ −∞ ( ζ^′_2 + ϕ̄^′ζ_3

)_2 ds + ( K_3 − c^2I_3 ) ∫ ∞ −∞ ( ζ^′_3 − ϕ̄^′ζ_2

)_2

ds. (C.4.21)

Using the differential equation (5.5.24) for the planar solitary wave and an integration

by parts we can rewrite

∫_∞ −∞ { ϕ̄^′ (ζ_2ζ^′_3 + ζ_3ζ^′_2) + 1 a^2 sin ϕ̄ζ_2ζ_3 } ds = ∫_∞ −∞ { ϕ̄^′ (ζ_2ζ^′_3 + ζ_3ζ^′_2) + ϕ̄^{′′}ζ_2ζ_3 } ds = ∫_∞ −∞ { ϕ̄^′ (ζ_2ζ^′_3 + ζ_3ζ^′_2) − ϕ̄^′ (ζ_2ζ^′_3 + ζ^′_2ζ_3) } ds = 0, (C.4.22)

which allows us to express the second variation more simply as

δ^2F_2 = ( K_1 − c^2I_1 ) ∫ ∞ −∞ { ζ^{′2}_1 + 1 a^2 cos ϕ̄ ζ^2_1 } ds + ( K_1 − c^2I_1 ) ∫ ∞ −∞ { ζ^{′2}_2 + 1 a^2

(3 cos ϕ̄ − 2)ζ^2_2 } ds + [( K_2 − c^2I_2 ) − ( K_1 − c^2I_1 )] ∫ ∞ −∞ ( ζ^′_2 + ϕ̄^′ζ_3

)_2 ds + ( K_3 − c^2I_3 ) ∫ ∞ −∞ ( ζ^′_3 − ϕ̄^′ζ_2

)_2

ds. (C.4.23)

In view of the interpretations (6.5.1.11) – (6.5.1.13) of the parameters ζ_j in terms of the Euler angles, it is not surprising that the second variation of F_2 in (C.4.23) is the same as the one (A.5.15) which we obtain in Appendix A.

Bibliography

[1] Altmann, S.L. Rotations, Quaternions and Double Groups (Clarendon, 1986). [2] Antman, S.S. Nonlinear Problems of Elasticity. (Springer-Verlag, forthcoming). [3] Antman, S.S. & C.S. Kenney. Large buckled states of nonlinearly elastic rods under torsion, thrust and gravity. Arch. Rational Mech. Anal. 76 (1981), 289-338.

[4] Antman, S.S. & T.-P. Liu. Travelling waves in hyperelastic rods. Quart. Appl. Math.

36 (1979), 377-399.

[5] Arnold, V.I., V.V. Kozlov & A.I. Neishadt. Mathematical aspects of classical and celestial mechanics, in Dynamical Systems III, Encyclopædia of the Mathematical Sciences Volume 3, ed. V.I. Arnold (Springer-Verlag, New York, 1988).

[6] Artmann, B. The Concept of Number: from quaternions to monads to topological fields (Halsted Press, 1988).

[7] Beliaev, A. & A. Il’ichev. Conditional Stability of Solitary Waves Propagating in Elastic Rods. Preprint.

[8] Bottema, O. & B. Roth. Theoretical Mechanics (Dover, 1979). [9] Boussinesq, J. Essai sur la theórie des eaux courantes. Mém. prés. div. Sav. Acad. Sci.

Inst. Fr. 23 1.

[10] Benjamin, T.B. The stability of solitary waves. Proc. Roy. Soc. Lond. A. 328 (1972) 153-183.

[11] Benjamin, T.B. Impulse, Flow Force and Variational Principles. IMA J. Applied Math.

32 (1984) 3-68.

[12] Caflisch, R.E. & J.H. Maddocks. Nonlinear dynamical theory of the elastica. Proc.

Roy. Soc. Edinburgh 99A (1984) 1-23.

[13] Coleman, B.D. & E.H. Dill. Flexure Waves in Elastic Rods. J. Acoustical Soc. America 91 (1992), 2663-2673.

