DNA Modelling Course
Exercise Session 3
Summer 2006 Part 2

SOLUTIONS

Problem 1: Writhe of a curve on a sphere.
Let & be a curve on the sphere without self-intersections. Define

xr

d1: s d3:£IZI and d2:d3><d1.

||

Then

/ e\ ([, = z' |z| -z (|z]) .
us=d;-do=(— ) | X — | = — )| T X =0,
|| || || ||

as dy = ' x % is perpendicular to both, ' and x. Now we conclude

Wr(x) = Lk(z,x + edr) — Tw(x)
1 L
=Lk(x,z+edy) — — / us(s)ds =0—-0=0,
2w 0
because the link Lk(x, x + edy) is zero. (The sphere of radius |x|+ %€ separates

the two curves « and y = « + edq, so y can be dilated to infinity and therefore
Lk(x,y) = 0, see Exercise Session 1, Problem 2.)

Problem 2: Inversion in a sphere.

The inversion I, can be written as
I, = T+C o IT_C(G') ol ¢,

where T, denotes the translation Ty () = 2 +b, for & € R®. Therefore it suffices
to consider inversions in spheres centred in the origin.

(a) Easy.
(b) A sphere X' can be written in the form

Y sole|?+2s 2+, =0, (0.1)
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where (s, s, s4) = (S0, 1, S2, 53, 54) € R®, which are defined up to an ar-
bitrary factor.
If sg = 0, then X is a plane.

Now set y = I,(x) and then * = I%(xz) = I,(y). Insert this into the
equation (0.1), then

saly? +2a%s -y +a*sp = 0,

which is the equation of a sphere. Therefore I,(Y) is a sphere.

A circle C is the intersection of two spheres, that is C'= o1 Noy. As I, is
bijective, I5(C) = I,(01) N I,(02) is again a circle.

(¢) Denote the point where the two curves intersect by p. If p ¢ o, then
any direction, i.e. any tangent can be described as the tangent of a circle
passing through p and I, (p).

We therefore have two circles o1, 09, each passing through p and I, (p),
that intersect in the same directions as the two curves. It holds I, (0;) =
o, 1 =1,2 (as I, (p),p = I,(I,(p)) and the two intersection points with
o are element of I,(0;) No;). By symmetry (reflection i n the plane in the
middle and perpendicular to the segment p, I,(p)) the angle at I, (p) is
the same as the angle at p.

If p € o, then write I, =dilatationol;, such that p ¢ & and &,0 are
concentric spheres. A dilatation keeps angles invariant, I; keeps angles
invariant as seen above.

Problem 3: Total Twist under inversions.

Let « be a curve and I, the inversion in a sphere of radius a and center ¢, that

1S
2

Iy xz—c+ |:na—7c|2(m —c), I,(c)=00, I,(0)=c.
The inversion I, is a conformal transformation, that is, I, keeps angles between
curves invariant.
Let d be a unit vector field along . The oriented straight line generated by d is
mapped by I, into an oriented circle. The tangent to this circle will be denoted
by d. Then

= id—2|z:2| ® ;:zdd:Rd'

The conformal mapping I, transforms the orthonormal frame (d1,ds,d3)
into orthonormal frame (dy, ds, d3). But I, changes the orientation of the base.
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The matrix R has determinant —1, because it has the eigenvalues 1,1, —1 with
the corresponding eigenvectors
e, (x—c)xe and r-c
|z — ¢
where e is a vector perpendicular to (x — ¢). And so we see that
|(i1(i2(i3| = |RO [d1d2d3]| = |R| |d1d2d3| = —].,

thus (dyi, —ds, d3) is a right-handed orthonormal base, given that (di,ds, d3)
was a right-handed orthonormal base.
Using the formula (0.2) we derive

ddy 5&1 -

-d -ds.
s 2= 5s 2

Furthermore I, maps the tangent ds to the curve « into ds which is a tangent
to the curve I,x. Indeed

2 _ RN
(Igw)IZDIUOwlzai[id—Qw c O<w c)]om/

We denote by @ the Darboux vector corresponding to (di, —dsz,ds). Then
we have 43 = @ - d3 = % - (—dz). Now we get

_ 1 L 1 L 5&1
T I d = — U = — RS _d
w(lx,dy) 27r/0 i3 ds o7 )y s (—d2) ds

5d1
= 271_ ; Ss ~dy ds _——/ uzds = —Tw(x,dq).

Problem 4: General form of the Darboux vector of an adapted fram-
ing of a given curve.

1. We calculate p
EIE(S)I2 =26(s)-€'(s) =0

Therefore |£(s)|? is constant. From the initial value we get |£(s)|? = 1 for
all s.

2. Now we derive

d

€ ) = (a7 + 7 X7 X €) -1 £ 1"

(
((r' xr")x{) r+€&-r"

(- )" = (7)) 17+ €1 = (r7 - )(r" - #7) = 0.
)

The vector £(s) is perpendicular to 7/(s) for all s.
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3. Now by picking an initial value of £(0) we have an orthonormal frame
(&, v x &7 of r(s).
The Darboux vector is ug(s)r’ + v’ x v”. This is the general form of a
Darboux vector. To verify we calculate

(ugr" +7r' xr"yxr' = (' xr'")yxr' =r"
(usr’ + 7" x ") x (r' x &) = —uz€& + (v’ x ") x (v’ x &)
=—us&+r" x€=(r'x¢).

4. This is the fact that us(s)r’+ 7’ x v is the Darboux vector corresponding
to the frame (&, 7' x &, 7’). The concrete calculation is the same as in (c).

5. If 7" # 0 then 7’ x " = kb and therefore the Darboux vector is

ust + kb

1"

where t = r/, n:ﬁ,/@:|r”|, b=txmn.

Problem 5: Self-link of a curve on a sphere.

1. Link is invariant under translations and dilatations, therefore we may
assume, the sphere is the unit sphere. Then

-1

rr=1 = rr'=0 = rr=-1 = rn=—.
K
The curve r is smooth and defined on a compact inverval, therefore we
get

-1

rn=—<-§<0.

K
for some constant § < 0. For a small € > 0 the second curve y = r +en
can be separated by a sphere from the curve r lying on the unit sphere.
Using invariance under smooth deformations (with the non-intersection
property) of the Link we see that the self-link is zero, i.e. SLk(r) =
Lk(r,r +en) =0.

2. From Problem 1 we know that the Writhe of r is zero. From the Calugareanu-
Fuller-White formula we conclude that the Twist Tw(r) = 5= [ 7(s)ds is
Z€ero.