[14] Coleman, B.D., E.H. Dill, M. Lembo, Z. Lu & I. Tobias. On the Dynamics of Rods in the Theory of Kirchhoff and Clebsch. Arch. Rational Mech. Anal. 121 (1993) 339-359.

[15] Coleman, B.D., Z. Lu, & I. Tobias. Traveling Waves in Elastic Rods. Forthcoming. [16] Coleman, B.D. & Xu, J-M. On the Interaction of Solitary Waves of Flexure in Elastic Rods. Acta Mechanica. To appear.

[17] Dichmann, D.J, J.H. Maddocks & R.L. Pego. Hamiltonian Dynamics of an Elastica and the Stability of Solitary Waves. Arch. Rational Mech. Anal. To appear.

[18] Dirac, P.A.M. On generalized Hamiltonian dynamics. Can. J. Math. 2 (1950) 129-148. [19] Domokos, G. & A. Ruina. A Circle Construction Based on Elastostatics and Hydrodynamics, Mechanics Research Communications, 20 (1993) 181-185.

[20] Drazin. P. Solitons, (Cambridge University Press, 1983).

[21] Euler, L. Additamentum I curvis elasticis, methodus inveniendi lineas curvas maximi minimivi proprietate gaudentes, Bousquent, Lausanne, 1744. Opera Omnia I/24 (Füssli, 1960).

[22] Fleming, W.H. & R.W. Rishel. Optimal Control Theory, (Springer-Verlag, 1975). [23] Falk, R.S. & J.-M. Xu. Convergence of a Second-Order Scheme for the Nonlinear Dynamical Equations of Elastic Rods. SIAM J. Numerical Analysis. To appear.

[24] Goldstein, H. Classical Mechanics, Second Edition (Addison-Wesley, 1981). [25] Haug, E.J. Computer-Aided Kinematics and Dynamics of Mechanical Systems Volume I: Basic Methods (Allyn and Bacon, 1989).

[26] Healey, T.J. Stability of shape-independent axial motions of strings. Forthcoming. [27] Henry, D. Geometric Theory of Semilinear Parabolic Equations, (Springer- Verlag, 1981).

[28] Henry, D.B., J.F. Perez & W.F. Wreszinski. Stability Theory for Solitary-Wave Solutions of Scalar Field Equations, Comm. Math. Physics, 85 (1982), 351-361.

[29] Hughes, P. Spacecraft Attitude Dynamics (Wiley, 1986). [30] Hungerford, T.W. Algebra (Springer-Verlag, New York, 1974).

[31] Ichikawa, Y.H., K. Konno & M. Wadati. Nonlinear Transverse Oscillation of Elastic Beams under Tension. J. Phys. Soc. Japan 50 (1981) 1799-1802.

[32] Junkins, J. & J. Turner. Optimal Spacecraft Rotational Maneuvers (Elsevier, 1986).

[33] Kane, T.R., P.W. Likins & D.A. Levinson. Spacecraft Dynamics (McGraw-Hill, 1983).

[34] Kauffman, L.H. Knots and Physics (World Scientific, 1993).

[35] Kirchhoff, G.R. Ueber das Gleichgewicht und die Bewegung eines unendlich dünnen elastischen Stabes. Gesammelte Abhandlungen (Leipzig, 1882).

[36] Klein, F. & A. Sommerfeld. Über die Theorie des Kriesels (Johnson Reprint, 1965).

[37] Konno, K., Y.H. Ichikawa & M. Wadati. A Loop Soliton Propagating along a Stretched Rope. J. Phys. Soc. Japan 50 (1981) 1025-1026.

[38] Konno, K. & A. Jeffrey. Some Remarkable Properties of Two Loop Soliton Solutions.

J. Phys. Soc. Japan 52 (1983) 1-3.

[39] Konno, K. & A. Jeffrey. The loop soliton, in Advances in Nonlinear Waves, Vol.

1, edited by L. Debnath (Pitman, London, 1984) pp. 162-183.

[40] Korteweg, D.J. & G. de Vries. On the change of form of long waves advancing in a rectangular canal, and on a new type of long stationary waves. Phil. Mag. 39 (1895) 422.

[41] Love, A.E.H. A Treatise on the Mathematical Theory of Elasticity, (Dover, 1944).

[42] Maddocks, J.H. Stability of Nonlinearly Elastic Rods. Arch. Rational Mech. Anal. 85 (1984) 311-354.

[43] Maddocks, J.H. & D.J. Dichmann. Conservation Laws in the Dynamics of Rods. Journal of Elasticity. 34 (1994) 83-96.

[44] Maddocks, J.H. & R.L. Pego. An unconstrained Hamiltonian formulation for incompressible fluid flow. Comm. Math. Physics. To appear.

[45] Maddocks, J.H. & R.L. Sachs. Constrained Variational Principles and Stability in Hamiltonian Systems. Hamiltonian Dynamical Systems. ed. Dumas, Meyer & Schmidt. To appear.

[46] Maddocks, J.H. & R.L. Sachs. On the Stability of KdV Multi-Solitons. Communications on Pure and Applied Mathematics 46 (1993) 867-901.

[47] Marsden, J.E., & T.J.R. Hughes. Mathematical Foundations of Elasticity, (Prentice-Hall, 1983).

[48] Milnor, J. Some Consequences of a Theorem of Bott. Annals of Mathematics 68 (1958), 444-449.

[49] Morse, P. & H. Feshbach. Methods of Theoretical Physics, Part I. (McGraw-Hill, 1953).

[50] Morton, H.S. A Formulation of Rigid-Body Rotational Dynamics Based on Generalized Angular Momentum Variables Corresponding to Euler Parameters. AIAA/Astrodynamics Conference 1984. AIAA-84-2023.

[51] Morton, H.S., Jr. Hamiltonian and Lagrangian Formulations of Rigid-Body Rotational Dynamics Based on the Euler Parameters. J. Astronautical Sciences 41 (1994) 569- 592.

[52] Olver, P.J. Applications of Lie Groups to Differential Equations, (Springer- Verlag, 1986).

[53] Pego, R.L. & M.I. Weinstein. A Class of Eigenvalue Problems, with Applications to Instability of Solitary Waves. Preprint.

[54] Reed, M. & B. Simon. Methods of Modern Mathematical Physics IV: Analysis of Operators, (Academic Press, 1978).

[55] Seywald, H., R.R. Kumar, S.M. Deshpande & M.L. Heck. Minimum Fuel Spacecraft Reorientation in Spaceflight Mechanics 1992, Advances in the Astronautical Sciences, Vol. 79, Part I. ed. R.E. Diehl et al. (American Astronautical Society, 1992).

[56] Shuster, M.D. A Survey of Attitude Representations. J. Astronautical Sciences 41 (1994) 439-518.

[57] Shuster, M.D. & G.A. Natanson. Quaternion Computation from a Geometric Point of View. J. Astronautical Sciences 41 (1994) 545-556.

[58] Simo, J.C., J.E. Marsden & P.S. Krishnaprasad. The Hamiltonian Structure of Nonlinear Elasticity: The Material and Convective Representations of Solids, Rods and Plates. Arch. Rational Mech. Anal. 104 (1988) 125-183.

[59] Simo, J.C. & L. Vu-Quoc. A Three-Dimensional Finite-Strain Rod Model. Part II:

Computational Aspects. Comput. Meths. Appl. Mech. Engrg 58 (1986) 79-116. [60] Wadati, M., K. Konno & Y.H. Ichikawa. New Integrable Nonlinear Evolution Equations. J. Phys. Soc. Japan 47 (1979) 1698-1700.

[61] Wertz, J. Spacecraft Attitude Determination and Control (D. Reidel, 1985). [62] Xu, J-M. An Analysis of the Dynamical Equations of Elastic Rods and Their Numerical Approximation. Ph.D. thesis, Rutgers University (1992).

[63] Xu, J-M. Private communication.